ON COMMON VALUES OF ¢(n) AND o(m), I
KEVIN FORD AND PAUL POLLACK

ABSTRACT. We show, conditional on a uniform version of the prime k-tuples conjecture,
that there are z/(logz)'t°(!) numbers not exceeding 2 common to the ranges of ¢ and o.
Here ¢ is Euler’s totient function and o is the sum-of-divisors function.

1. INTRODUCTION

For each positive-integer valued arithmetic function f, let #; C N denote the image of f,
and put #;(z) := ¥y N[1, 2| and Vi(z) := #74(x). In this paper we are primarily concerned
with the cases when f = ¢, the Euler totient function, and when f = o, the usual sum-of-
divisors function. When f = ¢, the study of the counting function V; goes back to Pillai
[14], and was subsequently taken up by Erdés [1, 2], Erdés and Hall [5, 6], Pomerance [15],
Maier and Pomerance [12], and Ford [7] (with an announcement in [8]). From the sequence

of results obtained by these authors, we mention Erdds’s asymptotic formula (from [1]) for

Vi(z)

=, namely

log

(1) Vile) = ogymem (0 o)

and the much more intricate determination of the precise order of magnitude by Ford,

(2) Vi(x) < loj;:c exp(C(logy x — log, x)? + Dlogyx — (D +1/2 — 2C) log, x).

Here the constants C' and D are defined as follows: Let

(3) F(z):= Zanz”, where a, = (n+1)log(n+1) —nlogn — 1.
n=1

Since each a,, > 0 and a,, ~ logn as n — oo, it follows that F'(z) converges to a continuous,
strictly increasing function on (0,1), and F'(z) — oo as z T 1. Thus there is a unique real
number p for which

(4) F(p)=1 (p=0.542598586098471021959 . ..).

In addition, F’ is strictly increasing, and F'(p) = 5.697758.... Then C = m =

0.817814... and D = 2C(1 + log F'(p) — log(2C')) — 3/2 = 2.176968 .... In [7], it is also
shown that (2) holds for a wide class of ¢-like functions, including f = 0. Consequently,
Vo(z) < V,(x).

Erdés (see [3, 8, p. 172] or [4]) asked if it could be proved that infinitely many natural
numbers appear in both ¥, and 7,. This question was recently answered by Ford, Luca,
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2 KEVIN FORD AND PAUL POLLACK

and Pomerance [9]. Writing Vj ,(x) for the number of common values of ¥ and 7, up to z,
they proved that
Vo) > exp((loglogz)°)

for some positive constant ¢ > 0 and all large x (in [10] this is shown for all constants ¢ > 0).
This lower bound is probably very far from the truth. A naive guess, based on (1) and the
hypothesis of independence, might be that Vj,(z) = z/(log r)>*°(Y). However, the analysis
of [7] indicates that elements of ¥, and ¥, share many structural features, which suggests
that perhaps V,, is larger than this naive prediction.

In this paper we show that this is indeed the case, subject to the following plausible
hypothesis:

Hypothesis UL. Suppose ai,...,a, are positive integers and by, ..., b, are integers such
that 11, <;cjen(@ibj — a;bi) # 0. Assume that for some constant A > 0, we have

111 < 24
max {Jai], [bif} < 27

Then for large x, depending on A and h, the number of natural numbers n < x for which
a;n + b; is prime for every 1 <1 < h is

x
C——r.
> Ak (log x)"
Here C'is the singular series associated to {a;n + b}, defined by
L—v(p)/ :
C:= H ﬁ, where  v(p) := #{n mod p : H (ain+b;) =0 (mod p)}.
p i=1

This hypothesis is a quantitative form of Dickson’s prime k-tuples conjecture. The name
“Hypothesis UL” (with “L” for linear) is suggested by an analogous hypothesis proposed by
Martin [13] to study smooth values of polynomials. His “Hypothesis UH” makes a somewhat
stronger prediction in the more general context of Hypothesis H, in a similar range of uni-
formity. A very special case of Hypothesis UL, that the number of twin primes p,p+2 < x
is > 2/log® z, implies immediately that Vj,(x) > x/log® .

