
Research Statement

I find that mathematics expresses itself most beautifully in the interplay between dif-
ferent branches of the field. By this, I mean that I find most aesthetically pleasing any
arguments that leverage multiple interpretations of particular mathematical objects to
prove deep conclusions. To me, high school students receive their best taste of pure
mathematics when they employ both algebraic and geometric properties to solve prob-
lems (with linear functions, for example). As a geometric group theorist, I study groups
by considering their actions on nice geometric spaces; this approach gives me two (or
sometimes more) ways of learning about the group, and they usually complement each
other well.

While mathematicians have studied geometric group theory (broadly defined) for
about a century, the field has seen intense interest in the past two decades due to Gro-
mov’s groundbreaking work on quasi-isometries and hyperbolicity [Gro87]. Since then,
researchers have used this theory to prove many deep results not only in algebra, but
also in geometric topology, algebraic topology, analysis, dynamics, and logic.

Within geometric group theory, I focus my research on self-similar groups. A self-
similar group acts on an infinite, rooted, regular tree in a way defined by a finite-state
automaton. Grigorchuk defined one of the first self-similar groups in 1980 [Gri80]; this
group now bears his name. The Grigorchuk group answered several open problems in
group theory and remains an object of interest to this day. It was the first known exam-
ple of a group with intermediate growth (superpolynomial and subexponential), which
answered a question of Milnor; the first known example of an amenable but not elemen-
tary amenable group, which answered a question of Day; and an example of an infinite,
finitely-generated torsion group, providing another solution to the Burnside problem (in-
terestingly, all of its proper quotients are finite). The theory of self-similar groups grew
out of the power of the techniques that Grigorchuk employed in the study of his group.
These groups often have interesting growth, amenability, and torsion properties.

Nekrashevych’s work with self-similar groups has demonstrated that they have a strong
relationship with dynamical systems [Nek05]. Every sufficiently nice self-similar group
has an associated expanding dynamical system, and vice versa. In the case of an iterated
monodromy group of a complex rational map, the associated dynamical system is topo-
logically conjugate to the action of the rational map on its Julia set. We can exploit this
relationship to answer problems in dynamics using self-similar groups, as Bartholdi and
Nekrashevych did in their solution to Hubbard’s long-standing “twisted rabbit” problem
in complex dynamics [BN06]. I used this relationship as well in the proof of a partial
converse to a theorem of Berstein and Levy from 1985 [K1].

Some context: A branched cover of the sphere by itself is a map f : S2 → S2 that is
a covering map except for at a finite set of points in the domain, where the map acts
not like a homeomorphism but rather like z 7→ zd does at the origin. We call the set
of these branching points the critical set Cf and the union of the forward orbits of the
critical points the post-critical set Pf . A topological polynomial f is a branched cover
of the sphere to itself with a critical point ω such that f−1(ω) = {ω}. In other words,
a topological polynomial topologically resembles a complex polynomial on the Riemann
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sphere. Here we consider only those topological polynomials with finite post-critical
set. Two topological polynomials are Thurston equivalent if they are semi-conjugate by
orientation-preserving homeomorphisms of the sphere that are isotopic relative to the
post-critical set. One naturally asks when a topological polynomial is equivalent to a
complex polynomial. Thurston proved a characterization that, while exact, does not
allow for easy verification [DH93]. Roughly, Thurston’s characterization states that a
topological polynomial is equivalent to a complex polynomial if and only if there does
not exist a set of disjoint, non-peripheral simple closed curves on which the polynomial
acts periodically.

