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Abstract

Let ¢(n) and A(n) denote the Euler and Carmichael functions,
respectively. In this paper, we investigate the equation ¢(n)" = A(n)?®,
where r > s > 1 are fixed positive integers. We also study those
positive integers n, not equal to a prime or twice a prime, such that
©(n) = p—1 holds with some prime p, as well as those positive integers
n such that the equation ¢(n) = f(m) holds with some integer m,
where f is a fixed polynomial with integer coefficients and degree
deg f > 1.

1 Introduction

Let ¢(n) and A(n) denote the Euler and Carmichael functions, respectively.
We recall that, for any positive integer n, ¢(n) is the cardinality of the
multiplicative group U,, = (Z/nZ)*, while A(n) is the maximal order of any
element in U,,. There exists an extensive literature in which the distributional
and arithmetical properties of ¢(n) and A(n) have been studied (for example,
see [1,3, 4, 5,6, 8,9, 12, 13, 14, 15, 16, 17, 24, 26, 28, 29]). Here, we list a
few examples of properties and interrelations between ¢(n), A(n) and n that
have been investigated in those works:

e The problem that has attracted perhaps the most attention, which
directly relates the arithmetic properties of A(n) and n, is the question
about the existence of infinitely many Carmichael numbers, that is,
composite numbers n for which A(n)|n — 1 (see [1], as well as the
recent improvement given in [2]).

e It is shown in [13] that a “typical” value ¢(n) has about 0.5(loglogn)?
distinct prime divisors (it is useful to recall that a “typical” positive
integer n has only about loglogn distinct prime divisors).

e The set of positive integers n for which the relation

k

pn
p prime

holds, where £ is a fixed positive integer, has been investigated in [8].
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e Positive integers n such that ¢(n) is smooth, and those for which ¢(n)
is a perfect square, have been studied in [3].

e Bounds for exponential sums and the number of solutions of several
congruences with ¢(n) and A(n) are given in [5].

In this paper, we consider several more problems with a similar flavor.
In particular, we study the set of positive integers n such that

p(n)* " = An)",
where k£ > 2 is an integer; for example,
©(1729) = A(1729)%, ©(666)* = \(666)%, (768)* = A(768)*,
More precisely, for a fixed integer £ > 2 and a real number z > 1, we define:
Ar(@) = {n <z :(n) " = A(n)*}.

In Section 2, we establish a lower bound for the cardinality #Ax(z). Our
bound is constructive, and it allows us to generate elements of Ag(z) in a
regular fashion. In Section 3, we present conditional proofs, under various
widely believed conjectures about the distribution of prime numbers (such as
Dickson’s Prime k-tuplets Congjecture and Schinzel’s Hypothesis H) of the fact
that for fixed positive integers 7 > s > 1 the set A, s = {n: ¢(n)* = A(n)"}
is infinite. We also give an unconditional proof of the fact that the set
{log o(n)/log A(n) }n>3 is dense in the interval [1, 00).

In the special case k = 2, an alternative (and more explicit) construction
of elements from Ay (z) arises from solutions to the equation

o(n)=p-1, n # p or 2p,

where p is prime. Indeed, for any such n, one has ged(n,p) = 1, and therefore
o(np) = (p—1)? = AM(np)?. Another motivation to consider such equations
comes from a very old problem due to Carmichael concerning the study of
the equation p(n) = ¢(m) with distinct positive integers n and m (see [34]).
It is certainly interesting to study the equation ¢(n) = ¢(m) under various
additional hypotheses, as in this case where we insist that m = p be a prime
number. Accordingly, we define

L(z) ={p <z :pprime and p(n) = p — 1 for some integer n # p or 2p},
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and in Section 4, we establish the upper bound

x
#L(z) < logZ+o (1)
We also present heuristic arguments which suggest that this bound is tight,
and the term o(1) cannot be removed from the power of logz.
The estimate (1) has an interesting consequence. For each m > 1, let
A(m) be the number of preimages of m under the map ¢ : N — N; that is,

A(m) = # (¢~ ({m})) = #{n: o(n) = m}.

In view of Corollary 3 of [16], we know that for every fixed integer k > 2, the
equation A(m) = k holds for a positive proportion of those integers m > 1
for which A(m) # 0. Our result (1) shows that the function A behaves quite
differently when restricted to the sequence of shifted primes; in fact, by the
prime number theorem, we see that the equation A(p — 1) = 2 holds for
almost all primes p (note that A(p — 1) > 2 for all primes p).

