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Abstract. Thompson’s Group F is an interesting group that can be under-

stood in a variety of ways. It can be interpreted algebraically, analytically, and

geometrically. In its algebraic interpretation, it has two common presentations:

an infinite one and a finite one. Unfortunately, the finite presentation has com-

plicated relators. Recently, a geometric method for determining wordlength in

the standard finite presentation was developed by Blake Fordham. We seek to

extend this method algebraically to other, similar finite presentations of F . This

gives us insight into many interesting properties of the group, including dead

end words.
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1. Introduction

Thompson’s Group F is a very interesting group since it can be studied in so

many different ways. It was originally defined as the group of reparenthicizations

of logical schemata, each element being a function that takes one parenthicization

of a schema to another. For example, if we have prepositions p, q, and r, in that

order, we can parenthicize them as p(qr) or (pq)r. The maps between these two

orders of operations correspond to an element of Thompson’s Group F and its

inverse.

Elements of F can also be represented analytically and geometrically, in addition

to the standard algebraic interpretation. Geometrically, we represent elements of F

as pairs of finite-rooted binary trees. Analytically, elements of F correspond with

orientation-preserving piecewise-linear homeomorphisms from the unit interval to

itself such that there are only finitely-many singularities of slope, and these singu-

larities have coordinates in Z[1/2] such that the slopes away from these singularities

are powers of two. We will discuss these representations of F in greater detail in

Section 3. These different interpretations allow us to discover properties in one

representation and thus gain a better understanding of the other interpretations.

Unfortunately, F is also very complicated. It is so complicated, in fact, that its

Cayley graph with respect to its standard finite presentation cannot be drawn even

by a computer. However, we would still like to understand certain properties of

the Cayley graph, even if we cannot draw it. In his doctoral thesis, Blake Fordham

[4] developed a method for determining wordlength with respect to the standard

generating set. This method is based solely on the geometric representation of F .

Our goal is to develop a similar method for similar generating sets for F , although

this method need not be geometric in nature. Hopefully, the extended method will
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provide us some insight into how these different Cayley graphs compare to each

other.

The paper is organized as follows:

In Section 2, we review some concepts from group theory that we will be using.

In Section 3, we describe Thompson’s Group F .

In Section 4, we present Fordham’s method for determining wordlength in F with

respect to the standard generating set.

In Section 5, we state our theorem regarding wordlength in an alternative gener-

ating set.

In Section 6, we introduce our chief tool in comparing the two generating sets,

which leads to an interesting corollary.

In Section 7, we apply this tool to our alternative generating set and prove our

theorem.

In Section 8, we consider the implications of our theorem for dead end words in

the Cayley graph of {x0, x2}.

In Section 9, we describe some of the difficulties in completely extending Fordham’s

method to all of F in the generating set {x0, x2}.

In Section 10, we close by discussing what can be done from here.
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2. Concepts from Group Theory

A group presentation is a description of a group composed of a generating set of

that group and a set of relations, or equations satisfied by the generators. The

following definition is adapted from Gallian [6]:

Definition 2.1. Let G be a group generated by some set A = {a1, a2, ...} and let

F be the free group on A. Let R = {r1, r2, ...} be a subset of F and let N be the

smallest normal subgroup of F containing R. We say that G has the presentation

〈a1, a2, ... | r1 = r2 = ... = 1〉 if there is an isomorphism from F/N onto G that

takes aiN to ai. We call R the set of relators.

Intuitively, the group presentation of G defines it as the free group on A except

that the elements of R, the relators, are equivalent to the identity.

Example 2.2. A presentation for F2, the free group on two generators, is 〈a, b〉.

Since this is a free group, there are no relators.

Example 2.3. Z× Z has the presentation 〈a, b | aba−1b−1〉 .

For a given presentation of G, we can define the Cayley graph of G with respect

to that generating set.

Definition 2.4. Let G be a group generated by some set A. Then the Cayley

graph of G with respect to generating set A is a directed graph such that each

element of G is a vertex and, for x, y ∈ G, there is an edge from x to y iff xai = y

for some ai ∈ A.

This provides a geometric model for the group in question, allowing us to gain a

deeper understanding of the structure and properties of the group. However, since

the Cayley graph is dependent on the choice of a generating set, a group can have

many different Cayley graphs, each with respect to a different generating set.
3



Example 2.5. Considering Z as the free group on one generator, we get the fol-

lowing Cayley graph for Z:

30−1−2−3 1 2

However, Z can also be generated by the set {2, 3}, which gives us the above, quite

different Cayley graph.

3

0−1−2−3 1 2 3

2

The Cayley graph provides a geometric picture of the group with respect to a

specific generating set. For any Cayley graph, we can then define a metric and

turn our group into a metric space. The obvious metric to use is that the distance

between two elements is equal to the minimum number of edges that compose a

path between them. With this concept of distance established, we can define the

wordlength of an element with respect to a generating set.

Definition 2.6. Let G be a group generated by some set A and let ρA be the

word metric on G with respect to A as defined above. For x ∈ G, we define the

wordlength of x with respect to A, or |x|A, to be equal to ρA(1, x).

In other words, the wordlength of an element under a specific generating set is

equal to the minimum number of generators required to represent that element.

Example 2.7. Consider 5 ∈ Z. Obviously, |5|{1} = 5, but note that |5|{2,3} = 2.

Thus, an element can have different wordlength with respect to different generating

sets.
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3. Background on Thompson’s Group F

Thompson’s Group F was originally conceived as the group of reparenthicizations

of logical schemata. An element of F would take an order of operations on a

schemata of n prepositions and output a new order of operations on those n prepo-

sitions. Today, F is commonly understood in three ways.

Algebraically, F has two standard presentations, an infinite one and a finite one.

The infinite presentation, P , is as follows:

〈xk, k ≥ 0 | x−1
i xjxi = xj+1 if i < j〉.

Thus, the generator x3 = x−1
1 x2x1 and is also equal to x−1

0 x2x0. Clearly, all the

generators can be written in terms of x0 and x1, so we have the standard finite

presentation

F = 〈x0, x1 | [x0x
−1
1 , x−1

0 x1x0], [x0x
−1
1 , x−2

0 x1x
2
0]〉.

Also, since we have that x1 = xn−1
0 xnx

1−n
0 , we can generate all of F with the set

{x0, xn}.

