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1 General information

This is an informal short course aimed primarily at participants of the mathematics department’s Summer REU
Program, though other interested students are welcome to audit the course. Local (UIUC) students with appropriate
qualifications may be able to earn Math 390 (Individual Study) credit for successful completion of this course; if
you are interested in this option, contact me at ajh@illinois.edu or stop by at my office, 241 Illini Hall.

2 Course description

There are many situations in mathematics where one encounters expressions, such as sums over binomials, integrals,
or series, that cannot be evaluated exactly, or where exact answers are too complex to yield useful information. In
many of these instances it is possible to to obtain relatively simple approximate evaluations which in applications
are often just as useful as an exact formula. Asymptotics (or, more precisely, asymptotic analysis) deals with
methods to obtain such approximations. The terminology comes from the fact that the expressions usually involve
a parameter (e.g., an integer n), and that the approximation gets better the larger this parameter is.

Asymptotic analysis has a wide range of applications, both to areas of pure mathematics such as combinatorics,
probability, number theory, and analysis, and to applied mathematics and computer science, for example, in the
analysis of the running time of computer algorithms.

The goal of this course is to introduce some of the basic asymptotic tricks and techniques, and to illustrate
these methods on a variety of problems taken from combinatorics, probability, number theory, and analysis.

3 Sample topics

Below are some of the problems and topics that I plan to cover in this course.

• Combinatorics: Stirling’s formula for n!. How fast does the sequence of factorials, n! = 1 · 2 · · ·n, grow
as n→∞? It is easy to see that n! grows at a faster rate than an, for any fixed a. On the other hand, since
n! ≤ nn, it does not grow faster than nn. But what is the “real” rate of growth of the factorial sequence?
The answer is given by Stirling’s formula, which says that, for large n, n! ≈ nne−n

√
2πn. Stirling’s formula

is perhaps the most famous asymptotic estimate, and it is key to many other asymptotic estimates.

• Probability: Approximating birthday probabilities. The famous “birthday paradox” says that in a
group of 23 people there is a better than 50% chance of finding two people with a common birthday. The
probability of getting at least one matching birthday in a group of n people can be explicitly written down,
but the formula is unwieldy and doesn’t provide any insight into the nature of this paradox. In particular,
why is the “cutoff value” n = 23 so small compared to the total number (i.e., 365) of possible birthdays?
Asymptotic analysis provides an answer to such questions: Using asymptotic techniques one can derive simple
approximations for various types of “birthday probabilities” that show clearly how these probabilities behave
as a function of the group size n, and that allow one to easily calculate appropriate cutoff values.

• Probability: The bell curve distribution. Given n tosses with a fair coin, the probability of getting k
heads is given by

(
n
k

)
2−n. These probabilities, when plotted as a function of k, have a characteristic “bell

curve” shape, i.e., the shape of a scaled version of the function e−x
2

. This is a special case of the Central
Limit Theorem, one of the most famous results in probability. Asymptotic analysis enables one to prove this
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result rigorously, and also provides some insight into why the “bell curve” (or “normal”) distribution is so
ubiquitous in probability and in real life.

• Combinatorics/probability: Approximating harmonic numbers: The numbers Hn =
∑n

k=1 1/k,
which are the partial sums of the harmonic series

∑∞
k=1 1/k, are called harmonic numbers. These numbers

arise naturally in a variety of combinatorial and probabilistic problems. There is no exact formula for Hn,
but with asymptotic methods one can get remarkably accurate estimates for Hn.

• Analysis/probability: The error function integral. The integral E(x) =
∫∞
x
e−t

2

dt is of importance in
probability and statistics as it represents (up to a constant factor) the tail probability in a normal distribution.
The integral representing E(x) cannot be evaluated exactly, but methods of asymptotic analysis lead to quite
accurate approximations to E(x) in terms of elementary functions.

• Number theory: the n-th prime. Because of the erratic nature of the distribution of primes there exists
no exact “closed” formula for pn, the n-th prime. However, using the Prime Number Theorem (which concerns
the behavior of π(x), the number of primes below x) and asymptotic techniques one can derive approximate
formulas such as pn ∼ n log n. Such “asymptotic estimates” are less precise than an exact formula, but they
still provide useful information about the size of pn; for instance, the above estimate implies that the series∑∞

n=1 1/pn diverges, while the series
∑∞

n=1 1/(pn log n) converges.

• Number theory/analysis: The logarithmic integral. The function Li(x) =
∫ x

2
(log t)−1dt is called the

logarithmic integral. It arises in number theory as the “best” approximation to the prime counting function
π(x), the number of primes up to x. However, while Li(x) is a smooth function with nice analytic properties
such as monotonicity and infinite differentiability, it itself is a bit of a mystery as it cannot be evaluated
in terms of elementary functions. Nonetheless, the behavior of this function can be described quite well by
methods of asymptotic analysis.

• Analysis: The behavior of the W-function: Trying to solve the equation ww = x for w leads to the “W-
function”, w = W (x), a function that arises in many contexts. The W-function cannot be expressed in terms
of elementary function. However, using asymptotic techniques such as one can give good approximations for
W (x).

4 Prerequisites

This course is aimed at the upper undergraduate level. Students should have taken a proof-based course and be
comfortable with rigorous epsilon-delta arguments. Knowledge of undergraduate level probability is desirable, but
not essential. No knowledge in combinatorics or number theory is assumed.

5 Text and resources

There is no text for this course; I plan to distribute my own lecture notes. The lecture notes will be self-contained,
and they are all you need. For those interested in exploring this topic further, here are two recommendations at
opposite ends of the difficulty spectrum:

• “Concrete Mathematics” by Graham/Knuth/Patashnik. The last chapter of this text provides a very nice and
accessible treatment of asymptotic techniques in combinatorics. However, the text does not cover applications
of asymptotics to other areas, such as analysis or probability; in fact, I am not aware of any text that
covers those applications at a similarly elementary level as Graham/Knuth/Patashnik. This course, and the
accompanying lecture notes, are intended in part to fill this gap.

• “Asymptotic Methods in Analysis” by N.G. DeBruijn. This is a much more advanced text on the subject. It
is a classic masterpiece that was first published half a century ago and that remains to this date a standard
reference.
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