Theorem 1. Assume Hypothesis UL. Then as v — oo,

x
Vool®) 2 fiog pyriem
The proof, which proceeds along entirely different lines than [9], has its origin in the
following simple observation: Write R;(v) := #f'(v) for the number of preimages of v

under the arithmetic function f. By Holder’s inequality, we have

3
(5) (Z R¢(U)Ro(v)> < Vool(2) (Z R¢(U)2Ro(v)> (Z R¢(U)Ra(v)2> :
v<T v<T v<T
In particular, to prove Theorem 1, it would suffice to show that the left-hand sum is bounded
below by z/(log x)'T°M) while the two sums appearing on the right-hand side are bounded
above by z/(log z)'*°(M), Unfortunately these estimates are not so easy to obtain. It turns
out that rather than count all preimages, as in our definition of Ry above, it is easier to obtain
analogous estimates if we count only preimages belonging to certain specially constructed
sets. The choice of these sets is motivated by the detailed structure theory of preimages
developed in [12] and [7].
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Notation. Most of our number-theoretic notation is standard. Possible exceptions include
P*(n) for the largest prime factor of n, and Q(n, U, T') for the total number of prime factors
p of n with U < p < T, counted according to multiplicity.

Big-Oh notation and the related symbols “<,” “>” and “<” appear with their usual
meanings, including subscripts to indicate the dependence of implied constants. We use oy (1)
for a quantity that tends to zero for each fixed value of k. We also put log; x = max{1,logz}
and we write log, for the kth iterate of log;.

2. PROOF OF THEOREM 1

We now construct our surrogate representation functions. For a set % of natural numbers
and f an arithmetic function, let

Ri(v; B) = #{n € A : f(n) =v}.
Then (5) continues to hold if we replace Ry(v) by Ry(v; Bs) and R,(v) by R,(v; %B,). We
now describe our choices of %4 and %,,.

It is convenient to work not with a single set %y, but with a family of such sets, and
similarly for Z,. Our definition of these sets depends on a real parameter «, which we
always suppose satisfies 1/2 < aw < p (with p as in (4)), on a natural number parameter k,
and on x. We define %’gk(x) as the set of natural numbers n possessing all of the following
properties:

(i) m is the product of k distinct primes and ¢(n) < =.
(ii) If pg > -+ > pg_1 is the decreasing list of the primes dividing n, then

vil/m < Pt(p;—1)<pi—1<wv;, and v =exp((logz)®);
also, P*(p; —1) is the unique prime divisor of p; — 1 exceeding vil Mfor1<i<k—1.
(iii) If 1 < j < i <k, we have
1Qpj—1 — 1w, vim1) — (7! = af) logy | < 2k+/(ai~! — i) log, .
(iv) 6 is the largest factor of p; — 1 supported on the primes < vy.

(v) Tt p | ¢(n) and p > vy, then p || ¢(n).

We define %%*(z) analogously, with ¢ replaced by ¢ in (i) and (v) and p — 1 replaced by
p+ 1 throughout in (ii)—(iv). If a, k, and = are all understood, we write simply %, and %,.
In order to establish Theorem 1, it is enough to prove the following two estimates:

Lemma 1. Assume Hypothesis UL. Let € > 0. There is a real number 1/2 < oy < p and a
natural number ko with the following property: If oy < o < p and k = kg, then for all large
enough x (depending on o and k),

> Ry(v; By) Ry (v; B,) >

v<x

s
(lOg .CC)H_E :

In other words, there are at least x/(log z)'™¢ solutions (n,m) to
d(n) =o(m), where (n,m) e By x B,.

Lemma 2. Let € > 0. There is a natural number ko with the following property: If 1/2 <
a < p and k > ko, then for all large enough x (depending on o and k),

> Ry(v; Bs)*Ro(0; By) < ——

1—¢’
gl (log x)
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l—e

In other words, there are at most x/(logx)'~¢ solutions (n,n’,m) to

o(n) = ¢(n') =c(m), where (n,n',m) € By x By x B,.
The same bound holds for Y-, . Ry(v; By) Ro(v; Bs)?.

Note that Hypothesis UL is required for the proof of Lemma 1, while Lemma 2 is uncon-
ditional.

2.1. Technical preliminaries. We collect some technical results that will be used in the
proofs of Lemmas 1 and 2. The first concerns the distribution of prime factors in a ‘typical’
factorization of a squarefree number N.

Lemma 3. Let N be a squarefree natural number with I prime factors. Consider all i' ways
of writing N as a product of © natural numbers, say N = dy ---d;, where the order of the
factors is taken into account. For any A > 0, the number of such decompositions with

wid) = 1/i] > AV/T/i

is at most A7%!, uniformly for A > 0.