Besides having simpler relators, the infinite presentation also has the advantage of

a unique normal form for elements. Each element can be written as

xr1
i1

xr2
i2

...xrk
ik

x−sl
jl

...x−s2
j2

x−s1
j1

where ri, si > 0, 0 ≤ i1 < i2 < ... < ik, and 0 ≤ j1 < j2 < ... < jl. Brown and

Geoghegan [1] showed that this form is guaranteed to be unique if we impose the

additional restriction that when both xi and x−1
i occur, so does either xi+1 or x−1

i+1.

For instance, we can rewrite the word x0x2x
−1
3 x−1

0 as x0(x
−1
0 x1x0)x

−1
3 x−1

0 and this

equals x1x
−1
2 , which is of the form that we specified.

Geometrically, elements of F are viewed as pairs of finitely-rooted binary trees. A

caret is a vertex of the tree with two edges directed downward from it. An exposed
5



T+

0

1 2

3

4 5

0 1

2

3 4

5

T−

Figure 1. The tree pair diagram representation for x0x2x3x
−1
1 x−1

0

with the positive tree labeled T+ and the negative tree labeled T−.

leaf is a vertex of valence 1 in the tree. The left (right) child of caret C is the caret

that is connected to the left (right) leaf of C. The left side of a tree is all vertices

that are connected to the root node by a path consisting only of left edges and the

root node itself. The right side of a tree is all the vertices that are connected to

the root node by a path consisting only of right edges. The interior of a tree is all

vertices that are not on the left or right sides of the tree. The leaf exponent of an

exposed leaf is equal to the length of the maximal path composed entirely of left

edges that originates at the exposed leaf and does not reach the right side of the

tree. Thus, an exposed leaf that is a right leaf would have leaf exponent = 0.

The elements of F correspond to these tree pair diagrams as follows: For a tree pair

diagram associated with an element in F , we have two trees with equal number

of carets. We number the exposed leaves of each tree from left to right, starting

at 0. Each of these exposed leaves is associated with the generator whose index is

equal to the number of the leaf. The exponent of that generator is equal to the

leaf exponent of that exposed leaf if the leaf is in the right tree, and the negative

of the leaf exponent if the exposed leaf is in the left tree. For this reason, the right

tree is known as the negative tree, or T−, and the left tree is known as the positive

tree, or T+. Thus, we have the element x0x2x3x
−1
1 x−1

0 associated with the tree pair

diagram in Figure 1.
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4

0 1 2

3 4

5

0 1

2 3 4 5

0

1

2 3

4

0

1 2 3

Figure 2. The geometric reduction of x0x2x
−1
3 x−1

0 to x1x
−1
2 by re-

moving the caret with exposed leaves numbered 0 and 1 from each

tree.

The uniqueness condition of the algebraic normal form has an analogue in the

geometric interpretation. We call a tree pair diagram unreduced if there is a caret

in each tree with exposed leaves numbered n and n + 1. This corresponds exactly

with the uniqueness condition, since we see that having this situation would imply

a non-zero positive exponent and a non-zero negative exponent for xn. Since both

of the leaves numbered n + 1 are the right leaves of the node, there would be no

xn+1 in the normal form, which our uniqueness condition does not allow. Thus,

we can take an unreduced tree and reduce it by removing the carets that do not

satisfy our condition. Consider our unreduced geometric example in Figure 2 of

the word x0x2x
−1
3 x−1

0 . We see that its tree pair diagram can be reduced to the

tree pair diagram of x1x
−1
2 , which is exactly the unique normal form of the word

x0x2x
−1
3 x−1

0 .
7



3/4

0 1

1

1/2

1/2

1/4

1/4 3/4

Figure 3. The analytic interpretation of x0x2x3x
−1
1 x−1

0 .

Analytically, F is viewed as the group of orientation-preserving, piecewise-linear

homeomorphisms from [0, 1] to itself such that there are only finitely-many sin-

gularities of slope, all of whose coordinates lie in Z[1/2] and that the slopes away

from these singularities are powers of two.

This interpretation can easily be obtained from the tree pair diagram representation

of the element. Each tree represents a division of the unit interval; the negative tree

represents the domain and the positive tree the range. The division is as follows:

each node divides the interval into halves. Thus the root node divides the interval

into [0, 1/2], [1/2, 1]. If the root node has children, these children further divide

the subintervals. So suppose the root node only has a left child. Then, the division

would be [0, 1/4], [1/4, 1/2], [1/2, 1]. Continue in this manner down the tree until

all the exposed leaves are reached. Thus, our example element of x0x2x3x
−1
1 x−1

0

would appear as in Figure 3.
8



1

1

1/2

0 1/2

Figure 4. The analytic representation of the unreduced word

x0x2x
−1
3 x−1

0 .

Our uniqueness condition can also be understood in this context. The geometric

interpretation of this condition correlates exactly with ”singularities of slope” oc-

curring with equal slopes on either side. These different divisions of the domain

and range would result in the same function. Again, consider our unreduced ex-

ample x0x2x
−1
3 x−1

0 . Note that the analytic interpretation of this word is the graph

in Figure 4.

Clearly, this is the same graph as x1x
−1
2 , shown in Figure 5, but with an ”extra

singularity” at the point (.25, .25).

We define multiplication of elements in the analytic interpretation to be functional

composition. We define multiplication in the geometric representation somewhat

similarly. Since the negative tree represents the domain and the positive tree

represents the range, we can use a composition-like means of multiplication. In
9



1

1

1/2

0 1/2

Figure 5. The reduced graph for x1x
−1
2 .

Figure 6. The trees T ′
−, T ′

+ and T−, T+, representing w = x0x
−1
1 x−1

0

and w′ = x−1
1 x−1

0 are in solid lines, while the unreduced trees T ′∗
− , T ′∗

+

and T ∗
−, T ∗

+ also include the dotted lines. Notice that T ′∗
+ = T ∗

−.

other words, if w = (T−, T+) and w′ = (T ′
−, T ′

+) and we have that T ′
+ = T−, then

we let ww′ = (T ′
−, T+). If T ′

+ 6= T−, we create unreduced versions of w and w′ such

that T ′∗
+ = T ∗

−. We then let ww′ = (T ′∗
− , T ∗

+).

Example 3.1. Consider w = x0x
−1
1 x−1

0 and w′ = x−1
1 x−1

0 . We see in Figure 6 the

associated tree pair diagrams. The dotted lines represent the unreduced versions of

these diagrams. This gives us the product in Figure 7.
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Figure 7. The geometric representation of x0x
−1
3 x−1

1 x−2
0 . Notice

that these trees are, in fact, T ′∗
− , T ∗

+.

40

1

2

3

4

0

1

2

3

Figure 8. The infix numbering for the tree pair diagram of

x0x2x3x
−1
1 x−1

0 .