The mapping scheme of a topological polynomial f is a directed graph describing
the dynamics on Cf ∪ Pf . A cycle in the mapping scheme is called an attractor if it
contains a critical point. Levy used a theorem of Berstein to prove that if all cycles
in the mapping scheme of topological polynomial f are attractors, then f is equivalent
to a complex polynomial [Lev85]. A few easy arguments exist to extend Berstein-Levy
to some mapping schemes with non-attractor periods, but only in trivial cases; the
general case of whether topological polynomials not equivalent to any complex polynomial
realize mapping schemes with non-attractor cycles remained unclear for a long time.
Recently, Koch used holomorphic techniques to demonstrate the existence of topological
polynomials not equivalent to any complex polynomial when the mapping scheme has
only a single finite critical point, and that point is not in the cycle [Koch]. This result
falls under condition (1) in my first main result, which covers most of the previously
unknown cases of mapping schemes with non-attractor cycles:

Theorem 1. [K1]

Suppose that a mapping scheme satisfies one of the following conditions:

(1) at least one (non-attractor) cycle of length at least two and not containing an
image of a critical point,

(2) at least two (non-attractor) cycle not containing an image of a critical point,
(3) at least two non-attractor cycles both of length at least two, or
(4) at least four non-attractor cycles.

Then this scheme is realized by a topological polynomial that is not equivalent to any
complex polynomial.

In the proof of the above statement, I employed self-similar groups defined by Nekra-
shevych by forming bimodules of the iterated monodromy groups of topological polyno-
mials with similar mapping schemes. These groups are quotients of a supergroup of the
mapping class group of the sphere with the post-critical points removed, so I translated
the question of existence of a set of curves that obstructed Thurston equivalence to a
complex polynomial to the question of existence of a set of Dehn twists with particular
self-similar properties in this quotient. The bimodule machinery simplifies holomorphic
arguments to precise algebraic and combinatorial computations to identify these twists
in the general setting, so I obtained a very general result.
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In [K1], I list several open problems of extensions or related applications of the result
and discuss how one might attack them. Here I give a few in which I have the most
interest in pursuing:

Problem 1. Find combinatorially / algorithmically verifiable criteria for when a map-
ping scheme is realizable by a topological polynomial that is not equivalent to any complex
polynomial.

Theorem 1 and related results in [K1] go a long way to solving Problem 1. We will
need to develop new techniques to handle most of the remaining cases, specifically the
features described in Problem 2:

Problem 2. How do the relative positions of images of critical points within a non-
attractor cycle affect the mapping scheme’s realizability by topological polynomials not
equivalent to any complex polynomial?

Problem 3. What are the Thurston equivalence classes of these obstructed topological
polynomials?

Nekrashevych defined the self-similar groups I used to prove Theorem 1, but he in-
tended them for a group-theoretic purpose. Again, some background: Recall that a
self-similar group acts on an infinite, rooted, regular tree in a way defined by a finite-
state automaton. As a result of this definition, we may define the restriction of an
element g of a self-similar group at a vertex v of the tree. This restriction describes the
action of g on the subtree below v as it is mapped to the subtree below g(v). Since these
subtrees are both isomorphic to the original tree, this action is an automorphism of the
entire tree. By the group’s self-similar definition, this automorphism is also an element
of the group.

So given an element of a self-similar group, we can consider its restrictions at any of
the vertices down the tree. A self-similar group G is contracting if there exists a finite
subset N ⊂ G such that for any element these restrictions eventually (in terms of depth
down the tree) belong toN . This provides a very powerful tool in the study of self-similar
groups; the contracting property of Grigorchuk’s group allowed him to prove many of
its interesting properties. Contraction implies solvability of the word problem via a very
elegant algorithm, and Nekrashevych’s dynamical machinery requires the contracting
property.

For a covering map f : X → Y of suitably nice spaces such that X ⊂ Y , we define
the iterated monodromy action of the fundamental group π1(Y, y) on an infinite, rooted,
d-ary tree, where d is the degree of f , in the following way: For our basepoint y ∈ Y ,
construct the tree of its iterated preimages. So, the root of the tree is a single vertex y,
the first level of the tree consists of vertices {x1, ..., xd} such that f(xi) = y, the second
level consists of the preimages of {x1, ..., xd}, each of which is connected by an edge to
its image under f , and so on.... The action is defined by lifting the elements of π1(Y, y)
by the cover f to start at each of the iterated preimages, and then noting the endpoints.
For example, if the unique lift of γ ∈ π1(Y, y) that starts at x1 ends at xd, then the
action of γ on the tree will take vertex x1 to vertex xd. The iterated monodromy group
IMG(f) is the faithful quotient of the fundamental group by the kernel of this action.
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These iterated monodromy groups have connections to Galois theory, as well as the
dynamics associated with Nekrashevych’s work. Nekrashevych has made the following
conjecture:

Conjecture 1. [Nek09]

All iterated monodromy groups of topological polynomials are contracting.

