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Abstract. Using a convex cocompact subgroup of Out(Fn) and a reducible outer auto-
morphism, we state and prove a combination type theorem in Out(Fn). As a result we
produce fully irreducible outer automorphisms of the free group. To achieve this we use
a non-standard ping-ping approach in the free factor complex which relies on bounding
the diameter of the small displacement set of a reducible outer automorphism in the free
factor complex.

1. introduction

One of the basic questions in the theory of groups is if there is a simple way to under-
stand the group elements. One of the most efficient ways of conducting such investigation
is through investigating the actions of group elements on spaces with nice properties. An-
other way is to investigate subgroup structure and determine whether or not amalgamating
subgroups produces new subgroups with desired properties and with desired type of ele-
ments. Ideally this approach would be expected to produce more generic type of elements
of the group as well. The simplest approach towards this problem is picking subgroups
with desired properties and finding out the conditions for them to produce those generic
elements and generic subgroups.

Our understanding of generic subgroups will be due to the Tits alternative [Tit72] and
as for the generic elements we will mean the ones acting with positive translation length
on a hyperbolic space the group acts on. In this work we will make progress towards these
goals on the group of outer automorphism group Out(Fn) of the free group Fn.

The study on Out(Fn) shows striking similarities to those of mapping class group and lin-
ear groups yet the abundance of differences suggests that Out(Fn) studies might eventually
modify and enrich the studies it borrows from.

In this paper we pursue two directions towards achieving two simultaneous goals: under-
standing subgroup structure while generating generic automorphisms. More precisely, we
state and prove a combination type theorem for Out(Fn) and on the way we produce fully
irreducible outer automorphisms. We also develop an understanding of subgroups which
will produce more combination type theorems for Out(Fn) in a way more similar to that
of mapping class group ([LR06]). While achieving these goals, we use different techniques
than those used in mapping class group setting which together in some sense underlines
the differences between the studies on these groups.
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One of the hyperbolic simplicial complexes Out(Fn) acts on simplicially is free factor
complex and it is at the center of many of the current research on this group ([HV98],
[BF14]). This is a simplicial complex whose vertices are conjugacy classes of non-trivial
free factors of Fn. Two vertices are connected if one includes the other as subgroup, up
to conjugation. On the other hand, the notion of convex cocompactness for subgroups of
mapping class group played an important role to understand the geometry of this group
and as such generalized to Out(Fn) setting by many people. Convex cocompactness in
mapping class group setting is characterized by the action of the mapping class group
on the curve complex. Following the analogy, a finitely generated subgroup of Out(Fn)
is called convex cocompact if its orbit map into the free factor graph is a quasi–isometric
imbedding ([HH14], [SD16]). One of the ingredients of our combination theorem is a convex
cocompact subgroup of Out(Fn) due to the fact that has a geometrically useful image in
free factor complex for our purposes. Our main theorem is the following.

Theorem 1.1. Let φ ∈ Out(Fn) be a Dehn twist or a partial fully irreducible relative to
a free factor α. Let also C < Out(Fn) be a convex cocompact subgroup and A(C) the orbit
of the axes of elements of C in FFn. Then, there is a constant N1 such that whenever
d(α,A(C)) ≥ N1,

(1) 〈φ, C〉 ' Z ∗ C and the natural homomorphism Z ∗ C ↪→ Out(Fn) is injective.
(2) Elements of 〈φ, C〉 which are not conjugate to a power of φ in 〈φ, C〉 are fully

irreducible.

A fully irreducible automorphism is characterized by the property that it has no powers
fixing a conjugacy class of a free factor. A partial fully irreducible is a reducible automor-
phism which acts as a fully irreducible on the free factor it fixes. For our purposes, we
require this free factor be of rank at least 2.

To prove the theorem 1.1, we prove the following.

Theorem 1.2. Let G be a group acting on a δ-hyperbolic space X, g and φ be two isometries
where g acting hyperbolically on X and A(g) is the axis of g on X. Assume also that the
diameter of the small displacement set XC(φ) corresponding to φ is bounded above by a
constant. Then, there exists a number N2 such that, whenever dX(XC(φ),A(g)) > N2,

(1) 〈φ, g〉 ' F2

(2) Every element of 〈φ, g〉 which is not conjugate to a power of φ acts loxodromically
on X.

