
Math 441, Summer 2018 Final Exam Study Guide A.J. Hildebrand

Final Exam Study Guide

Exam Basics

• Date/time. The exam will be held Friday, August 3, 1 pm - 3 pm, in 143 Altgeld. The exam
will begin at 1 pm, and you will have 120 minutes to complete the exam, with possibly some additional
time tacked on at the end.

• Exam Review/Q&A Session. Tuesday, July 31, 6 pm, 143 Altgeld.

• Rules. Same as for the midterms: No calculators, closed notes/books. The problems will be selected
so as to keep any algebraic or numerical computations to a minimum.

• Exam format and content. The final exam will essentially be a longer version of a midterm. It
will cover the entire semester, with a bit more emphasis on the material covered in the latter part
of the course. There will be 10 problems, worth 150 points altogether. The type and level of these
problems will be comparable to those on the last two midterms. Here is a summary of what you should
be prepared for:

– Material covered after Midterm 3. This includes selected parts from Chapters 7 and 9 and
problems of the type covered in HW 10 and 11.

– Midterm 3 material. Series solutions (Chapter 5) and mechanical vibrations (Sections 3.7 and
3.8 from Chapter 3). This is the material covered in the study guide for Midterm 3.

– Midterm 2 material. Second and higher order linear equations (Chapters 3 and parts of
Chapter 4). This is the material covered in the study guide for Midterm 2.

– Selected topics from Chapters 1 and 2. A small part of the final will be on selected topics
from these chapters. See below for a list; most of the items on this list are topics and concepts
that have come up again in later chapters.

See the following pages for a detailed syllabus and checklists of things you should know.

• Suggestions for preparing for the exam.

– Memorize relevant formulas. There is a very small number of formulas that you should
memorize. Refer to the list below.

– Review key concepts and examples from your class notes and the text. This will
prepare you for conceptual questions. Use the list below as your study guide.

– Review/redo homework problems. The computational problems on the exam will be similar
to problems that have come up in the homework, so reviewing these problems is an excellent way
to prepare for this part of the exam. Suggested practice problems are listed on the following pages.

• Questions? If you have further questions (do we need to know X?), ask after class, at the Review
Session, or just email me (ajh@illinois.edu). I’d also be happy to set up individual appointments to
help you prepare for the exam.

GOOD LUCK ON THE FINAL!
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Checklist: Systems of Differential Equations (7.1, 7.3,
7.5, 9.1–9.3, 9.5)

Things to know

• Linear Algebra concepts (7.3). Know the definitions of a linear combination, a linear function,
linear independence, eigenvalues, eigenvectors.

• Visualization of systems through phase portraits (7.5, 7.6, 9.1). Be familiar with the main
types of behavior of a linear 2× 2 system near (0, 0): saddle point; node (two subtypes: stable (sink)
and unstable (source)); spiral point (two subtypes: stable (spiral in) and unstable), center.

Know how to determine the type from the eigenvalues of the system matrix, and be able to sketch the
phase portrait, with some sample solutions.
(See Tables 9.1.1 and 9.3.1 in the text; you can skip the two cases corresponding to equal eigenvalues.)

• Critical points and equilibrium solutions (9.2). Know the concepts of a critical point and an
equilibrium solution.

• Stability (9.2). Know the precise definitions (in terms of ε/δ, or limits) of a stable point, an
asymptotically stable point, and an unstable point. Know how to determine the stability type of
a point from the eigenvalues of the system matrix.

• Local linearization (9.3). Know how to linearize a nonlinear system ~x′ = ~f(~x) at a critical point

using the Jacobian matrix of ~f at this point.

Key computational tasks

• Linear algebra tasks (7.3). Know how to determine whether a given set of vectors (or functions)
is linearly independent, and how to find a non-trivial linear relation in the case the vectors are linearly
dependent. Know how to compute eigenvalues and eigenvectors (for computationally simple cases only)

Practice problems: Problems 8, 14, 18 from 7.3.

• Converting higher order DE to a first order system of DE’s (7.1). Know how to convert a
second or higher order linear DE to a system of first order DE’s.

Practice problems: Problems 1, 4, 6 from 7.1.

• Solving constant coefficient homogeneous linear systems (7.5, 7.6, 9.1). Find eigenvalues and
eigenvectors of the system matrix, and find the general solution to the system for the cases of two distinct
real eigenvalues or two complex conjugate eigenvalues. (You can skip the case of repeated eigenvalues.)
In the case of complex eigenvalues, know how to convert complex solutions to real solution.

Practice problems: Problems 1, 2 in 7.5; 1, 2, 13, 17 in 7.6; 1, 2, 5, 6 in 9.1.

• Determining the type and stability of a critical point (9.1, 9.3, 9.5). Given a linear system
(or the linearization of a nonlinear system), classify the type (saddle point, etc.) and stability (stable,
asymptotically stable, unstable) of a critical point and be able to draw a phase portrait.

Practice problems: Problems 1, 2, 5, 6 in 9.1.

