
Math 441, Summer 2018 Midterm Exam 3 Study Guide A.J. Hildebrand

Midterm Exam 3 Study Guide

Exam Basics

• Date/time. The exam will be held Wednesday, July 25, during the regular class
period. The exam will begin at 11 am, and you will have 60 minutes to complete the exam,
with possibly some additional time tacked on at the end. (Note that the two hour class period
on Wednesdays allows some flexibility in this regard.)

• Exam Review/Q&A Session. Monday, July 23, 6 - 7 pm, 143 Altgeld.

• Rules. No calculators, closed notes/books. The problems will be selected so as to keep any
algebraic or numerical computations to a minimum.

• Exam format and content. The exam will be on the material covered in class since the
last midterm through Friday, 7/20: Sections 3.7–3.8, 5.1–5.5, and 7.3. See below for a detailed
syllabus. There will be five problems, each split into several individual steps or parts, worth
100 points altogether.

• Suggestions for preparing for the exam.

– Memorize relevant formulas. There is a very small number of formulas that you
should memorize. See below for a list.

– Review key concepts and examples from your class notes and the text. This
will prepare you for conceptual questions. Use the list below as your study guide.

– Review/redo homework problems. The computational problems on the exam will
be similar to problems that have come up in the homework, so reviewing these problems
is an excellent way to prepare for this part of the exam. Suggested practice problems are
listed below.

Checklist: Mechanical Vibrations (3.7/3.8)

Things to know

• General form of the equation of a vibrating spring. You should know the form of the
equation and the meaning of the notations involved (m, γ, k).

• Behavior of solutions. For a free motion know how to determine whether the motion is
undamped, underdamped, overdamped, or critically damped. Know what the solution
looks like in each of these cases.
For a forced, undamped motion with trigonometric forcing function know how to determine
whether resonance occurs, and know what the solution looks like in both the resonance case
and the non-resonance case.
(See 3.7, 3.8, and the class notes from 7/11 and 7/12.)

• Trig identities. Know the identity cos(x ± y) = cosx cos y ∓ sinx sin y, and know how to
use it to rewrite A cos(ω0t + B sin(ω0t) in the form R cos(ω0t− δ), and A(cosωt) − cosω0t) in
the form R sin(ω−ω0

2
t) sin(ω+ω0

2
t).

(See Problem 2 in 3.7, Problems 3 and 4 in 3.8 and also the class notes from 7/11 and 7/12.)
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Key Computational Tasks

• Set up the differential equation and initial value problem describing the motion.
The equation should be of the form mu′′+γu′+ku = F (t). Key formulas to know are m = w/g
and k = w/d, where w is the weight (in lb), d the displacement (in ft), g = 32 the gravitational
acceleration (in ft/sec2).
(See Example 2 and Problem 5 in 3.7, Problems 5 and 9 in 3.8, and class notes from 7/12.)

• Solve the equation of motion and describe the behavior of the solution. Solve
the equation using the standard techniques for constant coefficient equations (characteristic
equation, underdetermined coefficients). Know how to determine the key quantities describing
the motion (frequency, period, amplitude, phase) and know how to classify the behavior
(e.g., underdamped vs. overdamped, vs. undamped, resonance vs. no resonance).
(See Problems 5, 13, 16 in 3.7; Example 3 and Problem 9 in 3.8, class of 7/12.)
TIP: Do not memorize general formulas for the solution such as formulas (20) or (21) in
3.8. You need to be able to derive the solutions on your own using standard methods such as
characteristic equations and undetermined coefficients.

Checklist: Series Solutions to Differential Equations (5.1–5.5)

Things to know

• Basic facts about power series. Know the power series expansions of the following
functions: ex, sinx, cosx, sinhx, coshx, 1/(1 − x). Know the basic theory of convergence of
a power series and the connection between power series and analytic functions. Know how to
determine the radius of convergence, directly via the ratio test or indirectly as distance to
nearest complex or real singularity. Know how to perform standard manipulations of power
series (shift index, differentiate, add/multiply, etc.),
(See 5.1 in the text, class notes of 7/13 and 7/16, the class handout on power series, and
Problems 1, 3, 17 from 5.1.)

• Euler equation. Know the general form of an Euler equation and that of the associated
characteristic equation, and know how to construct a set of fundamental solutions by solving the
characteristic equation (three cases—distinct real roots, repeatede real root, complex roots).

• General theory of power series solutions of differential equations.. Know the defi-
nition of ordinary, singular, and regular singular points, and know the general theory of power
series solutions for the case of ordinary points. (See class notes of 7/17, and Theorem 5.3.1.)
NOTE: You do not need to know the (much more complicated) theory of series solutions for
regular singular points, as given in Theorem 5.6.1.

Key computational tasks

• Find and classify ordinary and singular points for a differential equation. Know
how to determine whether a singular point is regular or irregular. Determine (lower bounds
on) the radius of convergence of a series solution.
(See Example 2 and Problems 5, 7 in 5.3, Problems 17 and 22 in 5.4, and class notes of 7/17)
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• Derive series solutions to differential equation. At an ordinary point, the solution will
be an ordinary power series about this point, while at a regular singular point, the solution
will be a Frobenius series (a power series multiplied by (x − x0)

r). The derivation consists
of several steps:

– Compute series for y′ and y′′ (shift indices if necessary) and substitute these into the given
equation.

– In the case of a Frobenius series, find the equation (“indicial equation”) satisfied by r, and
solve for r.

– Derive a recurrence relation for the coefficients an.

– Solve the recurrence relation to get an explicit formula for an, or numerical values for the
first few terms.

– Plug an back into the series for y to obtain the general solution to the DE. Typically, this
will involve two arbitrary coefficients, a0 and a1.

(See Example 1 and Problem 2 in 5.2, Problem 3 in 5.5, and class examples from 7/17, 7/19.)

• Solve Euler equations and determine the behavior of their solutions. It helps to keep
in mind the analogy between Euler equations to the theory of second order constant coefficient
equations.
(See Problems 1, 3, 39 in 5.4, and class examples from 7/18.)

Checklist: Linear Algebra Review (7.3)

• Key concepts. Know the definitions of a linear combination, a linear function, linear
independence, eigenvalues, and eigenvectors.

• Key computational tasks. Know how to determine whether a given set of vectors (or
functions) is linearly independent, and how to find a non-trivial linear relation in the case the
vectors are linearly dependent.

Know how to compute eigenvalues and eigenvectors (for computationally simple cases only)
(See class notes from 7/20 and Problems 8, 14, 18 from 7.3.)

Questions?

If you have further questions (do we need to know X?), ask after class, at Monday’s Review Session,
or just email me (ajh@illinois.edu).

Good luck on the exam!
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