Proof. Let X = (X1,...,X;), where each X; = w(d;). Viewing X as a random vector defined
on the space of all decompositions of N into i factors, observe that X follows a multinomial

distribution. The lemma now follows from Chebyshev’s inequality, taking into account that
E[X;] = I/i and var(Xy) = (1 /i)(1 — 1/i) < I/i. O

The following estimate is well-known from the study of sieve methods (see, e.g., [11,
Theorem 4.2]).

Lemma 4. Suppose aq,...,ay, are pOSitive integers and by, . .., by are integers such that
E = H a; H z ajbi) 7& 0.
=1 1<i<j<h
Then

1—v(p)/p _ x(logy(E +2))"
1—1/p)» " (loga)h

where v(p) is the number of solutions of the congruence [[(a;n 4+ b;) = 0 (mod p), and the
implied constant may depend on h.

)

#{n<z:an+b prime (1<i<h)} <, logx iz H

The next two lemmas concern the Poisson distribution.

Lemma 5. If 2 > 0 and A > 0, then
k

Z % < A%,

|k—z|>Az

Proof. This follows immediately from Chebyshev’s inequality, once we recall that the Poisson
distribution with parameter z has mean and variance both equal to z. 0J

Lemma 6 (sec e.g. [7, Lemma 2.1]). If 2 >0 and 0 < a < 1 < (3, then
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2.2. Proof of Lemma 1. Suppose that n = pg---pr_1 and m = ¢y - - - qu—1 are squarefree
numbers satisfying ¢(n) = o(m) € [1,z], where the primes are ordered so that

Po>p1 > >pr1 and qo > qr > > Q.
Then
(6) (Po—1)(p1—1)---(pr—1 — 1) = (@0 + 1)(q1 +1) - (qu—1 + 1).

We consider separately the prime factors of each shifted prime lying in each interval (v;, Vi1,
where v; = exp((logz)*"). For 0 < j <k —1and 0 <i <k, let

k—1 k—1
— a I a R _ /
Sij = H P, Si,j = H P, S; = Hsi’j = Hsi,j'
J=0 J=0

pll(p;—1) p?Il(g;+1)
PLY; PLY;
Also, for0<j<k—1land 1 <7<k, let
. o k—1 k—1
. 2i—1lj r . “i—1lyg L o /
t’LJ — 5. - 5 tlm] — S/ 5 trL - Htl“] - thv‘j.
2y i,j §=0 =0
Let
. L /
(7) o; = {SZ‘, Si,0y -+« Si,k—1; Si,O? ey Si,k—1}7
. . ’
(8) T = {tistio, - tik—13tigs - tig 1)

Observe that if we define multiplication of (2k + 1)-tuples component-wise, then we have
(9) O;—1 — 0;T;.

Suppose we are given a collection of squarefree solutions (n, m) to (6) for which m,n < z.
Let G; denote the set of g; that arise from these solutions, and let ¥; denote the corresponding
set of 7;. For 1 <1 <k, let

W ={(o,7):0 €6, TET;,, 0T € S;_1}.
The given set of solutions (n,m) is in one-to-one correspondence with the set Sy, since

0o = (qb(n);po_]-7"'7pk;—1_17q0+17q1+1a"'7q]€—1+1)

both determines the pair (n,m) and is determined by it. Also, from (9) we see that the
set &y is completely determined once we know &, and each of the sets U, 8 1,..., 8.
To construct a set of solutions, we can reverse the process, first picking a set &5 and then
successively constructing Hy, ..., ;. We carry out this plan, verifying that (n,m) € %y x %,
for all the solutions constructed in this way.

We begin by putting & := {0}, where o := (6¥;6,...,6;6,...,6).

Suppose that &; has been determined, where 2 < i < k. For each o; € G;, write o0; in the
form (7). As part of the induction hypothesis, suppose that each o; satisfies

k—1 k—1
/
(10) S; — H Sij = H SLj,
=0 =0

(11) 05?25{_1{3*]” s;,j} < ;.
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Moreover, suppose also that for j =4,i+1,...,k — 1, we have
(12) pj=s;;+1 and ¢j:=s;;,—1
all prime. Clearly all of these hypotheses hold when i = k (the last condition being vacuous).
Now we construct 4; and so determine &,_;. Let ¢; range over all numbers satisfying
(a) tf is squarefree,
1
(b) every prime divisor of ¢} belongs to (v, v, "],
(c) tf has exactly N; := [i(a"! — a')log, x| prime divisors,