Also in Section 4, we use a similar method to study the cardinality of the
related set

N(z)={n<z:¢(n)=p-—1 for some prime p{n},

and we present heuristic arguments which suggest that our upper bound is
rather tight.

Finally, in Section 5 we show that similar arguments can be used to study
the values of the Euler function attained by polynomials and other sequences.
More precisely, for a polynomial f(X) € Z[X], we define

Ni(z) ={n < z:¢(n) = f(m) for some integer m}.

As we have remarked, in the special case f(X) = X?, this problem (and
other similar ones) has been studied in [3]. However, the underlying method
of that paper cannot be extended to work for general polynomials f. Here,
we propose an alternative approach that works for all polynomials of degree
deg f > 1.

Throughout this paper, we use the symbols ‘O’, ‘<’, >’, ‘<’ and ‘0’
with their usual meaning (we recall that A < B and B >> A are equivalent
to A = O(B) and that A < B means that both A > B and B > A hold).

We also use 2(n), w(n) and 7(n) with their usual meanings: £2(n) denotes
the number of prime divisors of n > 1 counted with multiplicity, w(n) is the
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number of distinct prime factors of a positive integer n > 1, and 7(n) is the
number of divisors of n. We also use P(n) to denote the largest prime factor
of n > 1, and we adopt the convention that P(1) = 1.

Finally, for any real number z > 0 and any integer £ > 1, we write log, z
for the function defined inductively by log; x = max{logz, 1} (where logx
is the natural logarithm of z) and log, z = log, (log,_; ) for £ > 1. When
{ =1, we omit the subscript in order to simplify the notation; however, we
continue to assume that logz > 1 for any = > 0.

Acknowledgements. During the preparation of this paper, W. B. was
supported in part by NSF grant DMS-0070628, K. F. was supported by NSF
grant DMS-0301083, F. L. and F. P. were supported in part by a joint Project
Italy-Mexico, and I. S. was supported in part by ARC grant DP0211459.

2 Collisions Between Powers of the Euler and
Carmichael Functions
In this section, we establish a lower bound on the cardinality of the set Ag(z).

Theorem 2.1. For any fized integer k > 2, the bound
#.Ak(.’E) > $19/27k.
holds if x is sufficiently large.

Proof. 1t is known [11] (more recent results can be found in [2] and [18]),
that there exists a positive constant 0 < 1 such that for all sufficiently large
y, the set

P={p<y:pprimeand Plp—1) < yl_‘s} (2)
has cardinality
#P > yexp (— logl/2 y) ) (3)
Let
Q={¢< ylf& : ¢ prime} (4)

and observe that @ C P. Taking R = P\Q, we have

H#R =H#P — #Q > yexp (— logl/2 y) - 7r(y1_‘5) > yexp <— logz/3 y) (5)



if y is sufficiently large. For any subset & of P, let ms be the positive
squarefree integer whose prime factors are precisely the elements of S, and
for every ¢ € Q, let the nonnegative integers {a,(S) : ¢ € Q} be defined by

the relation
plms) = [t~ 1) =[] ™.

peES qeQ

From now on, 7 denotes an arbitrary subset of R. For any such subset 7,
let S=8(T) = QUT, and let ny be the positive integer given by

ny = 2k+1msé0(ms)k_1 — 2(k—1)a2($)—|—k+1 H q(k—l)aq(s)+1 Hp'
qeQ peET
q#2
Note that, by unique factorization, different subsets 7 C R lead to distinct
values of the positive integer nr.
Let us first verify that every number n = ny with 7 C R satisfies the
relation ¢(n)*~! = A(n)* whenever y is sufficiently large. Since

k
<P(7'LT) — QO(ms) . 2(k—1)a2(8)—|—k H q(k—l)aq(s) — 2a2(8)+1 H qaq(s) , (6)
qeQ qeQ
q#2 q#2
it suffices to show that
k-1

/\(nT) — 2a2(5)+1 H qaq(S)
q€Q
q#2
Now A(ny) is the least common multiple of the numbers:
o )\ (2(k—1)az($)+k+1) — 2(19—1)((12(8)4—1)’
o A (ghD2(S)41) = g(k-Dau®) (g _ 1) with ¢ € Q,
e \(p)=p—1withpeT.