4. Fordham’s Method for Determining Wordlength with Respect to

the Standard Finite Presentation

In his doctoral thesis, Fordham [4] described a method for determining wordlength

with respect to the {x0, x1} generating set of F based on the reduced tree pair

diagrams of the elements. To understand his method, we need to define the infix

ordering system for carets in a tree. The infix ordering gives a number, starting at

0, to each caret C in a tree as follows: the left child of C is numbered before C,

and the right child of C is numbered after C.

Example 4.1. Consider the word w = x0x2x3x
−1
1 x−1

0 again. The infix ordering for

the negative and positive trees of w is given in Figure 8.

Fordham classifies each of the carets in the tree pair diagrams of an element w ∈ F

in the following way:
11



(1) A caret is an L0 caret if it is on the left side of the tree and it has no left

child.

(2) A caret is an LL caret if it is on the left side of the tree and it has a left

child.

(3) A caret is an I0 caret if it is in the interior of the tree and it has no right

child.

(4) A caret is an IR caret if it is in the interior of the tree and it has a right

child.

(5) A caret is an RI caret if it is on the right side of the tree and the caret

with 1 greater infix number is an interior caret.

(6) A caret is an RNI caret if it is on the right side of the tree and the caret

with 1 greater infix number is a right caret, but there exists some interior

caret with greater infix number.

(7) A caret is an R0 caret if it is on the right side of the tree and its infix

number is greater than the infix numbers of all interior carets.

Using this classification, Fordham proves the following theorem:

12



Theorem 4.1. [4] Let (T−, T+) be a tree pair diagram with n carets in each tree

representing some w ∈ F . Then for Ci
− the caret numbered i by the infix ordering

in T− and Ci
+ the caret numbered i by the infix ordering in T+, we define w(Ci

−, Ci
+)

to be the value on the table below corresponding to the types of carets Ci
− and Ci

+.

R0 RNI RI LL I0 IR

R0 0 2 2 1 1 3

RNI 2 2 2 1 1 3

RI 2 2 2 1 3 3

LL 1 1 1 2 2 2

I0 1 1 3 2 2 4

IR 3 3 3 2 4 4

Then the wordlength of w with respect to the {x0, x1} generating set is equal to∑n
i=1 w(Ci

−, Ci
+).

By adding up the weights of all the caret pairs, the wordlength in the {x0, x1}

generating set is obtained.

13



5. Wordlength with Respect to the {x0, x2} Generating Set for F

While Fordham has provided us with a means to understand distance with respect

to the {x0, x1} generating set, we would like to determine wordlength with respect

to generating sets of the form {x0, xn} as well. This would allow us to see how

these generating sets differ and determine what properties are unique to which

generating sets. To do so, we will make use of the following notation, which will

allow us to move between generating sets of F of the form {x0, xn} and {x0, xm}.

For n, m ≥ 1, we define the function fm
n to take reduced words in the generating

set {x0, xn} to reduced words in the generating set {x0, xm} where fm
n replaces

all instances of x±1
n with xm−n

0 x±1
m xn−m

0 . Note that fn
m = (fm

n )−1. Since xn =

xm−n
0 xmxn−m

0 , fm
n (x) represents the same element in F as x.

Example 5.1. Consider α = x2
0x1x

−3
0 x−2

1 x0. Then,

f 2
1 (α) = x2

0(x0x2x
−1
0 )x−3

0 (x0x
−1
2 x−1

0 )(x0x
−1
2 x−1

0 )x0. This reduces to x3
0x2x

−3
0 x−2

2 .

Also, we define the notation |w|{x0,xn} to be the wordlength of w with respect to

the {x0, xn} generating set and for α a word in {x0, xn}, define the length of α, or

`(α) to be the number of generators in α.

Our goal is to extend Fordham’s method to the {x0, x2} generating set, but as a

first step we prove the following theorem:

Theorem 5.1. Let w ∈ F be such that the generators x1 and x−1
1 do not appear

in the normal form of w and the generators x2 and x−1
2 do not both appear in the

normal form of w. Let Γ1 be the set of all minimal length representatives of w

with respect to the generating set {x0, x1} and Γ2 be the set of all minimal length

representatives of w with respect to the generating set {x0, x2}. Choose γ1 ∈ Γ1

such that `(f 2
1 (γ1)) = min{`(f 2

1 (γ)) | γ ∈ Γ1}. Similarly, choose γ2 ∈ Γ2 such that

`(f 1
2 (γ2)) = min{`(f 1

2 (γ)) | γ ∈ Γ2}. Then, f 2
1 (γ1) ∈ Γ2 and f 1

2 (γ2) ∈ Γ1.
14



In other words, for w ∈ F , there is always a minimal length representative of

w with respect to the {x0, x1} generating set that f 2
1 takes to a minimal length

representative of w with respect to the {x0, x2} generating set. Likewise there is

some minimal length representative of w with respect to the {x0, x2} generating

set that f 1
2 takes to a minimal length representative of w with respect to the

{x0, x1} generating set. Since it is easy to determine the length of the images of

the minimal length representatives with respect to {x0, x1} under f 2
1 , this can be

used to determine the wordlength of w with respect to the {x0, x2} generating set.

Due to the definition of f 2
1 , this shows that, at least in the case of the theorem,

the difference in wordlength is captured by the relators of the infinite presentation

for F .

15



6. Properties of the Function fm
n

Although we are primarily interested in wordlength with respect to {x0, x2}, there

are many properties that hold for {x0, xn} in general. With this in mind, we will

define some more terminology which will allow us to place upper and lower bounds

on wordlength with respect to the generating sets {x0, xn}. For α, a reduced

representative of w ∈ F in some generating set of the form {x0, xn}:

• An x0 interior string is a non-empty string composed entirely of instances

of x0 that occurs in the word with an x±1
n generator immediately before

and immediately after it.

• An x0 exterior string is a non-empty string consisting only of instances of

x0 that has either an x±1
n generator immediately before it and no generator

following it, or no generator immediately before it and an x±1
n generator

immediately after it.

• We define x−1
0 interior and exterior strings similarly.

• We define an empty interior string to be an empty string between two

generators with non-zero indices.

• An empty exterior string is an empty string that either follows or precedes

an x±1
n generator and has no generator on the opposite side. In other

words, if the word begins or ends with a non-zero index generator, then it

has an empty exterior string.

Example 6.1. Consider the representative α = x−2
0 x3

1x
−1
0 x−2

1 x4
0x1. The strings

defined above for α are denoted in brackets below:

• The x0 interior strings are: x−2
0 x3

1x
−1
0 x−2

1 [x4
0]x1.