and suppose that the variables t; o, ..., ¢ 2,0, .., t;; o, U u; range over all (ordered) dual
factorizations of ¢} of the shape
(13) t;k == tz"g R tz"i_gui = t;,O cee t;’i_2u;
for which each of the variables t; ;, ; ;, u;, u; satisfies
(14) 1Q(-, v, 1) — (@ — af) log, 2| < kv/(ai~1 — af) log, .
Let @; range over all primes in the interval
(15) oy’ < Qi <ol
for which also
i—1 = Sii—1UJ; + 1 an i—1 = S; iU —
16 p | 1 oand gy = s), uQi— 1

are prime. We put ¢;;1 1= w;Q;, t;;_; = wjQ;, and t; == t;Q; (so that t; = [[;t;; = [[,; ;)
and we add to 4; all pairs of the form (o;, 7;), where

T, ‘= (ti;tip, ce 7ti,i—1a 1, ey 1;t;707 c. t/ 1, ey ].)

) Yii—10
For the set &,y = {oy7; : (04, 7;) € U;} determined this way, our induction hypotheses
(10)-(12) continue to hold. Indeed, (10) and (12) hold by construction. To verify (11) for
1 — 1 in place of 7, observe that if j # ¢ — 1, then
Qti,5)
Si—1,4 = Sijlij < Vi ((Uz‘fl)m"lg”) U< vl < v

for large x, by our induction hypothesis and the inequality Q(¢; ;) < N; < 2log, z. (Through-
out this proof, the meaning of “large” x is allowed to depend on a and k.) If j =i — 1,
then

1/6 1/6

Si—1j = Sijti; < viwiQ;
If j >i—1, then s;_;; = s;;, and s0 s,1; < v;
in place of s;_1;, giving (11).
At this stage we have determined all of &;,...,&;. It remains to construct {; and so
determine &y. Let 01 € &1, and write o in the form

<
<

v;—1. Analogous estimates hold for s}, ;

01 = (Sl; 51,0, P1 — 17 ceey Pk—1 — 1a SlLOﬂ q1 + 17 s qe—1 + 1)
Let ¢’ range over all natural numbers satisfying
(a) t' is squarefree,
(b) t' < 23 /sy,
(c) every prime dividing ¢ belongs to (vq, vo],
)

(d) [, o1, v0) — (1 — ) logy 2] < kr/(T — ) logy @
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For each t/, let (Q; range over primes with

x
(17) Y2 < Q< oy for which pg := s10t'Q1 + 1, qo := s ot'Q1 — 1 are prime.
S1 ’

We set t; := '@y, and let &4 consist of all tuples of the form (oq,7), where
T = (tl;tl,l,l,...,1;t1,1,1,...,1).

Finally, we put &y = {017 : (01,71) € th }.

The remainder of the proof consists of verifying that the set Gy determined by this con-
struction is as large as claimed and that the solutions corresponding to the elements of &g
belong to %, x %,. The lower bound for #&, will be made to depend on a lower bound for
> oice, 1/51. First, observe that

(18) L1t
Sk 6k k

For 2 <7 < k, we have

(19 O R IR UL R D Do B2

0i—1€6;_1 0,€6; Tii (04,7)ELY,; 0,€6; tf

Here tf, t;, and @, are as the quantities appearing in the description of &l; for 2 < ¢ < k (see
(13)-(16)), and h(t*) is the number of dual factorizations of ¢} of the form (13), where the
factors u;, uj, i 5, t; ; all satisfy (14).

By our choice of &, we have that 6 divides both s;;; and s” .- It follows that the
singular series corresponding to the affine linear forms 7' s;; yu;T + 1, and s, uiT — 1 is
bounded away from zero (using v(p) < min(p — 1,3)). Moreover, all the coefficients of these
forms are bounded by v;_;. Hence Hypothesis UL and partial summation shows that for the
inner sum in (19),

1 1 1

20 — .
(20) Z Qi > log? v 1/12 > (log z)2 ™"

where the implied constant is absolute. Inserting this estimate in (19), we find that

1
(21) > logxgau > Z t*

’L
0i—1€6;_1 0,€6;

Recalling the definition of h(-), we see that for each ¢},
h(t?) = #{dual i-fold factorizations of ¢} — #{dual i-fold factorizations of ¢; failing (14)}
> ZZNi — 2 zh/( i)?