• Finding critical points of a nonlinear system and linearizing the system at these points.
Given a nonlinear system, find its critical points, and at each such point linearize the system and
determine the type and stability of the point.

Practice problems: Problem 5 in 9.3 and Problem 1 in 9.5.
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Checklist: Series Solutions to Differential Equations
(5.1–5.5)

Things to know

• Basic facts about power series (5.1). Know the power series expansions of the following functions:
ex, sinx, cosx, sinhx, coshx, 1/(1 − x). Know the basic theory of convergence of a power series and
the connection between power series and analytic functions.

• Euler equation. Know the general form of an Euler equation and that of the associated characteristic
equation, and know how to construct a set of fundamental solutions by solving the characteristic equation
(three cases—distinct real roots, repeated real root, complex roots).

• General theory of power series solutions of differential equations.. Know the definition of
ordinary, singular, and regular singular points, and know the general theory of power series solutions
for the case of ordinary points. (See class notes of 7/17, and Theorem 5.3.1.)
NOTE: You do not need to know the (much more complicated) theory of series solutions for regular
singular points, as given in Theorem 5.6.1.

Key computational tasks

• Manipulating power series and determining radius of convergence (5.1). Know how to
determine the radius of convergence, directly via the ratio test or indirectly as distance to nearest
complex or real singularity. Know how to perform standard manipulations of power series (shift index,
differentiate, add/multiply, etc.),

Practice problems: Problems 1, 3, 17 from 5.1.

• Find and classify ordinary and singular points for a differential equation. Know how to
determine whether a singular point is regular or irregular. Determine (lower bounds on) the radius of
convergence of a series solution.

Practice problems: Example 2 and Problems 5, 7 in 5.3, Problems 17 and 22 in 5.4.

• Derive series solutions to differential equation. At an ordinary point, the solution will be
an ordinary power series about this point, while at a regular singular point, the solution will be a
Frobenius series (a power series multiplied by (x− x0)r). The derivation consists of several steps:

– Compute series for y′ and y′′ (shift indices if necessary) and substitute these into the given equation.
– In the case of a Frobenius series, find the equation (“indicial equation”) satisfied by r, and solve

for r.
– Derive a recurrence relation for the coefficients an.
– Solve the recurrence relation to get an explicit formula for an, or numerical values for the first few

terms.
– Plug an back into the series for y to obtain the general solution to the DE. Typically, this will

involve two arbitrary coefficients, a0 and a1.

Practice problems: Example 1 and Problem 2 in 5.2, Problem 3 in 5.5, and class examples from
7/17, 7/19.

• Solve Euler equations and determine the behavior of their solutions. It helps to keep in
mind the analogy between Euler equations to the theory of second order constant coefficient equations.

Practice problems: Problems 1, 3, 39 in 5.4, and class examples from 7/18.
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Checklist: Mechanical Vibrations (3.7/3.8)

Things to know

• General form of the equation of a vibrating spring. You should know the form of the equation
and the meaning of the notations involved (m, γ, k).

• Behavior of solutions. For a free motion know how to determine whether the motion is un-
damped, underdamped, overdamped, or critically damped. Know what the solution looks like
in each of these cases.
For a forced, undamped motion with trigonometric forcing function know how to determine whether
resonance occurs, and know what the solution looks like in both the resonance case and the non-
resonance case.
(See 3.7, 3.8, and the class notes from 7/11 and 7/12.)

• Trig identities. Know the identity cos(x ± y) = cos x cos y ∓ sinx sin y, and know how to use
it to rewrite A cos(ω0t + B sin(ω0t) in the form R cos(ω0t − δ), and A(cosωt) − cosω0t) in the form
R sin(ω−ω0

2
t) sin(ω+ω0

2
t).

Key Computational Tasks

• Set up the differential equation and initial value problem describing the motion. The
equation should be of the form mu′′ + γu′ + ku = F (t). Key formulas to know are m = w/g and
k = w/d, where w is the weight (in lb), d the displacement (in ft), g = 32 the gravitational acceleration
(in ft/sec2).

Practice problems: Example 2 and Problem 5 in 3.7, Problems 5 and 9 in 3.8

• Solve the equation of motion and describe the behavior of the solution. Solve the equation us-
ing the standard techniques for constant coefficient equations (characteristic equation, underdetermined
coefficients). Know how to determine the key quantities describing the motion (frequency, period,
amplitude, phase) and know how to classify the behavior (e.g., underdamped vs. overdamped,
vs. undamped, resonance vs. no resonance).

Practice problems: Problems 5, 13, 16 in 3.7; Example 3 and Problem 9 in 3.8.

TIP: Do not memorize general formulas for the solution such as formulas (20) or (21) in 3.8. You need
to be able to derive the solutions on your own using standard methods such as characteristic equations
and undetermined coefficients.
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Checklist: Second and higher order linear equations
(3.1–3.6, 4.2)

Things to know

• Wronskian. Know the two formulas for the Wronskian W (y1, y2) of two solutions to a second order
DE: the determinant formula and Abel’s Formula (Theorem 3.2.7).