To prove this conjecture, Nekrashevych defined a family of self-similar groups as quo-
tients of pure symmetric outer automorphism groups of the free group (denoted by PΣOn

for n the rank of the free group) by the kernel of their action on the bimodules associ-
ated with the iterated monodromy groups of topological polynomials with n post-critical
points. I used these groups to prove Theorem 1. He has shown that proving that
the groups in this family are all contracting will imply the conjecture above [Nek09].
However, these self-similar groups are quite large and often unwieldy. Further, with
their natural generating sets, the restriction maps for their actions are not always non-
increasing.

I have made some progress towards the long-term goal of Conjecture 1 by considering
a larger generating set of PΣOn first used by Gutiérrez and Krstić [GK98]. I showed that
with this generating set the restriction maps are always non-increasing in the quadratic
case, and I computed the automaton defining the self-similar action. I then wrote a
short computer program to implement the restriction maps on the large generating set
and established Conjecture 1 in the simplest non-trivial case:

Theorem 2. [K2]

For G the self-similar group formed by taking the quotient of PΣO4 by the kernel of its
action on the bimodules of periodic quadratic topological polynomials with period length
4, then G is contracting.

I seek to extend this result by considering the following problems:

Problem 4. Can we use the data provided by the proof of Theorem 2 to produce a general
proof that the quotient of PΣOn by the kernel of its action on the bimodules of periodic
quadratic topological polynomials with period length n ≥ 4 is contracting?

Problem 5. Can we apply this method to produce similar results for periodic cubic (or
higher degree) topological polynomials?

Notice that both Problems 4 and 5 omit the preperiodic cases. The self-similar groups
associated with preperiodic polynomials have torsion elements in the faithful quotient,
which become difficult to identify and utilize in a computer program for large generating
sets.

Problem 6. Find a way to identify torsion elements in the bimodules of preperiodic
topological polynomials (even in the quadratic case), and use this information to augment
the methods used in the proof of Theorem 2 to produce similar results in the preperiodic
case.
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Beyond continuing the above work on these particular self-similar groups, I intend
to open a new line of research using self-similar groups to investigate a procedure from
complex dynamics called mating. Mating two polynomial maps produces a new map,
which topologically resembles a complex rational map (we call such a map a Thurston
map). The iterated monodromy groups of the mated polynomials include into the iter-
ated monodromy group of the new map in a standard way. I believe that by studying
the inclusion of these two subgroups, we can make considerable progress on the following
problems:

Problem 7. When does mating two different pairs of polynomials produce equivalent
maps?

Problem 8. What are the group theoretic properties of iterated monodromy groups of
maps resulting from matings?

Recent work by Meyer has shown that every expanding Thurston map has an iterate
which arises as a mating of topological polynomials [Mey], so progress towards answering
Problem 8 could allow us to boostrap our knowledge of polynomials to the more general
rational / Thurston map setting (the original reason for defining the mating procedure).

Fortunately for this project, the automaton definition of a self-similar group makes it
an accessible subject for undergraduate research. The concepts of subgroups, generators,
and monomorphisms all arise naturally in an undergraduate algebra course, and limiting
the scope to a few specific groups further reduces the amount of preparatory work needed
before starting on the problem itself. Rees has identified a number of groups which I
would like to subject to the above analysis (many of which should complement each other
nicely) so I believe this avenue of research could sustain years of undergraduate research
projects.

I have also done some work on applying the theory of self-similar groups to the study
of backwards iterations of non-peripheral closed curves and on describing the growth of
those self-similar groups which lie outside the scope of the general theorems. Other new
questions arise often, coming from group theory, complex dynamics, Teichmüller theory,
and other areas. Since the study of self-similar groups lies at the intersection of all of
these branches of mathematics, answers to questions from one field lead to new questions
from another. I thoroughly enjoy weaving these concepts from one branch to another,
and for the above reasons I will not lack for interesting problems in the foreseeable future.
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