where h/(tf) is the number of (single) i-fold decompositions of ¢; where (at least) one of the
factors fails to satisfy (14). By Lemma 3, we have I/(t}) < 2( i/k*) < i™i/k, and thus
R'(tr) < ii/4, assuming (as we may) that k is sufficiently large. Hence

(22) h(t;) = 5%,



8 KEVIN FORD AND PAUL POLLACK

uniformly in ¢7. Moreover, by the multinomial theorem, if we put

1 , 1
S = Z Z_? and S := Z E’

v; <p<v 12101%21 vspst
then
1 SNi SNi—2g/ SN 19N
23 — > — > 1 - O(N2S'/S?
(23) ; L N;! (Nl- —2)! N;! ( O / )) 2 N;!

for large x. Combining the results of (22) and (23) with (21), we find that
1 1 (28)N 1
>y o lao Lo !

sic1 - (logz)* Nl 2= s

1 1 [ei2S\ 1
24 . —.
(24) > (log z)?** \/N; ( N; ) Ug@_ Si

(Here we have used Stirling’s formula to estimate N;!.) A routine computation, making use
of the estimates

S = (' —a")logy z + O(log 1), N; = i(a"' —a)log, x + O(1),
shows that as © — oo,
Z 1 > (logx)(ai_l7ai)(i+ilogi)72ai_1+ok(l) Z l

S;— S;
0i—1€6;-1 " ! 0€6;

0i-1€6; 1

Starting with (18) and then descending from i = k down to i = 2, we obtain that

3 1 > (log z) Sha((0' 1~ ilog) 2011 ) ou(1)
01€61 1

Letting ¢’ and )1 denote the quantities appearing in the definition of {;, we have from
Hypothesis UL and the above lower bound on ) 1/s; that

(25) #Go= D Y 1= 3D A> Yy

01€61 11:(01,71)EL c1€6; t! 1 g1€6; t/

o~ 1—a?)(i+ilogs i~ 1 o
(log z)Zt=2 (( )(i+ilogd)—2a" 1) +ox (1) Z .

sit! log x

log T

(Note that max{sot’, s} ot'} < v1t’ < 2'/3 and that 6 divides both s19 and s} ,.) We now
estimate »_ 1/t' from below. Let us temporarily ignore the restriction (d) on Q(¢’), and for
brevity write T' = {t’ < 23 /sy : t' squarefree, p|t’ = v; < p < vp}. Then for large z,

Z H ( ) Z %>>log(x1/3/sl) > log .

tIET P<U1 t' <xl/3/s1, squarefree

(Note that s; < v¥ = 2°%(1).) So by Mertens’ theorem,

11
(26) = 87

11—«

=1
o 0 (log )
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To obtain a corresponding lower bound incorporating (d), we show those ¢’ for which (d) is
violated make a negligible contribution to (26). Redefine

S:= 3 L=(1-a)logz+0(1),

v1 <p<vo

and observe that by Lemma 5, for large x,

1 1
> D DI

t'eT t'eT
Q) —(1—a) logy 2| >k+/(1—a) log, = 1Q(t")—S|>5kVS
S 4 1 Y
(27) < T < ﬁexp(S) < ﬁ(log z)te
li—S|>£VS

So assuming that £ is large, we have from (26) and (27) that for the final sum in (25),
1 —a
Z 7> (log x)' ™.
So by (25), we have that as x — o0,

#Go > ’

(log &) 2+e—Yia((ilogi+i)(ai~! —ah)=2ai"1)+or(1)

Ignoring the o4 (1) term, the exponent on logz in the denominator simplifies under Abel
summation to

k—1

2 '+ (kloghk + k)a* =2 — F(a) + O((klog k)a).

i=1
Using (4), we can now fix oy € (1/2, p) with F'(ca) > 1—¢€/2. Then if we begin the argument
with a > o and k large enough (say k > kg), we find that

x

(28) #6o > (log 2)1<

once z is large.
It remains to show that the elements of &y correspond to solutions (n,m) € %A, x %, to
¢(n) =o(m). Let 0 € &, and write ¢ in the form

‘7:(303170_1;---72%71_1§QO+1a---7Qk—1+1)-

We associate to o the pair (n,m), where n :=pg---pr_1 and m := qo - - - qx_1. At this point,

we know that
[Twi-1)=so=]](@+1)

but we cannot conclude (yet) that ¢(n) = o(m), because we have not proved that n and m
are squarefree. This is, of course, contained in showing that (n,m) € %, x %,, and so we
now turn to that proof. It will be enough to show that n € %,, since the proof that m € %4,
is entirely analogous.

