Research Statement
William F. Galway
My research centers on computational number theory. It is the main concern of my thesis, and
has also been the basis for several fruitful collaborations.
My thesis [Gal00a] deals with an analytic algorithm for computing π(x), the number of primes
below x. This algorithm, first described by Lagarias and Odlyzko, is based on numerical integration
of a function related to the Riemann zeta function, ζ(s), in combination with summation of a
“kernel function” evaluated at prime powers “near” x [LO84]. Later, with the development by
Odlyzko and Schönhage of a fast method for computing ζ(s) [OS88], Lagarias and Odlyzko showed
their algorithm could find π(x) in O(x1/2+ ) time [LO87]. Although asymptotically this is the
fastest known algorithm for computing π(x), several unresolved technical issues have prevented
any practical implementation until now. My thesis addresses these issues. Results include:
• Design of a kernel function superior to the kernel proposed in [LO87];
• Choice of a quadrature algorithm, with a careful analysis of quadrature error;
• Development of a new sieving algorithm requiring O(x1/3+ ) bits of memory for efficient
operation, in contrast to previously known sieving methods, which require O(x1/2+ ) bits;
• An improved method for computing the Riemann zeta function to arbitrarily high accuracy.
Further details on my thesis are given in Sections 1 and 3.
I have performed several computations in collaboration with others. These include:
• Computation of 227 coefficients of a power series, modulo 625, using a result due to Dennis Eichhorn to verify a conjecture of James Sellers on congruences for 2–colored Frobenius
partitions.
• Computation of 5, 400, 000 coefficients, modulo 9, of two modular forms, allowing Ken Ono
to prove a congruence conjectured by J. Nekovář [Ono98]. In a separate project, I found all
n ≤ 2·1010 of the form n = x2 +y 2 +10z 2 for integer x, y, z, allowing Ono and K. Soundararajan
to give a complete list of numbers not of this form, conditionally on a GRH [OS97]. This
software has since been used by Thomas Reinke, at Westfälische Wilhelms Universität, for
research towards his Diplomarbeit.
• Finding all n ≤ 109 with n! + 1 = m2 . This is described in a paper with Bruce Berndt [BG00].
To extend results from my thesis and from earlier collaborations I propose research on:
• computing zeta and L-functions,
• the distribution of pseudoprimes.
1. Computing zeta and L-functions
The Riemann-Siegel formula for ζ(s) is derived by applying the saddle point method to find an
asymptotic expansion of a certain integral, and is the preferred method for computing ζ(1/2 + it)
when t is large [Edw74]. I have observed that this integral is well-suited to numerical quadrature,
which offers advantages over the asymptotic expansion [Gal]. One advantage is that quadrature
may be used to compute the integral to arbitrarily high accuracy, while the asymptotic expansion
allows only limited accuracy. Another advantage is that analysis of the error appears to be much
simpler than for the asymptotic expansion, for which good error bounds are only available in the
case Re(s) = 1/2 [Gab79]. I propose to explore similar techniques for other zeta and L-functions.
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an drop from 1 to 0 [BK92]. Their expansions are more accurate than the classical formula. My
quadrature-based method also benefits from smoothing, and I hope to further explore this technique.
2. Distribution of pseudoprimes
Following the usual notation, “psp(n)” denotes that n is pseudoprime, i.e., 2n ≡ 2 mod n, n composite. Exploration of efficient primality tests for my thesis led me to study pseudoprimes with no
small prime factors. I observed that many pseudoprimes of the form n = pq, with p, q prime, satisfy
the relation (p − 1)/(q − 1) = r/s, with small integer r, s. This led to the following conjecture:
Let p, q, ` be odd primes, and let P2 (x) be the counting function for odd pseudoprimes
√ with two
distinct prime factors, P2 (x) := #{n ≤ x : n = pq, p < q, psp(n)}. Then P2 (x) ∼ C x/ ln2 (x) as
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The argument supporting this conjecture depends on a longstanding conjecture of Hardy and
Littlewood concerning the density of prime pairs (p, q) with (p − 1)/(q − 1) = r/s [HL23, §5.33,
Conjecture D] . In addition, I assume that prime pairs for which pq is pseudoprime are distributed
as implied by the Chebotarëv density theorem. The value C ≈ 30.03 . . . was found by summing
roughly 109 of the most significant terms from the defining sum (1).
Using p
tables of pseudoprimes computed by Richard Pinch [Pin00, Pin], we see that the conjecture
P2 (x)/( (x)/ ln2 (x)) → 30.03 . . . , (x → ∞), is only roughly supported by the data.
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I propose:
• to make the computation of C rigorous, with explicit error bounds;
• to extend Pinch’s tables of pseudoprimes, which would further test the conjecture, would
clarify the error term in our estimates, and would be of independent interest (Pinch and I
hope to collaborate on this work);
• to treat pseudoprimes with k prime factors, relating this to similar work of Granville and
Pomerance [GP];
• to generalize my analysis to cover pseudoprimes to an arbitrary base b, i.e., to composite
numbers n with bn ≡ b mod n.
3. Thesis Details
The Lagarias-Odlyzko algorithm is based on the identity which, for σ > 1, may be written as
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where π ∗ (x) = m≥1 π(x1/m )/m.
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Recall that a “kernel function” φ(u) and its Mellin transform φ(s)
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Lagarias and Odlyzko noted that although (2) is unsuited for computation because the integral
converges very slowly, it may be generalized to
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where χ(u; x) denotes the characteristic function of the interval [0, x] and where the sum is evaluated
b damps out quickly
over powers of primes, pm , m ≥ 1. If φ(u) closely approximates χ(u; x), and φ(s)
as Im(s) → ±∞, then we may closely approximate (3) by truncating both the integral and sum:
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A fast method of approximating π ∗ (x) gives a fast algorithm for π(x), because finding
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requires computation of a sum with roughly log2 (x) non-zero terms, and because all of π(x1/2 ),
π(x1/3 ), . . . , may be computed in O(x1/2+ ) operations. Given a sufficiently accurate approximation
of π(x), we may round to the nearest integer to find π(x) exactly.
Lagarias and Odlyzko suggested a kernel function which allows both a short quadrature interval
b
and a short summation interval, and allows fast computation of φ(s)
and φ(u). Their O(x1/2+ )
time bound is based on order of magnitude estimates of the time required to perform quadrature
and to locate primes [LO87]. They did not deal with issues such as precise estimates of error terms,
which would be required for an implementation.
My thesis proposes use of the Mellin transform pair
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where erfc(z) is the complementary error function, and λ > 0 controls the kernel’s cutoff rate.
I give precise bounds on error terms, and discuss optimal choices for parameters such as λ, σ,
and T . Letting G(s) denote the integrand appearing in (3), I also present a “number theoretical”
quadrature formula, of the form
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where the sum over pm serves as a correction term, allowing larger h for a given error bound.
Computing the sum over pm in (4) requires efficient location of primes near x. To achieve this, I
present a modification of an algorithm due to Atkin and Bernstein [AB99], using a technique similar
to that used by Voronoı̈ to treat the “Dirichlet divisor problem” [Vor03]. This reduces the memory
requirements to O(x1/3+ ) bits from O(x1/2+ ) bits for the Atkin-Bernstein algorithm [Gal00b].
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