Moreover, it is clear that the only primes ¢ dividing A(ny) are those that lie

in O.



For a prime ¢ and integers @ > 0 and s > 1, we write, as usual, ¢®|| s if
q*|s but ¢*™ ¢ s.
Fix an odd prime ¢ € Q. Since

q(k—l)aq(s) H )\(q(k—l)aq(s)+1)’
it follows that ¢**=12«(S) | X(ns). To see that ¢*~)2(S) || X(ny), let us assume

that this is not so. Then there exists v > (k — 1), (S) > a,(S) and a prime
p € S such that ¢7 | p— 1. But then ¢” must also divide

p(ms)=[[e-1) =] r*®,
peS reQ
which is clearly impossible. Now suppose that ¢ = 2. Since
2(k—1)(a2(8)+1) H )\(2(19—1)042(5)—1—10—1—1)’
it follows that ¢*=D(@2($)+U | \(ny). To show that ¢*=D(@E+) || A(ny), we

assume that this is not the case and argue as before.
Thus, we have shown that

A(n) = 9(k—1)(a2(8)+1) H q(kfl)aq(s) — | 902(8)+1 H qaq(s) ’

qeQ qeQ
q7#2 q#2

and using (6), we derive the relation ¢(ny)k~! = A(ny)*.
It now remains to count numbers of the form ny. Let N = |dy'~°].
Then, by (5), the number of subsets 7 C R of cardinality N is

5y 0 40(1)

(#R) o (#m)" , (roe e

N N - oyl—o
= exp ((1 + 0(1))52y1_5 logy)

as y — oo. On the other hand, each integer ns satisfies the bound

k
nr = 2M'mgsp(ms) ! < 2k+1m§ < ok+1 ( H q) y*N
qeQ
= exp ((1 + 0(1))k5y1_‘5 log y)
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as y — oo; here, we have used the estimate

[[a~exp(y'™)

geQ

as y tends to infinity, which follows from the Prime Number Theorem.
Now let € > 0 be small and fixed, and put ¥ = ke/(20 — ke) > 0. For all
sufficiently large x, define y by the relation

z=exp ((1+ 9)kéy'  log y) .

Then if z is large enough, we see that ny < x for every subset 7 C R of
cardinality NV, and the number of such subsets is at least

exp ((1 — 9)6%y 0 log y) = 20k,

According to Theorem 1 from [2], one can take § = 0.7039. Choosing &
sufficiently small for any given value of k£, we obtain the stated result. O

3 Further Collisions

We recall the statement of the Prime k-tuples Conjecture (see [10, 20, 32]),
which is due to Dickson.

Conjecture 3.1. For any k > 2, let aq, ..., a, and by, ..., by be integers with
a; > 0 and ged(ag, b;) =1 for eachi=1,...,k. Suppose that for every prime
number p < k there exists an integer n such that Hle(am + b;) is not a
multiple of p. Then there exist infinitely many positive integers n such that
pi = a;n+ b; s prime for alli =1,... k.

Theorem 3.2. Assume that Conjecture 3.1 holds. Then for every positive
integer r there exist infinitely many n such that (n) = A(n)".

Proof. The case r = 1 is trivial since ¢(n) = A(n) for every prime n, so we
may assume that r > 2. Let ¢; > ... > ¢, > 1 be positive integers such that
D = [];_; ¢ has the following properties:

e D + 1 is a prime number,

e D/c; is a multiple of M, =lem|[l,...,r|fori=1,...,r.



To construct such a D, we can choose ¢; = (r+1— )M, fori = 2,...,r
and then let ¢; = M.\, where A = 1 (mod M,) is sufficiently large and
D+1= M,cycs...c,A+11is prime. Let us write a; = D?/¢; and b; = D/c;+1
fori = 1,...,r. Then it is easy to see that ged(a;,b;)) =1 fori =1,...,r.
Moreover, if n is an arbitrary positive integer and p < r is a prime, then p
divides D/c; for all: = 1,...,r, and thus a;n+b; = (D?*/c;)n+ (D/c; + 1) is
coprime to p; in particular, []._, (a;n+b;) is coprime to all primes p < r. By
Conjecture 3.1, there exist infinitely many n such that p;, = a;n + b; is prime
foralli =1,...,r. Let n be one such number. Write £ = Dn + 1, so that
pi=(D/¢))l+1fori=1,...,r. Putalsopy = D+1. Sincec; > ... > ¢, > 1
it follows that po < p1 < ... < p,. Let m = [],_, p;- Then

p(m) =] [ —=1) = D] [(D/e:)e = (De)