We first establish properties (i) and (ii) in the definition of %,. From (17), we have

po—1=P(pg—1)=Q, >z >Ué/12
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and (in the notation of (17))
po— 1 =s10t'Q1 < $:18'Q1 < = wp.
Also, for 2 < i < k, we have
Pic1 — 1 =811 < v

and, in the notation used to define s, ..., L,
pic1— 12 P+(pi—1 -1)=Q; > 01»11112,

using (15). Thus, for each 1 <i < &,

pi-1— 1> Uz-lillz > v 2 pp— 1,
which shows that pg > p; > -+ > pr_1 and so proves (i). The only statement of (ii) not
shown above is that P*(p;,_; — 1) is the unique prime divisor of p;_; — 1 exceeding vil / 112,
for 2 < i < k. In fact, any prime p dividing p; — 1 other than P*(p; — 1) satisfies (in the

notation of (16))

1 1
p < PH(siioqu;) < max{s;; 1, P (u;)} < max{v;, v} = 07" < v/}

So we have (ii). Property (iv) follows from the definition of &, and the observation that
each 7; has all of its components supported on primes > v; > vg. To see (v), notice that the
part of ¢(n) supported on primes > v, can be written as the first component of 73 - - - 74, so
as the k-fold product

titi—1 - 11.

But in our construction, the k£ factors appearing here are squarefree and supported on pair-
wise disjoint sets of primes. Lastly we turn to (iii): If ¢ = 1, then also j = 1, and in the
notation used to define U, we have

Q(po — 1, v1,v0) = Q(s1,0t'Q1,v1,v0) = QUEQ1) = 1+ Qt');
the result (ii) in this case follows from (d) in the definition of ¢'. If 2 < i < k, and j = 4,
then (in the notation used to define s, ... )
Qpj—1 — v, v21) = Qsii-1tii—1, Vi, Vi1)
= Qti—1) = QwiQs) = 1+ Quwy),

and the result follows from (14). If 2 < i < k and j < i, then (in the same notation)
Qpj—1 — L, via) = Qti j-1),

and the result again follows from (14). This completes the proof that n € ;.

Finally, notice that distinct o € & induce distinct solutions (n, m), by unique factoriza-
tion. Thus, the number of solutions (n,m) to ¢(n) = o(m) which we find in this way is
precisely #&,, and the lemma follows from (28).
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2.3. Proof of Lemma 2. Suppose a,k, and z are given. Take a solution (n,n’ m) €

By X By X By to d(n) = ¢d(n') = o(m). Write n = ’.C:_lpi,n’: klp’,andm L,
¢ ] i=0 i=0 Fi i=0
where the p;, pl, and ¢; are decreasing. Put

IT={0<i<k—1:p;=p.}, sothat ged(n,n) le
1€L

Given k, there are only Oy(1) possibilities for Z, and so we may (and do) carry out all the
estimates below assuming that 7 is fixed. We have

(29) (pO_l)"'<pk71_1) = (p{)_l)'”(p;cfl_l) = (QO+1)"‘(Qk—1+1)-

For each nonnegative integer i, let v; := exp((logz)®'). We consider separately the prime
factors of each shifted prime lying in each interval (v;,v;_1]. For 0 < j < k—1land 0 <i < k,

let
/ U Qa Vi . a
SW H P s i, (n) := H p, Si,j(n> = H P,
p?|lpi—1 p?|lpi—1 p*|lgi+1
PLY; p<u; PLY;
and put
k—1 k—1 k-1
o o r_ "
Sio= 1% = 11%5 = 11°%.
j=0 §=0 §=0

Also, for 0 < j <k —1, let

and put

k—1 k—1 k—1
_ R r "
=M= 110 =TT
J=0 J=0 J=0

For each solution (n,n’,m) € By x By x By to p(n) = ¢p(n’) = o(m), put

L . L / oon "
O 1= (8638605 -+ Sik—155500 -+ > Si k13 5500+ Si 1)

o= (tistios o tin- 15t st 1itior s big1)-
Note that with multiplication of (3k+ 1)-tuples defined componentwise, we have o;_; = 0;7;.