• The x−1
0 interior strings are: x−2

0 x3
1[x

−1
0 ]x−2

1 x4
0x1.

• There are no x0 exterior strings in α since it does not begin or end with

x0.
16



• The x−1
0 interior strings are: [x−2

0 ]x3
1x

−1
0 x−2

1 x4
0x1.

• There are three empty interior strings since x3
1 = x1[]x1[]x1 and x−2

1 =

x−1
1 []x−1

1 .

• There is a right exterior empty string since α ends with x1.

Armed with these definitions, we can now prove the following lemmas:

Lemma 6.2. Let α be a word with respect to the {x0, xn} generating set. Then, one

of the following situations occurs for the length of the word fn+1
n (α) with respect to

the {x0, xn+1} generating set:

(1) `(fn+1
n (α)) = `(α)− 2 iff α begins with x−1

0 and ends with x0.

(2) `(fn+1
n (α)) = `(α) iff α either begins with x−1

0 or ends with x0 but not both.

(3) `(fn+1
n (α)) = `(α) + 2 iff α neither begins with x−1

0 nor ends with x0.

Proof. Note that there is a one-to-one correspondence between x±1
n generators

in α and x±1
n+1 generators in fn+1

n (α), since f 2
1 replaces every x±1

1 with x0x
±1
2 x−1

0 .

Thus, any change in the number of generators from α to fn+1
n (α) is due to the

addition or cancellation of x±1
0 s. These changes can only occur in the strings

defined above.

Consider all interior strings of α. When fn+1
n is applied to α, the left-most x0 in

each x0 string will be cancelled and an x0 will be gained on the right end. Similarly,

the x−1
0 interior strings will gain an additional x−1

0 on the left but will also lose

one on the right to cancellation. The empty strings will remain empty as the new

x−1
0 on the left cancels the new x0 on the right. Thus, the lengths of the interior

strings are unchanged by fn+1
n , so any change in length must occur in the exterior

strings.

Consider the initial exterior string. If it is an x−1
0 string, the substitution will

decrease its length by one by canceling one of the x−1
0 s. Otherwise, the length will

17



increase by one. Likewise, if the final exterior sting is an x0 string, its length will

decrease by one. Otherwise, it will increase by one. Thus, the net change in length

from the exterior strings will be -2 iff α begins with x−1
0 and ends with x0, 0 iff α

either begins with x−1
0 or ends with x0, but not both, and +2 iff α neither begins

with x−1
0 , nor ends with x0. �

We will illustrate with an example using f 2
1 :

Example 6.3. Consider α as in the example above, so α = x−2
0 x3

1x
−1
0 x−2

1 x4
0x1.

Thus, the unreduced form of f 2
1 (α) = x−2

0 (x0x
3
2x

−1
0 )x−1

0 (x0x
−2
2 x−1

0 )x4
0(x0x2x

−1
0 ) (we

have already performed the cancellation in the empty interior strings). Notice that

every interior string has a new x−1
0 on the left and a new x0 on the right, just as we

predicted. The left x−1
0 exterior string is reduced by the new x0 and the right empty

exterior string becomes x−1
0 exterior string, giving us a net change of 0 generators.

Thus, we are left with f 2
1 (α) = x−1

0 x3
2x

−1
0 x−2

2 x4
0x2x

−1
0 . Hence, `(f 2

1 (α)) = `(α), just

as our lemma states.

Likewise, the analogous lemma holds for fn
n+1.

Lemma 6.4. For α a representative for a word with respect to the {x0, xn+1} gen-

erating set,

(1) `(fn
n+1(α)) = `(α)− 2 iff α begins with x0 and ends with x−1

0 .

(2) `(fn
n+1(α)) = `(α) iff α either begins with x0 or ends with x−1

0 but not both.

(3) `(fn
n+1(α)) = `(α) + 2 iff α neither begins with x0 nor ends with x−1

0 .

The proof is as the previous lemma.

These two lemmas give us the following corollary.

Corollary 6.5. For w ∈ F , |w|{x0,x1}−2(n−1) ≤ |w|{x0,xn} ≤ |w|{x0,x1}+2(n−1).
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Proof. For w ∈ F , let α be a minimal length representative for w in the

{x0, x1} generating set. By the above lemmas, we can see that `(fn
n−1(...f

3
2 (f 2

1 (α))...))

≤ `(α) + 2(n − 1). Thus, |w|n ≤ |w|1 + 2(n − 1). Similarly, for α′ a min-

imal length representative for w in the {x0, xn} generating set, we have that

`(f 1
2 (f 2

3 (...fn−1
n (α′)...))) ≤ `(α′) + 2(n − 1). Thus, |w|1 ≤ |w|n + 2(n − 1), or

|w|1 − 2(n− 1) ≤ |w|n. �

This puts a nice linear bound on wordlength in alternative finite generating sets

for F of the form {x0, xn}. This has important implications which we will discuss

later. For now, let us return to {x0, x2}.
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7. Understanding Minimal Length Representatives in Different

Generating Sets

We will now establish some properties of f 2
1 and f 1

2 and their images when we input

minimal length representatives and use them to prove Theorem 5.1. Specifically,

we show that the theorem follows directly in most cases, and then we tackle the

case where `(f 2
1 (γ1)) = `(γ1) + 2 and `(f 1

2 (γ2)) = `(γ2) + 2, but the wordlength of

w ∈ F is the same with respect to both generating sets.

Recall these definitions:

For w ∈ F , let Γ1 be the set of all minimal length representatives of w with

respect to the generating set {x±1
0 , x±1

1 } and let Γ2 be the set of all minimal length

representatives of w with respect to the generating set {x±1
0 , x±1

2 }.

Choose γ1 ∈ Γ1 such that `(f 2
1 (γ1)) = min{`(f 2

1 (γ)) | γ ∈ Γ1}. Similarly, choose

γ2 ∈ Γ2 such that `(f 1
2 (γ2)) = min{`(f 1

2 (γ)) | γ ∈ Γ2}. Note that since γ1 ∈ Γ1 and

γ2 ∈ Γ2, we have that |w|{x0,x1} = `(γ1) and |w|{x0,x2} = `(γ2)

We will now prove Theorem 5.1, that f 2
1 (γ1) ∈ Γ2 and f 1

2 (γ2) ∈ Γ1 when we do not

have x1, x
−1
1 , or both x2 and x−1

2 in the normal form of w.