=0 =1

We also have
A(m) =lem[p; —1:i=0,...,7r] = D,

since, on the one hand, A(n)| D¢, while on the other hand, D and ¢ are
coprime, D | (pg — 1) | A(n) and £| (p; — 1) | A(n); thus DZ| A(m). This shows
that the number m satisfies ¢(m) = A(m)", and the result follows. O

Remark 3.3. A more precise version of Conjecture 3.1 (see [20, 32]) is that
under the giwen assumptions there exrists a constant c, depending only on k,
a1,...,a; and by, ..., by, such that the number of positive integers n < x such
that a;n + b; is prime for alli =1,... k is asymptotic to (c+ o(1))z/log" x.
Under this stronger conjecture, the construction in the proof of Theorem 3.2
implies the number of positive integers n < x for which ¢(n) = AX(n)" is of
order at least x'/" [ log" z as x — co.

We now recall the statement of Schinzel’s Hypothesis H (see [32]).

Conjecture 3.4. Suppose that fi(n),..., f-(n) are irreducible, and integer
valued polynomials (for integral n) with positive leading coefficients. Also,
suppose that for every prime q there exists a positive integer n such that
g1 filn)...fr(n). Then the numbers fi(n),..., fr(n) are simultaneously
prime for infinitely many positive integers n.

Theorem 3.5. Assume that Conjecture 3.4 holds. Then for all positive
integers v > s there ezist infinitely many n such that p(n)®* = A(n)".



Proof. We may clearly assume that » > s and that r and s are coprime. Put
t=2(r—s)+12>3. Let a,...,a;—1 > be squarefree positive integers that
are pairwise coprime and such that the product a;...a;_1 is a multiple of
M = Hpsmp. Let a; =i fori=1,...,t— 1, and let oy = ts. We define a
collection of polynomials as follows. First, let

filn) = a$tad? .. a7 n® + 1.

Next, let fo(n), ..., fi(n) be obtained from f;(n) by cyclically permuting the
exponents au, ..., qq; that is,

i — % it Qg ag Q-2 i1
filn) = aa;™ 0@y e PR 4

for i = 2,...,t. We claim that the polynomials fi(n),..., fi(n) satisfy the
conditions of Conjecture 3.4. Indeed, note that each f;(n) is primitive (be-
cause its last coefficient is 1), and it is irreducible because f;j(n) = 4;n% + 1
with some positive integers A; and f;, and such a polynomial is reducible
if and only if there exists a prime number p dividing §; such that A; is the
p-th power of a rational number. Since aq, ..., a;—1 are pairwise coprime and
squarefree, it follows that if such p exists, then it must divide every «; for
1=1,...,t — 1, which is impossible because a; = 1. Finally, to see that for
every prime ¢ there exists a positive integer n such that ¢ t f(n), where

t

1) =TT £,

=1

note that f(n) is a polynomial of degree ¢(t—1)/2+ st = rt, which is constant
(and equal to 1) modulo every prime ¢ < rt since

If particular, f(n) is nonzero modulo ¢ for any n provided that ¢ < rt. If
q > rt = deg f, then since f is primitive, it follows that f cannot have more
than deg f < ¢ roots n modulo ¢; in particular, there exists an integer n such
that f(n) is nonzero modulo g. This proves the claim.

By Conjecture 3.4, there exist infinitely many positive integers n such that
fi(n) is prime for all 4 = 1, ..., ¢t. Moreover, we can assume that for infinitely
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many of these, n is coprime to a; ...a;—;; indeed, assuming Conjecture 3.4,
and replacing f;(n) by

9i(n) = fi (H a;n + 1>

for i =1,...,t, one may check (as above) that the polynomials g;(n) satisfy
the conditions of Conjecture 3.4 for s =1,...,t as well.
Write p; = fi(n) for i =1,...,¢, and let m = H::l p;. Clearly,

—1 i —1 t(t—1)/2+st —1 Tt
o(m) = (nHaZ) = (nHa,) = (nHai) .
i=1 i=1 i

On the other hand, since a4, ..., a;—1,n are pairwise coprime and a; > «; for
1=1,...,t—1, we get that

A(m) = (nljaz) = (nljai) .