Let &; denote the set of o; arising from solutions (n,m,m’) € By x By X HBy, and let T;
denote the corresponding set of 7;. The number of solutions of (29) is

#Go=> > L

€6 TES
oTES)

To estimate this quantity, we apply an iterative procedure based on the identity

(30) DD DD DR

0i—1€6;_1 0,€6; TET;
0T €S 1

First, fix oy € &;. If 7y € Ty is such that o017 € &g, then t, =19 =1y =11, <x/s1, 1
is composed of primes > vy, and all of

8170251 + ]_, S,I,Otl + 1, 8/1,70251 —1
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are prime. Write t; = t/@Q, where Q = P*(t;). Then Q = P*(py — 1) > z'/'2 by property
(ii) in the definition of %,. Hence

2. 18 ) Z L

T1E%S] ac/sl x
o111 €Sy p|t =p>v1

where the final sum is over primes @ for which s;0#]Q + 1, s} o#1Q + 1, and s7,t1Q — 1 are
also prime. By Lemma 4, the inner sum over () is

<<{W(10g2 z)t if0¢7Z,

stz (108, r)®  otherwise.

Moreover,

1 1 1 log x

>oo< 11 (1+—+—2+...><<1g = (logz)'~.
1 1 <p<z/s1 p P 0g U1

It follows that

. 4
(31) E 1< 51 (log 7)FF @ (logy x)*,
T1ET]
o111€S6)

where here and below, x denotes the characteristic function of Z¢ = [0,k — 1] \ Z.
Now suppose that 2 <1 < k, 0, € G;, ; € T; and o;7; € G;_1. Observe that
(32) tio - tii1= t;O -

T/ " g
u’—l—tz‘o"'t“ = 1.

4,0—1
Let Q1,Q2, and Q3 be the largest prime factors of ¢;; 1,¢;, ,, and t{,_,, respectively, and
let b,b', and 0" be the corresponding cofactors. Recall that @1, Qs, Q3 > v by (ii) in the
deﬁnltlons of B, and B,. Now fix J C {1,2, 3} indexing the distinct Q;. Then [Ier Q| ti.
Moreover, t; is squarefree (by property (v) in the definition of %,), and so each @; divides

exactly one term from each of the three i-fold factorizations exhibited in (32). Dividing all
such terms by their corresponding factor @);, we obtain an induced identity of the shape

(33) Lot =ttt =tigti 1 = =,
’ ’ ’ ’ e, Q;
where
(34) tiyj=1;; forall ieZnl0,i—1],
and
(35) 12, 0101) — (@ — af) logy 7] < 3ky/(aT — o) log, 7

for each of the 3i factors in the triple i-fold factorization (33). Here we use (iii) from the
definitions of %, and %,. Also, the uniqueness statement in (ii) allows us to deduce that
b=ty 1,0 = tAm_l, b = tAz-,i_l. Putting t = ¢;/ Hjej Q);, we can expand

30 IFEDIEED D VIS 1§ Do

€T 3-fold posns. of Q; j€T Qj
0T €S 1 factorizations
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The superscript in the left-hand sum indicates that the sum is only taken over 7; which
correspond to the index set J. The second right-hand sum is over factorizations (33) corre-
sponding to ¢ (which necessarily satisfy (34) and (35)), and the third right-hand sum is over
the original positions in (32) of the );, before they were divided out to produce (33).

Now we estimate the innermost sum in (36). Observe that

Pim1 = 8ii-1bQ1 + 1, piy =8, V@2 + 1, g =57, 0'Q3— 1

are all prime. For each j € J, let n; be the number of distinct linear forms among these
which involve the prime @;. Since @); itself is also prime, the sieve (Lemma 4) implies that
the number of possibilities for Q; < z is < z(log, )" /(log 2)™ ™+, and so
1 1 1
— < —.(IOgQ x)nj+1 = A Nadi—1n.
i/ Q;  (logvi—1)™ (log )

iZVi—1

(logy )™+

We have > ;n; =2+ x(i — 1), and so

1 1 .

Jjeg Q; 21)1_11112

We insert this into (36). Note that the number of possible original postions of the Q; is
bounded by 271 < i% < 1. Thus, letting h(t) denote the number of triple i-fold factoriza-
tions of the form (33) satisfying (34) and (35), we find that

@) 1 1 o h(t)
(37> Z E <k (log x>2ai71+aiflx(i_1) (10g2 l‘) Z T

T, ET; t
0T €S 1

For each value of ¢ that can appear here, we have that t is squarefree, supported on primes
in (v;,v;—1], and satisfies

1Q(t) —i(a’™ — a') log, 2| < 3kiy/(a’~1 — i) log, .