We know that `(γ1) and `(γ2) must have the same parity since γ1γ
−1
2 is the identity

and F only has relators of even length. Thus, the difference in wordlength must

be even. We consider several cases:

Case 1: Suppose `(γ1) and `(γ2) differ by 4 or more. We can assume with no loss

of generality that `(γ1) ≤ `(γ2) − 4. Consider f 2
1 (γ1). We know that `(f 2

1 (γ1)) ≤

`(γ1) + 2 ≤ `(γ2) − 2, but remember that f 2
1 (γ1) is a representative of w in the

{x0, x2} generating set, so since γ2 is a minimal length representative of w, `(γ2) ≤

`(f 2
1 (γ1)). This is a contradiction, so we know that `(γ1) and `(γ2) can differ by

no more than 2.
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Case 2: Suppose now that these lengths do differ by 2. We can assume with

no loss of generality that `(γ1) = `(γ2) − 2. Consider `(f 2
1 (γ1)). We know that

`(f 2
1 (γ1)) ≤ `(γ1) + 2 = `(γ2). Since γ2 is a minimal representative for w, we have

`(γ2) ≤ `(f 2
1 (γ1)), so we get `(f 2

1 (γ1)) = `(γ2). Hence, f 2
1 (γ1) ∈ Γ2 and, since f 1

2

composed with f 2
1 is the identity, f 1

2 (γ2) ∈ Γ1. Therefore, the theorem holds for

this case.

Case 3: Consider now, the remaining case that `(γ1) = `(γ2), which is exactly

when |w|{x0,x1} = |w|{x0,x2}. Obviously, if `(f 2
1 (γ1)) = `(γ1) or `(f 1

2 (γ2)) = `(γ2)

then we are done. It is also clear that we cannot have `(f 2
1 (γ1)) = `(γ1) − 2 or

`(f 1
2 (γ2)) = `(γ2) − 2, since these would be representatives with length less than

that of the minimal length representatives. Therefore, we need only consider the

situation when `(f 2
1 (γ1)) = `(γ1) + 2 and `(f 1

2 (γ2)) = `(γ2) + 2. We do this in the

following proposition.

Proposition 7.1. For w ∈ F and neither x1 nor x−1
1 nor x−1

2 in the normal form

of w, if `(γ1) = `(γ2) then `(f 2
1 (γ1)) = `(γ1) + 2 and `(f 1

2 (γ2)) = `(γ2) + 2 cannot

both be true.

Note that the hypothesis of Proposition 7.1 is stronger than the hypothesis of

Theorem 5.1.

We will need the following lemma:

Lemma 7.2. For S a generating set of F and g ∈ S and w ∈ F , |wg|S = |w|S − 1

iff there exists a minimal length representative of w for the generating set S ending

in g−1.

Proof. The backwards direction is obvious. Suppose that |wg|S = |w|S−1 and

let µ be a minimal length representative of wg in generating set S. We know that
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`(µ) = |w|S − 1 and that µg−1 = w. Thus, µg−1 is a minimal length representative

for w in S. �

Assume that w ∈ F satisfies `(f 2
1 (γ1)) = `(γ1) + 2, `(f 1

2 (γ2)) = `(γ2) + 2, and

`(γ2) = `(γ1) for γ1 and γ2 as defined above. From Lemma 6.2, we know that

`(f 2
1 (γ1)) = `(γ1) + 2 implies that no minimal length representative of w in the

generating set {x0, x1} begins with x−1
0 or ends with x0. Due to Lemma 7.2, we

know this means that x−1
0 does not decrease the wordlength of w or w−1 with

respect to the generating set {x0, x1}. Since F only has even relators, we know

that multiplication by a generator either increases or decreases wordlength by 1.

Thus, multiplication by x−1
0 increases the wordlength of w and w−1 by 1 under

{x0, x1}.

Cleary and Taback [2] constructed a set of tables that describe the geometric con-

ditions for multiplication by a specific generator to increase or decrease wordlength

with respect to the {x0, x1} generating set. These tables can be found in the Ap-

pendix. Using these tables, we can see that if x−1
0 increases the wordlength of a

word in {x0, x1}, so does x−1
1 . Therefore, x−1

1 also increases the wordlength of w

and w−1 with respect to the generating set {x0, x1}.

Similarly, we can see that `(f 1
2 (γ2)) = `(γ2) + 2 implies that no minimal length

representative of w for the generating set {x0, x2} begins with x0 or ends with x−1
0 .

Unfortunately, we have no analogous tables for the {x0, x2} generating set, so we

must find an alternative way to use this information. To do so, we present Lemma

7.3:

Lemma 7.3. For w ∈ F such that x1, x
−1
1 , and x−1

2 do not appear in the normal

form of w and |w|{x0,x1} = |w|{x0,x2}, if there is a minimal length representative of

w in {x0, x1} that ends in x−1
0 , then there exists a minimal length representative of

w in {x0, x2} that either ends with x−1
0 or begins with x0.
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Proof. First note that the normal form of w in the infinite presentation must

also end in x−1
0 . If it did not, the x−1

0 at the end of the minimal length representative

in the {x0, x1} generating set must be cancelled by an x0 when the representative is

rewritten into normal form. To do this rewriting, we use the relators in this order:

We use the relators to ”move” the x0 generators to the left and the x−1
0 generators

to the right. Since these relators are x−1
0 xj = xj+1x

−1
0 and xjx0 = x0xj+1, when

we perform these movements, we increase the index of the generators that the x±1
0

generators pass. Next, we ”move” the x±1
1 generators in a similar fashion. Since all

the generators with index 0 are already at the ends of the word, all the generators

that the x±1
1 s will pass are of higher index. Thus, the relators x−1

1 xj = xj+1x
−1
1

and xjx1 = x1xj+1 apply, since we have j > 1. Likewise, we then move the

index 2 generators that were created by the previous movements, then the index

3 generators, and so on. We are left with a word that has the generators in the

proper order, but it may not satisfy the uniqueness condition for the normal form.

Recall that this condition is that if the generators xi and x−1
i both appear in the

normal form, then so to must either xi+1 or x−1
j+1. We then move the troublesome

generators back across all the higher-index generators to cancel with their inverses

until our word is in normal form. To illustrate, we will do an example:

Example 7.4. Consider the word x−2
0 x−1

1 x0x1x
−1
0 . First we move the x0 left where

it cancels with an x−1
0 , leaving us with x−1

0 x−1
2 x1x

−1
0 . Now we move the x−1

0 to the

right, giving us x−1
3 x2x

−2
0 . Finally, we move the x2 left, which produces the word

x2x
−1
4 x−2

0 . We see that the uniqueness condition is met, so this is the normal form

of the element.