From the above computations, it is seen that ¢(m)® = A(m)", and this finishes
the proof. O

As a consequence of Theorem 3.2, we see that the truth of Conjecture 3.1
implies that the function log ¢(n)/log A(n) contains in its range all positive
integers. Similarly, by Theorem 3.5 we see that if Conjecture 3.4 is true, then
this function contains in its range all rational numbers greater than 1. We
close this section by giving an unconditional proof of the fact that the range
of the above function is dense in [1, 00).

Theorem 3.6. The set {logp(n)/log A(n)}n>3 is dense in [1,00).

Proof. 1t suffices to show that if o > 1 is fixed but arbitrary, then « is a
limit point of the sequence {logy(n)/log A(n)}n>3. Let 6 € (0,1/2) and let
y be sufficiently large so that if P is the set defined by (2), then (3) holds.
Let 8 = |logy/log2| +1. Let Q be the set of primes defined by (4), and put

mz(Hq)ﬁ and  n=m [] p

pEP\Q
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It is obvious that A(n) = A(m). Moreover
log)‘(n) = (/8 - 1) Z logq = ylf& ]()gy = ylf‘s"'o(l)’
q<y'=°

while

log p(n) = log A(n) + Zlog(p 1) =< #P - logy =yt

peEP

In particular, we see that

log go(n) — y(S—l—o(l) (7)

log A\(n) ’
while | (n)

0gpn) _  26-140(1) _ ol1 8

We now assume that y > o®~ so that by (7) logp(n)/logA(n) > a. We
construct a finite sequence n; < ny < ... < n; as follows: Let ny = n. If

n; has been constructed, we then set n;;; = n;p;, where p; is a prime in the
interval J = (y°/2,4°) which does not divide n;, such that further (p; —1)/2
has at most two prime factors, none of which divides ¢(n;), and each one of
which exceeds y%/%. If no such p; exists, we stop.

Let ¢ be the maximal index for which p; exists. We claim that ¢ >
y*/*/log®y. Indeed, since P(n;) < y*=% < y®/*, it suffices to find a lower
bound on the positive integer ¢ giving the length of the longest chain of
primes py, ..., p; such that p; € J, (p; — 1)/2 has at most two prime factors,
each one exceeding 3>, and such that (p;;; — 1)/2 is coprime to p; — 1 for
all j <i. By the Chen theorem (see [22]), the set Py of primes p in J such
that (p — 1)/2 has at most two prime factors, each one exceeding 3°/*, is
of cardinality #Py > y°/ log®y. If t denotes the length of the longest such
chain, it then follows that every such prime p in Py has p—1 divisible by some
prime g > 2 dividing p; — 1 for some ¢ < ¢. The number of such primes q is at
most 2t. For each prime ¢, the number of primes p < 3° that are congruent
to 1 modulo ¢ does not exceed y°/q < y'*/*. Thus, the total number of such
primes p in P, cannot exceed 2ty'®/% and, by the Chen theorem, we get
t > y®/*/log?y. Thus, the inequality ¢ > y°/*/log®y holds once y is large
enough. Assume now that ¢ < ¢ is such that

log ()
log A(n;) = (9)

12



Note that ¢ = 1 is one such index. We then show that for sufficiently large y

we have
log p(n;) _ logp(niy1)

log A(n;) = log A(nit1)
Indeed, the above inequality is equivalent to

log p(n;) - log ¢(n;) + log(p; — 1)
log A(n;) =~ log A(n;) + log(p; — 1) — log 2’

which in turn is equivalent to

log ¢(n;) log 2
log A(n;) log(p; — 1) — log 2

which is certainly true for sufficiently large y by (9) and the inequality o > 1.
Define t, as the largest integer t, < t such that log ¢(n;)/log A(n;) > a holds
foralli =1,...,%y (but not for t,+1). By the above argument, we have that
log ¢(n;)/ log A(n;) is decreasing for i = 1, ..., ty. The difference between two
consecutive values is positive but upper bounded by

logp(ni) _logp(nit1) _loge(ni)  logp(ni) +log(pi — 1)
log A(n;)  logA(niy1)  logA(ni)  log A(ni) + log(pi — 1) — log2
log </>(2ni) logpi _ log wgm) 108y o y1=200) — (1),
log” A(n;) log” A1)

because of (8). Finally, notice that when i = ¢ the inequality

log (1) log ¢(m) + tlog(y®)
log A(nt) — log A(ny) + t(log(y®/2) — log 2)

holds if y is large enough. It is now clear that « is a limit point of the
sequence {log¢(n)/logA(n)},>3, and this completes the proof. 0

=14+0(1) <«

4 Euler Function and Shifted Primes

Let

=—=0.8178...
" 2logpt ’

13



where p = 0.5425. .. is the unique root of the equation

i aipi =1
i=1

with a; = (i + 1)log(i + 1) —ilogi — 1, 4 = 1,2,... (see [15, 26] for more
details).