(The last inequality is a consequence of (35).) For all such ¢, we have for N := #ZN[0,i—1],

ht) < 3 (io Q(1) )((i_N)Q(t)—iN+1)2iQ(t);

) g yee s INyIN+T
105y N

i) satisfies (35) for 0 <IN
i1 =) =01 U
here the multinomial coefficient accounts for the common portion of the first two factor-
izations of (33), the factor ((i — N)®®~¥+1)2 hounds the number of possibilities for the
uncommon portion, and the factor i®® bounds the total number of possibilities for the third
factorization (which is unrestricted by (34)). A calculation with Stirling’s formula now shows
that

h(t) < ((i — N)' N0 exp(Oy (logg 2/log, ),

uniformly in ¢. Put

I:=i(a"" — a')logyz + 3k*\/(ai~! — af) log, .
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Then with .
S = Z ~ = (a1t —a")logyz + O(1),

V; <pKV;—1

the multinomial theorem gives us that

(38) Z @ < exp(Og(logg z4/log, x)) Z(ZQ(Z — N)I—N/i)j*i:_

t 5<I J:

For large x, we have I < %S <2S(i — N)l—N/i

S - My << - ]Iv)lw)f

JsI
< exp(Ox(y/logy ) (ei(i — N)1 N/
(39) = (log [L’)(aifl_ai)(i-i-i logi)+(i—N) IOg(i_N)(Oéifl—ai)—i-ok(l).

, and so by Lemma 6,

From (37), (38), and (39), we deduce that

)

(40) Z l < (log x)(ai_lfai)(iJrilogi)f2ai_1+(ifN)log(ifN)(ai_l7ai)fx(i71)ai_1+ok(l),

TET; ‘

0T €61

we use here that there are only finitely many possibilities for 7, so that we can drop the
superscript (J) on the sum.

By (30), (31), and (40), we see that

xr
(log z)2Ho—Xisa((@ "1 —af)(i+ilogi)—2ai~1)

#6, < (log a:)ok( )

(1ng)2 o (i—#IN[0,i—1]) log(i—#ZN[0,i—1]) (o' ' —a®) =327 x(§)a’ % Z 1

with the convention that 0log0 = 0. From (iv) in the definitions of %, and %, the final
sum is 67% < 1. Also,

o

k -1
24+ a— z:((ai_1 —af)(i+ilogi) —2a") =2 Y ait + (klogk + k)a”
i=2 i=1
=2 — F(a)+ O((klogk)a").
Since F(«a) < F(p) = 1, for sufficiently large k, this last expression is at least 1 — /2. So
the desired upper bound on &y follows if it is shown that

k k—1

(41) > (i = #IN[0,i— 1)) log(i — #T N[00 — 1)) (o' = a') <Y x(i)a’.

i=2 1=0
For brevity, write M (i) :== i — #Z N [0,i — 1] = #Z°N [0, — 1]. Abel summation implies
that for the left-hand side of (41), we have
k—1

ZM ) log M (i)(cx <D (M(i+ 1)log M (i + 1) — M (i) log M (i))a

1=2 =1
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Suppose that
is a list of the elements of Z¢in [1,k — 1]. If 0 ¢ Z¢, then

e

; (M i+ 1)log M (i + 1) — M (i) log M(i))a*

i=1

L L k-1
= (a—1 + 1)a" = Z a1 + Z x(i)a’
=2 =2 iz
o0 k-1 k-1 k-1
<a” Z a;a + Z x(i)a' <™ + Z x(i)a' =Y x(i)a'.
=1 =12 =19 i=0

If 0 € Z¢, then

k—1 L
(M(i +1)log M(i + 1) — M(i) log M(i))a' < > (ay + 1)a"
=1 =1
L k-1 k—1 k—1
<Y wa'+ ) x(i)a' <1+ x(i)a' =) x(i)a’
i=1 =1 =1 =0

So (41) holds in either case.
This concludes the proof of the first half of Lemma 2. The estimate for the number of
solutions to ¢(n) = o(m) = o(m’), where (n,m,m’) € B, x B, x HB,, is entirely analogous.

Remarks. The term (logz)'*°(!) in Theorem 1 can be sharpened by allowing k,a to
depend on z in the above argument, or by using the fine structure theory of totients from

7).
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