We now continue the proof of Lemma 7.3. Let X be the rightmost generator of the

word that has non-zero index. Suppose that the x−1
0 generator at the end of our

minimal length representative is cancelled in the rewriting process. Since we have

the relator xjx0 = x0xj+1 for j ≥ 1, we see that the rewriting process must decrease
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the index of X, which must be at least 2, in order to pass the x−1
0 to the left or to

bring an x0 to the right to cancel the x−1
0 . Otherwise, we have no relator to bring

the generators across X. Thus, this must be done at some point in the process

when the index of X is greater than its original value of 1. However, if the index

of X is greater than 1, the x−1
0 that gets cancelled will not be the one that was

originally at the end on the word, but rather one that was involved in the increasing

of the index of X. We know that X originally had index 1, since the word was

originally a minimal length representative with respect to the {x0, x1} generating

set, and the only way for it to be increased is if a x−1
0 is moved right across it or an

x0 is moved left across it by the relators x−1
0 xj = xj+1x

−1
0 or xjx0 = x0xj+1. There

could not have been such an x0, since the representative ended in x−1
0 , so any x0

in the representative were to the left of X. Thus, there must have been some x−1
0

moved across X to raise its index, and this x−1
0 will be the generator cancelled,

not the x−1
0 that was originally at the end of the representative since the new x−1

0

is further left. Hence, the final x−1
0 cannot be cancelled.

Thus, not only does the normal form of w not contain x1, x−1
1 , or x−1

2 ; it also

does not contain x0. But the normal form does contain an x−1
0 , and we have that

|w|{x0,x1} = |w|{x0,x2}, and that some minimal length representative of w under the

generating set {x0, x1} ends in x−1
0 . We can therefore represent w as a pair of

binary trees with n carets as in Figure 9.

Let w′ be the element of F formed by taking µ, some minimal length representative

of w in {x0, x2}, and replacing each occurrence of x±1
2 with x±1

1 . Therefore, by

construction, |w′|{x0,x1} = |w|{x0,x2} since if we were able to reduce the word formed

by replacing x±1
2 with x±1

1 , we would also have been able to reduce µ. Hence,

|w′|{x0,x1} = |w|{x0,x1}. Note that the ”movements” we perform on µ to rewrite

it in the normal form of w will also yield us the normal form of w′. This is due

to the fact that the normal form of w contains no instances of x±1
1 , and thus all
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A B B

Figure 9. The geometric representation for w where A and B can

be arbitrary non-empty subtrees. The dotted portion of the right T−

can be of any form, but the carets numbered 0 and 1 must have the

above form. The element w will have the left tree pair diagram if it

only has one instance of x−1
0 in its normal form. Otherwise, it must

have more than one, and it will have the tree pair diagram on the

right.

non-zero indices in the normal form of w are are greater than or equal to their

value in µ. When we apply the relators to the representative of w′, if any relator

would reduce the index of an x±1
1 , we can wait to perform this movement until

the index has been increased, which we know must eventually happen. Thus, the

resulting normal form of w′ is exactly the same as the normal form of w, except

all non-zero indices are decreased by 1 in w′, where the index of all the generators

in the original word were either 1 or 0, instead of 2 or 0 for w. Therefore, the

geometric representation of w′ is a pair of binary trees with n − 1 carets seen in

Figure 10. We will do an example to clarify the construction of w′.

Example 7.5. Let w = x3. Then µ = x−1
0 x2x0 is a minimal length representative

for w with respect to the {x0, x2} generating set. Note that to put µ into normal

form, we need to satisfy our uniqueness condition and eliminate the generators with

index 0. So, we move the x0 to the right, increasing the index of the x2 generator

to 3. The x0 then cancels with the x−1
0 , leaving us with x3, the normal form of

w. So w′ would be the word x−1
0 x1x0. Notice that the same process that took µ to

the normal form of w also gives us the normal form of w′, specifically, x2. We see

that since the non-zero index generators in our representative for w′ have one less
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BA B or

Figure 10. The geometric representation of w′ where A and B are

the same subtrees as in Figure 9. Likewise, the dotted portion of

the right T− is also as it was in Figure 9. Note that the exposed

leaves numbered greater than 1 in the negative tree and greater than

0 in the positive tree correspond exactly with the exposed leaves

numbered greater than 2 in the negative tree and greater than 1 in

the positive tree of the diagrams in Figure 9.

index than the non-zero index generators in µ, our resulting normal forms for w′

and w have this same property.

Continuing with the proof, note that the caret pair numbered i in the infix num-

bering of w, for i > 2, is exactly the same as the caret pair i− 1 in w′. Thus, the

caret pairs 3 through n in w have the same weights assigned by Fordham’s method

for determining wordlength as pairs 2 through n − 1 in w′. By definition, caret

pair 0 has weight 0 in both w and w′. Caret pair 1 in w has weight 1 (since it is a

(LL, R∗) pair where R∗ is any right caret) and no analogous counterpart in w′ (this

was the caret pair we eliminated in the construction of w′ in order to decrease the

index of the generators). Finally, caret pair 2 in w has the same weight as caret

pair 1 in w′ unless caret pair 2 in w is (R∗, X) and caret pair 1 in w′ is (LL, X)

where X can be any caret type, in which case the caret pair 2 in w has weight 1

less than caret pair 1 in w′. If caret pair 2 in w had the same weight as caret pair

1 in w′, then we would get that |w|{x0,x1} = |w′|{x0,x1} + 1. But we know that this

cannot be true, since we constructed w′ so that it had the same wordlength as w

with respect to the {x0, x1} generating set. Thus, we must have that caret pair 2

in w is (R∗, X) and caret pair 1 in w′ is (LL, X).
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B’’A’

B’ B’’

Figure 11. The more accurate tree pair diagram for w. We now

have some increased knowledge about the subtrees A and B from

Figure 9, but there are still subtrees A’, B’, B”, B”’ which may be

empty.

Therefore, the possible caret pairs for the pair numbered 2 in the tree pair diagram

representing w are: (R0, R0), (R∗, LL), (R0, I0), (RNI , I0). Since there are no left

carets in the positive tree of w, (R∗, LL) is eliminated. Further, if caret pair 2

in w is (R0, R0), then there are no non-zero indices in the normal form of w and

w = x−1
0 . In this case, our lemma holds. Thus, we are left with the cases that

caret pair 2 in w is (R0, I0) or (RNI , I0). The corresponding tree pair diagram for

w is given in Figure 11.