Theorem 4.1. The inequality

T expl(s + o(1)) (log, 0)°)
og”x

#L(z) K

holds as T — oo.

Proof. Let x be a large positive real number and put

= max n, u = log, x and z =y
y p(n)+1eLl(x) 82 y

From Theorem 328 of [21], we have ¢(n) > n/log, n, therefore
y < xlog, x.

Let & (y) = {n < y: P(n) < z} be the set of positive integers n < y
which are z-smooth. By the corollary to Theorem 3.1 of [7] (see also [23]
and [33]), we have

#E1(y) < exp(—(u+ o(u)) logu)y < ——.
log” x

We now denote by & (y) the set of positive integers n < y such that ¢? | n
for some prime ¢ > z. Clearly,

zlog, x T
#oy) <Y Gl T2«

Finally, let _
N(y) = N)\(Ei(y) U & (y))-

In particular, P(n) > z and P(n)? t n for every n € N(y). Thus, each
n € N(y) leads to a solution (p,£) to the equation p(m)f — (p(m) — 1) = p,

14



where the primes p, £ satisfy p < z and ¢ < y/m. Note that ¢(m) > 1 since
m > 3, and we have m < y/z.

By the Brun method (see, for example, Theorem 2.3 in [19]), we see that
for any integers ¢ > 1 and b > 1 with ged(a,b) = 1, the linear form af + b
takes prime values for at most

o (go(a) loyg?(y/a)> =0 (%) (10)

primes £ < y/a. Let V(t) be the set of values of the Euler function up to ¢;
that is,

V(t) ={a<t:a=p(m) for some m € Z}.

Let
Y e
We have
w < yz 7t

Using (10) with a running through the set V(w) and b = 1 — @, and taking
into account that

lo log x
gy>> g

log(y/a) > log(y/w) > logz =

u log, =’
we obtain
ylogya z(log, )
#LY) <H#EA#E+ Y, L= )
woviw) @108 (W/a) — ogtz - Lo
Using the inequality
4
#V(t) = @exp((ﬁ+0(1))(log3 t)?) (11)

given in [26] (see also [15] for a more precise statement), and partial summa-
tion, we derive that

>~ = exp((s + o1)) 08y w)?),

a€V(w)

and the result follows. O
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Remark 4.2. Clearly, if ¢ > 3 is a Sophie Germain prime (that is, p = 2q+1
is also prime), then ©(3q) = 2q = ¢(p), which together with the effective
version of Conjecture 3.1 from [20, 32] seems to imply that £(z) > z/log’ x.
Heuristic considerations suggest that

2
lim #,C(ac)log T — 0

T—00 x

This is based on considering, as in the previous proof, integers of the form
n =ml < z with m < y and such that p = o(m)f + 1 is prime, where
y s some slowly growing function of x. For example, if the density of such
primes p is of order z/(p(m) log® x) uniformly for m < y, then the bound (11)
implies

2 2
#2() > B S 15 BT o+ (1)) l0g 1))

(it is useful to notice that logsy = (1 + o(1))logs x even when y is very
small compared to x). However, it seems that proving of the above relations
s out of reach nowadays as it requires a very strong quantitative form of
Conjecture 3.1.

The above method applies also to give an upper bound on #N (z).
Theorem 4.3. The inequality

xlogs x

#N(2) < log x

holds for sufficiently large values of x.

Proof. Let y = 2'/1982% and set
Ei(z) ={n <z :P(n) <yor P(n)’n}.
As in the proof of Theorem 4.1, #&(z) < x/logx. We now define the sets
&(x) = N(z)\&i(z)

and
M(z)={3<m<z/y: P(m) <z/m}.