A special version of the Theorem 1.1 which produces exponentially growing subgroups of
Out(Fn) is as follows.

Theorem 1.3. Let φ ∈ Out(Fn) be a Dehn twist fixing free factor α or a partial fully
irreducible relative to α and g a fully irreducible. Then, there is a constant N3 such that
whenever dFFn(α,A(g)) ≥ N3

we have,

(1) 〈φ, g〉 ' F2 and,
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(2) Elements of 〈φ, g〉 which are not conjugate to a power of φ in 〈φ, g〉 are fully irre-
ducible.

The main tool in proving the theorems above is, as stated earlier, bound on small
displacement sets. To this end we prove the following lemma.

Lemma 1.4. Let φ be a relatively fully irreducible automorphism relative to α with trans-
lation length m on α. Then, for all big numbers C, there exists a constant D = D(C,m)
such that the diameter of the small displacement set

FC = {x ∈ FFn : ∃k 6= 0 such that d(x, φk(x)) ≤ C}
corresponding to 〈φ〉 is bounded above by D.

The version of this lemma for a Dehn twist automorphism produces uniform upper
bound for the diameter in the sense that this bound does not change when the Dehn twist
is changed. To prove the lemma 1.4 for a relatively fully irreducible, we will need to use
the notion of a subfactor projection and a bounded geodesic image theorem of [Tay14].
And in this case the bound will depend on the translation length of the automorphism on
the free factor complex it acts on as fully irreducible.

1.1. History and motivation. Combination theorems The combination theorems in
the literature go back to Klein-Maskit combination theorem of [Mas65] in which two Fuch-
sian groups are amalgamated along their common parabolic subgroups. As a result a non-
abelian closed surface subgroup is constructed and it has been useful in studying surface
subgroups of hyperbolic 3–manifolds ([CL01], [CLR97]). Similar construction in the map-
ping class group setting is achieved by Leininger and Reid in [LR06] using Veech subgroups
of mapping class groups and and as a result they obtained surface groups with all but one
pseudo-Anosov elements. In this paper we will pursue a more modest goal and work with
a reducible outer automorphism and a convex cocompact subgroup of Out(Fn) to produce
free products which inject into Out(Fn) and leave the goal of using Veech subgroups to
produce all but one fully irreducible subgroups of Out(Fn) to the next project.

Uniform exponential growth of subgroups of Out(Fn) Given a generating set of a
finitely generated group, the growth rate of a group determines the number of the group
elements that can be written as a product of a given number of members of the generating
set, and much about the geometry and dynamics of a group and its elements can be learned
from the growth rate. Given BS(n) = {g ∈ G : `S(g) ≤ n}, the exponential growth rate
ω(G,S) of such a group G with a generating set S is given by:

ω(G,S) = lim
n→∞

n
√
|BS(n)|,

Here, the length `S(g) is the least integer k so that the g can be expressed as a product of
k elements from S.

If ω(G,S) > 1 then G said to have exponential growth. In particular, in a free semi
group generated by two elements, the number of elements of length n is the same as the
number of ways to form an n-letter word using the generating set. As a result, any finitely
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generated group which contains a free semi group on two generators has exponential growth.
It is possible to take the infimum over all generating sets in the above formula, which is
denoted by ω(G). Now, if ω(G) > 1, G is said to have uniform exponential growth. Finitely
generated subgroups of the general linear group have this property, which in that setting
is equivalent to being not virtually nilpotent [EMO02].

It is also known that mapping class groups and Out(Fn) have uniform exponential
growth [AAS07]. Furthermore, Mangahas in [Man10] states that the subgroups of mapping
class group which are not abelian have uniform exponential growth and minimal growth
rate is bounded below by a constant depending only on the surface. It is not yet known
that subgroups of Out(Fn) also satisfy the same property. The study started with Clay
and Pettet in [CP10] which adapted the Thurston theorem [Thu88] to Out(Fn) using two
Dehn twists, a yet the number N for the minimum power of twists in their theorem was
not uniform.

Thurston’s as well as Clay–Pettet’s theorems generate generic elements, which are pseudo
Anosovs for the mapping class group and atoroidal fully irreducibles for Out(Fn). In
[Gül], we have established a condition on the free factor complex which enables us to
find a free group, yet the result of Clay and Pettet for a uniform power N is still open.