Note that in either case, the left subtree of the right child of the root node in the

negative tree of w is empty, whereas the right subtree is non-empty. We know that

caret 3 must exist since the positive tree has at least 4 carets. Also, the root caret

of the negative tree is paired with an RI caret. Under these conditions, multiplica-

tion by x0 increases wordlength in {x0, x1} according to Cleary and Taback’s tables

[2] which can be found in the Appendix. But our hypothesis assumed that some

minimal length representative of w in this generating set ends with x−1
0 , which
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implies that x0 decreases the wordlength of w. Hence, we have derived a contra-

diction, and these cases do not exist. Therefore, for all possible cases, the lemma

holds. �

Thus, by the contrapositive of this lemma, there do not exist minimal length

representatives of w or w−1 under the generating set {x0, x1} that end with x−1
0 .

Hence, multiplication by x0 increases the wordlength of both w and w−1 in {x0, x1}.

We know that for every element in F , there exists some generator g in {x0, x1} such

that multiplication by g decreases its wordlength. So by process of elimination we

find that x1 decreases the wordlength of both w and w−1 under {x0, x1}.

Once again referring to the tables of Cleary and Taback [2], we see that for mul-

tiplication by x1 to decrease the wordlength of w and w−1 in {x0, x1}, the left

subtree of the right child of the root node must be non-empty in both the positive

and negative trees of w. In this situation, when multiplication by x−1
0 increases the

wordlength of both w and w−1, the tables show that in both trees the right child of

the root node must be paired with a left caret. Let x be the infix ordering number

of the right child of the root node in the negative tree and y be the infix ordering

number of the right child of the root node in the positive tree. In the negative tree,

since y is the number assigned to a left caret and x the number assigned to a right

caret, we have x > y. But in the positive tree, x is the number assigned to a left

caret and y the number assigned to a right caret, so x < y. This is a contradiction;

such a w cannot exist. Thus, Proposition 7.1 holds. Hence, for w ∈ F with the

hypotheses of our proposition, we have that there exists γ1 ∈ Γ1, γ2 ∈ Γ2 such that

f 2
1 (γ1) = γ2 and f 1

2 (γ2) = γ1.

Lemma 7.6. For w ∈ F such that neither x1 nor x−1
1 nor x2 in the normal form

of w, if `(γ1) = `(γ2) then `(f 2
1 (γ1)) = `(γ1) + 2 and `(f 1

2 (γ2)) = `(γ2) + 2 cannot

both be true.
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Proof. Take such a w and consider w−1. Since w does not have x1, x
−1
1 ,

or x2 in its normal form, then w−1 does not have x1, x
−1
1 , or x−1

2 in its normal

form. By Proposition 7.1, if `(γ−1
1 ) = `(γ−1

2 ) then `(f 2
1 (γ−1

1 )) = `(γ−1
1 ) + 2 and

`(f 1
2 (γ−1

2 )) = `(γ−1
2 ) + 2 cannot both be true. Clearly, `(α) = `(α−1), and by the

definition of fm
n , `(fm

n (α)) = `(fm
n (α−1)), so we are done. �

Thus, the troublesome possible case of `(f 2
1 (γ1)) = `(γ1) + 2 and `(f 1

2 (γ2)) =

`(γ2) + 2 can only occur when either x1, x
−1
1 , or both x2 and x−1

2 appear in the

normal form of w. Hence, our theorem is proven.
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8. Dead End Elements in the {x0, x2} Generating Set

Using the Cayley graph of a group with respect to a specific generating set, we can

define dead end elements for the group under that generating set.

Definition 8.1. We say that x, an element in group G, is a dead end element

with respect to generating set S iff ∀g ∈ S, |xg|S ≤ |x|S.

That is to say, if we cannot apply a generator to the element and get an element

that is farther from the identity, then the element is a dead end element.

Example 8.2. Consider Z with the generating set {1}. Obviously, |x + 1|{1} =

|x|{1} + 1 for all x ≥ 0 and |x− 1|{1} = |x|{1} + 1 for all x ≤ 0, so Z has no dead

end elements in the standard generating set. However, consider the element 1 with

respect to the generating set {2, 3}. Note that |1|{2,3} = 2.

• |1 + 2|{2,3} = 1.

• |1 + 3|{2,3} = 2.

• |1− 2|{2,3} = 2

• |1− 3|{2,3} = 1

Thus, 1 is a dead end element with respect to the {2, 3} generating set for Z, but

not the {1} generating set.

Cleary and Taback [2] have provided a complete characterization of dead end

elements in F with respect to the {x0, x1} generating set. The general form for

these elements is presented in Figure 12.

We will show that the majority of these words are not dead end words with respect

to the {x0, x2} generating set.
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E’

x

y

x y

A B

C D E
A’ B’ C’

Figure 12. The form of dead end elements with respect to the

{x0, x1} generating set for F . We have A, B, C, D, B’, and C’ as

possibly empty subtrees and E, A’, and E’ as non-empty subtrees.

Theorem 8.1. If w ∈ F is a dead end element with respect to the {x0, x1} gener-

ating set and the right child of the root node in the positive tree has a non-empty

left subtree or is paired with an IR caret, then w is not a dead end word with respect

to the {x0, x2} generating set. Specifically, |wx0|{x0,x2} > |w|{x0,x2}.

Proof. Suppose w ∈ F is a dead end element with respect to the {x0, x1}

generating set. Thus, we know that multiplication by x−1
0 decreases the wordlength

of w with respect to the {x0, x1} generating set. Considering w−1, we see that

multiplication by x−1
0 also decreases the wordlength of w−1 with respect to the

{x0, x1} generating set under our hypotheses. From Cleary and Taback’s table

(see Appendix), we see that this is not the case if the right child of the root node

has no left child and is paired with an I0 caret. Therefore, we know that there

exists γ1 ∈ Γ1 such that `(f 2
1 (γ1)) = `(γ1)− 2. Thus, |w|{x0,x2} = |w|{x0,x1} − 2.

Now consider the element wx0. We know that |wx0|{x0,x1} = |w|{x0,x1} − 1 since

w is a dead end element with respect to that generating set. Since wx0x
−1
0 = w,

we have that x−1
0 increases the wordlength of wx0. Thus for all minimal length

representatives α for wx0 with respect to the {x0, x1} generating set, we have

`(f 2
1 (α)) ≥ `(α) and then |wx0|{x0,x2} ≥ |wx0|{x0,x1}. But, |wx0|{x0,x1} = |w|{x0,x1}−

1 and |w|{x0,x2} = |w|{x0,x1} − 2, so we get: |wx0|{x0,x2} ≥ |w|{x0,x2} + 1. Hence,
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multiplication by x0 does not decrease the wordlength of w with respect to the

generating set {x0, x2} and w is not a dead end word with respect to that generating

set. �

Regarding the remaining dead end elements with respect to the {x0, x1} generating

set, we note that if we were able to prove Theorem 5.1 for all elements of F , it would

follow that none of the dead end elements with respect to the {x0, x1} generating

set were dead end elements with respect to {x0, x2}.
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Figure 13. The tree pair diagram for x−1
5 x−1

2 x−1
1 x−1

0 .