16



Therefore, every n € & (z) can be written as n = ¢m, where £ = P(n) >
P(m), and m € M(x).

Fix m € M(z). Then the equation ¢(n) = ({—1)¢(m) = p—1 holds with
some prime p. In particular, ¢(m)f¢ — (¢(m) — 1) = p. Since p(m) —1> 0
and ged(¢(m), p(m) — 1) = 1, by the Brun method (see Theorem 2.3 in [19]
and (10)), the number of primes ¢ < z/m for which the above equation holds
with some other prime p is

‘ (w(w(m)) kf;(x/w(m»z) =9 (go«o(m))fog%x/m)) |

Summing up the above inequality over all the possible values of m, we get

1
ol < X g em)

(12)

We now recall the estimate

Z 1< t 10g2

m<t
ple(m)

(see Theorem 3.5 in [12], for example). Let z = log = and for m < x define

1
hm) = $° ——.
1
plom) ?
P>z

Clearly, by changing the order of summation, we have

Shm =%} —<< Z 3 1<<uog2tz_ “lgg’f

m<t m<t p|<p(m z<;u<t m<t p>z
P>z plp(m)

which shows that if we set H(t) = {m <t : h(m) > 1}, then

tlog,t
) < : 1
E h(m E h(m) < 2Tog 2 (13)

meH(t m<t

For m € H(x/y), we use the fact that

1 m o(m) (log, z)?
plom) ~m gm) plem) S m

7



together with the fact that
1 1 log3 =

< .
log?(z/m) ~ log’y  log’z
Hence, by inequality (13) and partial summation, we get that

1 log) « 1
Z (¢(m)) log®(z/m) < log? z Z m

meH(z/y) ¥ mEH(z/y)

B log) /Y 1
- ( / ;d(#%(t»w(l))

log? z

4 T
< logs = ( #%(t)dt—i-l)
1

log? z 2

log, 1 “ log, t
< ng( / 082 dt+1>
log°x \zlogz J; 1

log) = log x log, x 1
&2 (1 42820827 ) <—
log” zlogz log zlogs o

<

We now estimate the contribution to the sum in (12) from m ¢ H(z/y).
By the Mertens formula, we deduce that if m ¢ H(z/y), then

5 - Ao I 755

m p(m) p(p(m)) p(m ple(m)

(e 51) 0 ()

—IJ(1+—) I] (1+—

p(m) 2 p=1) p—1
ple(m)

exp(h(m))logz  logz  logsz
o) S elm) S elm)

Therefore, it is now suffices to show that

IN

<

1 1
< —. (14)
2 Gemeg ) < oz

From the Landau bound of the sum of reciprocals of the Euler function
(see [27]), we derive that

1 1 1 1
< < :
Z log® = Z p(m)  logx

2
=, elm) log’(w/m) =,

18



Let w = |logy x| + 1. For an integer k in the interval 2 < k < w, we define
the set
Fe(z) = {m € M(z) : z'7Y* < m < g1/ kY

Clearly, each m € Fy(z) is z'/*-smooth and also 1/log(z/m) < k/logz.
Thus,

Z 1 < k2 Z 1
meFy(z) (p(m) logQ(x/m) 10g2 * 1=k <m< gt =1/ (k+1) QO( )
P(m)<z!/k

From Lemma 1 of [30], one derives, via partial summation (see also the proof
of Theorem 2 of [30]), that

1
Z — < koW og .
2= Vk <<t =1/ (k1) QO(TTL)

P(m)<z!/k
Thus,

Z 1 k—k-i—o(k)

<
2 )
o ey log(a/m) < Tloga

and summing up over k we get (14), thus completing the proof. O

Remark 4.4. Heuristically, for each m (say, up to x'/'°) the number of
primes 21/ < £ < z/p(m) for which p = (£—1)@(m)+1 is prime is likely to
be of order z/ (p(¢(m))log®x). In particular, those primes £ are at least as
large as '/ once x is large enough. Summing over m < z'/'° we conclude

that apparently
1
> — (15)

#N (z) > 2 )

log? z

(since £ > x'/%, each such n = mf < x is counted only once). By Lemma 2
of [24], we know that as t tends to infinity, the set G(t) of positive integers
m < t such that o(m) is divisible by all primes p < log,t/(logst)? is of
cardinality #G(t) = (1 + o(1))t. By the Mertens formula, we see that the
inequality

1 1 m 1 1 logs t
_ e M (eh) =

elp(m))  o(m) p(p(m)) p<log £/(10gs )? m
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holds for all m € G(t). Putting z = exp(logl/2 x), by partial summation, we
deduce

1 1
27>>10g3x Z p-

meg(z1/10)

21/10 1
— logyz ( / SAHG() + 0(1))

— logz ( / T #GW o<1>>

12
> logzzlogz,

which together with (15) suggests that the bound of Theorem 4.3 is of the
correct order of magnitude. Again, a rigorous proof depends on a quantitative
form of Conjecture 3.1.

