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Power Series and Analytic Functions
This handout provides a summary of the key properties of power series and analytic functions that are needed

for solving differential equations by power series. The material here supplements the review of power series in
Section 5.1 of the text.

Power Series

• Definition. A power series is an infinite series of the form

∞∑
n=0

an(z − z0)n

where z, z0 denote complex or real numbers. (We will mostly focus on series centered at z0 = 0.)

• Radius of convergence. For each power series there exists the unique number ρ ∈ [0,∞], called the
radius of convergence of the series, such that

– the series converges (absolutely) if |z − z0| < ρ;

– the series diverges if |z − z0| > ρ.

Thus the series converges inside an open disk of radius ρ and center z0, and it diverges outside the closed
disk. (On the boundary |z − z0| = ρ it may or may not converge.) For real power series (i.e., with z = x
and z0 = x0 both restricted to real numbers), convergence occurs in an interval of convergence, of the
form (x0 − ρ, x0 + ρ) (possibly including one or both of the endpoints), and divergence occurs outside such
an interval.

Special cases: If ρ = 0, the series does not converge at any number z 6= z0. If ρ = ∞, the series converges
at every point z.

Determining the radius of convergence of a power series. One approach is to use convergence tests
from calculus. The most useful test for our purposes is the ratio test; see Examples 1 and 2 in 5.1 of the text.
A second approach is based on the singularities of the function represented by the power series; see below.

• Some useful power series expansions. Below are the power series expansions about 0 that you should
be familiar with. Except for the last one (geometric series), the expansions are valid for all z (i.e., the radius
of convergence is ρ =∞).

ez =

∞∑
n=0

xn

n!
(exponential series)

cosh(z) =

∞∑
k=0

x2k

(2k)!
, sinh(z) =

∞∑
k=0

x2k+1

(2k + 1)!
(even/odd terms in the exp. series)

cos(z) =

∞∑
k=0

(−1)kx2k

(2k)!
, sin(z) =

∞∑
k=0

(−1)kx2k+1

(2k + 1)!

1

1− z
=

∞∑
n=0

zn (|z| < 1) (geometric series)

• Differentiation of power series. Within their intervals of convergence, power series can be differentiated
“termwise” (i.e., the differentiation can be pulled inside the sum). The differentiated series has the same
radius of convergence as the original series.

Example: The derivative of the series
∑∞

n=0 x
n is

d

dx

( ∞∑
n=0

xn

)
=

∞∑
n=0

d

dx
xn =

∞∑
n=1

nxn−1 (|x| < 1).
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• Identity Theorem for power series. This theorem says that if two power series are equal, then they
must have the same coefficients. Here is the precise statement of this important theorem:

– If
∑∞

n=0 an(x−x0)n =
∑∞

n=0 bn(x−x0)n holds for all x in some interval |x−x0| < ρ, where ρ > 0, then
an = bn for all n.

– If
∑∞

n=0 an(x−x0)n = 0 holds for all x in some interval |x−x0| < ρ, where ρ > 0, then an = 0 for all n.

Analytic Functions

Theorem 5.3.1, the key existence theorem for power series solution of a DE of the form y′′ + p(x)y′ + q(x)y = 0,
requires the functions p(x) and q(x) attached to the y′ and y terms to be analytic. Analytic functions are studied
in courses in Complex Analysis and Complex Variables and have remarkable properties.

• Definition: A (real or complex) function f(z) is called analytic at a point z0 if it has a power series
expansion that converges in some disk about this point (i.e., with ρ > 0).
A singularity of a function is a point z0 at which the function is not analytic.

• Examples: Almost all familiar functions from calculus are analytic at points at which they are defined.

– The exponential and trigonometric functions ez, sin z, cos z, sinh z, cosh z, are analytic everywhere.

– Any polynomial is analytic everywhere.

– Any rational function, i.e., a function of the form P (x)
Q(x) , where P and Q are polynomials, is analytic

everywhere except (possibly) at the points where the denominator is 0. For example, 1/(1 + z2) is
analytic at all points z except z = ±i; the points ±i are the singularities of 1/(1 + z2).

• Key facts about analytic functions:

– Analytic functions have power series expansions. This is just the definition: f is analytic at z0
if it has a power series expansion about this point that converges in some disk |z − z0| < ρ with ρ > 0.

– Analytic functions have derivatives of arbitrary order, and each of these derivatives is again
an analytic function. This follows from the fact that derivates of power series are power series with
the same radius of convergence as the original series and hence represent analytic functions.

– Analytic functions are exactly those functions that have a complex derivative.1 This is a
deep result proven in courses on Complex Analysis, and it has far-reaching consequences. For example, it
implies the following remarkable property of a complex derivate: If a function has one complex derivative,
it automatically has complex derivatives of any order.

– The radius of convergence of the power series representing an analytic function f at z0 is
the distance from z0 to the nearest singularity of the function f . In other words, the series
converges in the largest disk about z0 that does not “hit” a singularity of f .

Application: Determining the radius of convergence of a power series by finding the sin-
gularities of the function represented by the series. Here are some examples:

∗ The power series expansion of 1/(1 + z2) about z0 = 0 has radius of convergence ρ = 1, since the
singularities of 1/(1 + z2), i.e., the complex numbers ±i, have distance 1 from 0.

∗ The power series expansion of 1/(1 + z2) about z0 = 1 has radius of convergence ρ =
√

2, since the
numbers ±i have distance

√
2 from 1.

∗ More Examples: Examples 1 and 2, and Problems 6 and 7 in Section 5.3.

1The complex derivative is defined just like the ordinary derivative but with all variables taking complex values: f ′(z0) =

limz→z0
f(z)−f(z0)

z−z0
.
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