9. Complications with the Remaining Cases

Unfortunately, we were unable to prove our theorem without the additional as-

sumption that the normal form of w does not contain occurrences of x1, x
−1
1 , or

both x2 and x−1
2 when `(f 2

1 (γ1)) = `(γ1) + 2. While our intuition would tell us

that an x1 in the normal form can be easily made by a single generator in the

{x0, x1} generating set, it would take more generators to make this x1 if we were

restricted to the {x0, x2} generating set, where x1 = x0x2x
−1
0 . So it would seem

that the elements that do not fall under our assumption would surely be longer

in the {x0, x2} generating set. But this is not always the case. To demonstrate,

consider the following element of F : x−1
5 x−1

2 x−1
1 x−1

0 , whose tree pair diagram is

given in Figure 13.

Given the fact that this element’s normal form has an instance of x−1
1 and the

form of its tree pair diagram, one would think that the wordlength with respect to

the standard generating set of {x0, x1} would be shorter than the wordlength with

respect to {x0, x2} since x−1
1 = x0x

−1
2 x−1

0 . But, in fact, we see that

x−1
0 x−1

1 x0x
−1
1 x−2

0 x−1
1 x0 is a minimal length representative with respect to the stan-

dard generating set and x−1
2 x0x

−1
2 x−2

0 x−1
2 is a representative with respect to the
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{x0, x2} generating set. Thus, the inclusion of the generator x1 in the normal

form does not strictly increase wordlength in the {x0, x2} presentation as we might

expect it to.

Our proof of Theorem 5.1 does not work without the added assumption since it

is precisely this assumption that allows us to reduce the indices of all the non-

zero index generators by 1 while maintaining the wordlength with respect to the

standard generating set, which is what we did to create w′ from w. For elements

where x1, x
−1
1 and both x2 and x−1

2 appear in the normal form, we need some way

of holding the wordlength constant while moving between the two generating sets.

Initially, we tried a geometric method similar to Fordham’s method, hoping to

possibly identify new caret types that would extend his chart. However, with words

like the example above, we quickly saw that there were too many subtleties that

were unclear in the geometric form. We were able to identify ”problem areas” where

elements would have longer wordlength with respect to the {x0, x2} generating set.

However, these problem areas did not increase wordlength with any consistency

that we could identify; sometimes they were problems and sometimes they were

not.

Once we had our incomplete version of Theorem 5.1, we tried to extend it by

conjugating γ1 by x0, which is very similar to reducing the generators by 1 in the

normal form. However, this can lead to very significant changes in the word in

certain situations, and was therefore not useful.

We also tried isolating the sections of γ1 where the troublesome generators in the

normal form would be made by looking at successively longer prefixes of γ1. This

was also eventually discarded as a possible proof due to the lack of a precise and

rigorous method for taking a representative to its normal form; there were too

many possibilities that we were unable to rule out.
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Hopefully, continued research into this question will discover a new way to de-

fine wordlength with respect to the {x0, x2} generating set, or will surpass the

obstructions that blocked our proof.
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10. Conclusion

We have found a method for determining wordlength for a large class of elements

in F with respect to the generating set {x0, x2} and provided upper and lower

bounds for wordlength with respect to generating sets of the form {x0, xn}. Using

these tools, we have demonstrated that most of the dead end elements with respect

to the standard generating set {x0, x1} are not dead end elements with respect to

the {x0, x2} generating set.

Obviously, what remains is to complete the method of determining wordlength

in {x0, x2}. This complete method could then be used to describe what, if any,

elements of F are dead end words with respect to that generating set. Completing

the method is not a trivial task by any means, as indicated in the previous section.
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Appendix: Cleary and Taback’s [2] Table of changes in word length when

a specific generator is multiplied to w = (T−, T+).

Define SRL to be the left subtree of the right child of the root node in T−. Likewise,

define SRR to be the right subtree of the right child of the root node in T−, SRLR

to be the right subtree of the left child of the right child of the root node in T−,

SRRL to be the left subtree of the right child of the right child of the root node

in T−, and SRRR to be the right subtree of the right child of the right child of the

root node in T−.

We remark that w−1 = (T+, T−), so to use this table to consider w−1, all references

to T− simply need to be replaced by T+.

Consider the elements w = (T−, T+) and wx0. Caret C is the root caret of T−.

Condition Initial type New type Increase if Decrease if

on T− of caret C of caret C C paired with C paired with

SRL 6= ∅ LL RI R∗, I∗ LL

SRL = ∅, SRR 6= ∅ LL RNI R∗, IR LL, I0

SRL = ∅, SRR = ∅ LL R0 RNI , RI , IR R0, LL, I0

Consider the elements w = (T−, T+) and wx−1
0 . Caret C is the right child of the

root caret of T−.

Condition Initial type New type Increase if Decrease if

on T− of caret C of caret C C paired with C paired with

SRL 6= ∅ Rl LL LL R∗, I∗

SRL = ∅, SRR 6= ∅ RNI LL LL, I0 R∗, IR

SRL = ∅, SRR = ∅ R0 LL R0, LL, I0 RNI , RI , IR
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Consider the elements w = (T−, T+) and wx1. Caret C is the left child of the right

child of the root caret of T−.

Condition Initial type New type Increase if Decrease if

on T− of caret C of caret C C paired with C paired with

SRLR 6= ∅ IR RI none any

SRLR = ∅, SRR 6= ∅ IR RNI R0, RNI LL, I∗, RI

SRLR = ∅, SRR = ∅ I0 R0 RNI LL, I∗, RI , R0

Consider the elements w = (T−, T+) and wx−1
1 . Caret C is the right child of the

root caret of T−.

Condition Initial type New type Increase if Decrease if

on T− of caret C of caret C C paired with C paired with

SRRL 6= ∅ RI IR any none

SRRL = ∅, SRRR 6= ∅ RNI I0 LL, I∗, RI LL, I∗, RI

SRRL = ∅, SRRR = ∅ R0 I0 LL, I∗, RI , R0 RNI
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