5 Euler Function and Polynomials

Theorem 5.1. Let f(X) € Z[X] be a polynomial with integer coefficients of
degree d > 1. Then the bound

#Nj(x) <5 zexp (—(Fod + 0(1)) log'/? :L')

holds for sufficiently large values of x, where kq = /(2 — 2/d) log2.

Proof. We let x be a sufficiently large positive real number. Let y be a real
number to be chosen later.
We define the set

E(z) ={n<z:7(n) > 27}

By the well known upper bound (see Theorem 5.4 of Chapter 1 of [31]):

ZT(TL)Q < zlog’x
n<z
we derive that
#E (z) < 227 log® x. (16)
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We now define the set
&(x) ={n <z :7(p(n)) > 2°}.
By a result of [25] which asserts that the estimate

ZT((,D(TL)) <L rexp (O ( ll(j)ggfx))

n<z

holds, we derive that

#E(x) K x27Y exp (O ( log )) : (17)

log,

We denote Ny (z) = Np(2)\ (&1(z) U & (x)).

We now consider the set M(x) of positive integers m such that |f(m)| =
©(n) for some n € Jvf(:r)

It is clear that for every n € N 7(x) we have

29 < r(n) <22 and  2¢¢M) < 7 (p(n)) < 2V. (18)

Consider the prime number factorization of n € N 7(x) given by n =
pit.ppk If | f(m)] = p(n), then

|fm)] =pP*(pr — 1) ... i (pr — 1).

It is easy to verify that for any integer a there are at most two solutions
of the equation p®(p — 1) = a in prime p and positive integer a. By (18),
we have £ < y/2. Therefore each representation |f(m)| = aias...ar of
|f(m)| as a product of k positive integers leads to at most 2¥ < 2¥/2 possible
values of n with |f(m)| = ¢(n). As usual, we denote by 7(s) the number
of representations of a positive integer s as a product of s integers, s =
a1asy . ..ag. Therefore

H# N (z) < #M ()22 max {r,(|f(m)]) : m € M(z), k < y/2}.

Since |f(m)| > 0.5/m|? holds for all but finitely many values of m, it
follows that #M(z) < z/4.
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Let s = ¢ ...¢% be the prime number factorization of s > 1. Then,

m(s)zﬂ(ﬂ”’“ )<Hﬁ9+1 = (s

i=1

Thus, if m € M(x), then, from (18), we derive
(£ m)| < 7 (m) )" < 7 (m) )V < 27

Hence, B
#N (o) <p a4V P, (19)
Thus, combining (16), (17) and (19), we derive

|
#N;(z) <522 Vlog®z + 22 Y exp (O ( logm )) + pl/doy’/2+y/2,
08y T

Choosing
2\ logz
= /(2-2 —2
Y \/( d) log2 7’
we obtain
QU7 /2+y/2 < oU+2)*/2-y — f1-1/do—y
which completes the proof. O

Remark 5.2. We note that if d =1 and f(X) = c(aX + b), where abc # 0,
a and b are coprime, and |a| > 2, then the inequality

T

#N;(r) <5 (20)

log?
holds for sufficiently large values of x, with some positive constant (3, depend-
ing only on a. Indeed, taking p to be any prime factor of a, it follows that
if p** || f(m), then o, < 1. In particular, if n < x is such that p(n) = f(m)
holds for some integer m, then n has O(1) prime factors q which are con-
gruent to 1 modulo p, and the Wirsing theorem (see [33]) now easily implies
that the inequality (20) holds for sufficiently large x with B, = 1/(p — 1).

Remark 5.3. It is natural to expect that the factorization structure of the
polynomial f should affect #N¢(x) is a rather dramatic way. For example,
it is reasonable to expect that #Ny(z) is much smaller for f(X) = X? +1
than for f(X) = X2
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