• Recipe for the “educated guess” in the undetermined coefficient method. Know the general
form of the “guess” for yp for the cases of polynomials, exponential functions, and sine/cosine functions.
Know how to modify this guess if there is duplication with solutions to the homogeneous equation.

• Variation of parameters solution. Formula (28) on p. 190 (Theorem 3.6.1) for the general solution
to a nonhomogeneous equation using the variation of parameters method.

• Existence/uniqueness theorem for second order linear equations (Theorem 3.2.1). You
should know the statement, but not the proof. (See Problem 3.2:9 in HW 5.)

• Linear versus nonlinear DE’s. You should be comfortable with operator notation for DE’s, know
what it means for a differential operator to be linear, and be able to distinguish linear from nonlinear
DE’s. (See class notes and Problem 3.2.14 in HW 5)

• Superposition Principle for solutions to homogeneous linear differential equations. You
should know the statement of this principle and know when it applies. You should also be able to derive
the principle using the linearity property. (See class notes and Theorem 3.2.2)

• Superposition Principle for solutions to nonhomogeneous linear differential equations. You
should know the statement of this principle and when it applies, and be able to derive it. (See class
notes.)

• General solution to homogeneous second order linear differential equation. You should
know the form of the general solution to a homogeneous second order linear DE, but not the proof.
(See Theorem 3.2.4.)

• General solution to nonhomogeneous second order linear equation. Be familiar with the
general structure of the solution, consisting of a particular solution of this nonhomogeneous equation,
and the general solution to the corresponding homogeneous equation. You should be able to derive
this form from the results about homogeneous linear equations and the superposition principle. (See
class notes and Theorem 3.5.2.)

Key Computational Tasks

• Solving constant coefficient homogeneous linear equations (3.1, 3.3, 3.4, 4.2). Find (1) the
characteristic equation for this equation; (2) a fundamental set of solutions (three cases: distinct real
roots, repeated real roots, complex conjugate roots); (3) the general solution; (4) the solution to a given
initial value problem.
Conversely, given a general solution or a characteristic equation, find a differential equation that has
this solution or characteristic equation. (Example: 3.1:17 from HW 4).
Describe the behavior of the solution as t→∞ (e.g., goes to infinity, goes to 0, oscillation with decaying
amplitude, steady oscillation).

Practice problems: Section 3.1: 1,10,17; Section 3.3: 7,17,18; Section 3.4: 1,18,19,37; Section 4.2:
11,14.
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• Solving non-homogeneous linear equations (3.5, 3.6). Find a particular solution by the method
of undetermined coefficients or the method of variation of parameters. Use this to construct the general
solution to the nonhomogeneous equation and the solution to a given initial value problem.

Practice problems: Section 3.5:1,3,19; Section 3.6:1,9.

• Computing Wronskians (3.2). Calculate the Wronskian W (y1, y2) using (1) the determinant
formula and (2) Abel’s Theorem (Theorem 3.2.7).

Practice problems: Section3.2:5,21,28,29,31.

• Basic calculations with complex numbers (3.3, 4.2). E.g., convert complex numbers to polar
form and vice versa, using Euler’s formula.

Practice problems: Section 3.3:1,4; Section 4.2:1,2

NOTE: The method of reduction of order (p. 169–170) will not be on this exam.
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Checklist: First Order Differential Equations
(Chapters 1 and 2)

One or two questions will be on topics from Chapters 1 and 2, selected from the following list. Most of
these involve concepts that have come up again, in more general form, in connection with higher order DE’s
or systems of DE’s, and thus should still be fresh in your mind.

Things to know

• Classification of DE’s (1.3,2.4). Know how to classify a DE as linear or nonlinear, homogeneous
or nonhomogeneous, first order/second order, etc.
Note that all of these concepts have come up again in later chapters, e.g., in Chapter 3 in connection
with second order DE’s.

• Integrating factors (2.1). Know how to solve a linear first order DE y′+p(t)y = g(t) by integrating
factors. (Example: Ex. 4 in 2.1)
Note the similarity of the formula for the integrating factor to Abel’s formula for the Wronskian.

• Separation of variables (2.2). Know how to solve a separable first order DE’s. (Examples: Ex. 2
and 3 in 2.2, and the example on p. 82/83 in 2.5.)

• Existence and uniqueness for linear first order DE’s (Theorem 2.4.1). Know the conditions
in this theorem, and know how to apply the theorem to determine an interval in which a unique solution
is guaranteed to exist. (See Example 1 in 2.4.)
Note that this theorem, and its applications (determining an interval in which a unique solution exits),
are completely analogous to the corresponding existence and uniqueness result for second order DE’s
(Theorem 3.2.1).
(Note: This is the only existence/uniqueness result from Chapter 2 you need to know for the final.)

• Application to population models (2.5). Know how to solve equations describing population
growth (in particular, logistic differential equations) by separating variables and integrating each
side. Know how to determine critical points and equilibrium solutions for these equations, and the
stability of an equilibrium solution.
Note the analogy of these concepts to the corresponding concepts arising in Chapter 9 in connection with
nonlinear systems.
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