In [Tay14] Taylor constructed hyperbolic fully irreducibles using high enough powers of
two reducible outer automorphisms. The power depends on the automorphisms. More
recently, using two exponentially growing outer automorphisms, Ghosh proved that one
can obtain hyperbolic fully irreducibles [Gho16]. His results contain an earlier Kapovich-
Lustig theorem [KL10] as a corollary, yet powers are not known to be uniform. Yet, these
theorems contribute the study of convex cocompactness in Out(Fn).

1.2. Convexcocompact subgroups of Out(Fn).

Acknowledgements.

2. preliminaries

2.1. Dehn twist automorphism. A Dehn twist automorphism is an element of Out(Fk)
defined by using Z–splittings of Fn either as an amalgamated free product (e.g. Fn =
A ∗〈c〉 B) or as an HNN extension of the free group (e.g. Fn = A∗〈c〉). More precisely, it is
induced by the following automorphisms corresponding to each type of the Z–splitting.

A ∗〈c〉 B : a 7→ a for a ∈ A A∗〈tct−1=c′〉 : a 7→ a for a ∈ A
b 7→ cbc−1 for b ∈ B t 7→ tc

Given a Z–splitting of Fk as Fk = A1 ∗〈c1〉B1 at least one of A1, B1 is a proper free factor.
In HNN extension case Fn = A1∗〈c1〉 the stable letter is a proper free factor. By Bass–Serre
theory, each Z–splitting of Fn gives rise to a tree whose quotient with respect to the action
of the free group is a single edge. The edge stabilizer is Z and vertex stabilizers in the
amalgamated case are A1 and B1 while in the HNN case it is A1. We will coarsely project
each splitting onto the vertex which is a proper free factor. In the amalgamated case we
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consider the Dehn twist automorphism corresponding to the Z–splitting which fixes this
free factor and in the HNN case the Dehn twist automorphism will be the one fixing the
vertex stabilizer. We study the action of this Dehn twist on FFn and we determine under
which conditions the compositions of the Dehn twist automorphisms give fully irreducible
automorphisms.

2.2. Geometric models, complexes and projections. There are several geometri-
cally distinct hyperbolic simplicial complexes Out(Fn) acts on by simplicial automorphisms
which are considered to be analogs to the curve complex for the mapping class group. Con-
trary to the case with the curve complex and the action of the mapping class group on
it, it is not always possible to identify fully irreducible elements with respect to the way
they act on a curve complex analog. For example, an element of Out(Fn) might act hyper-
bolically on a curve complex analog yet it may not be fully irreducible. In this work the
free factor complex was used since loxodromic action of an automorphism on free factor
complex completely characterizes being fully irreducible for a free group automorphism.
Thus, to identify fully irreducibles in a group generated by two Dehn twists, it is enough
to have a loxodromic action.

Another hyperbolic Out(Fn)– graph we refer to is the free bases graph FBn given by
Kapovich-Rafi in [KR12]. For n ≥ 3, this graph has vertices the free bases of Fn up to
equivalence, (two bases are equivalent if their Cayley graphs are Fn-equivariantly isometric)
and whenever two bases representing the vertices have a common element these vertices are
connected by an edge. What is useful for us is that FBn and the FFn are quasi isometric.

A fully irreducible automorphism is atoroidal if no positive power of it preserves the
conjugacy class of a nontrivial element of Fn. The intersection graph Pn has vertex set
consisting of marked roses up to equivalence. Two roses are connected by an edge if either
they have a common edge with the same label, or there is a marked surface with one
boundary component and the representative of this component crosses each edge of both
roses twice. There is a Lipschitz map between FBn and Pn, constructed by thinking of each
basis of Fn as its corresponding rose marking and observing that Pn shares the edges and
vertices of FBn and has some additional edges between roses. By [Man14], loxodromically
acting elements on Pn are atoroidal fully irreducible.

Given the free group Fn on n letters, the associated outer space of the marked metric
graphs which are homotopy equivalent to Fn is introduced by Culler and Vogtmann in
[CV86] as an analog of Teichmüller space. We will denote by CVn the projectivized outer
space, in which the graphs will all have total volume 1. A marked metric graph is an
equivalence class of pair of a metric graph Γ and a marking, which is a homotopy equivalence
with a rose. Outer space might be thought as an analogue to Teichmüller space for the
mapping class group. For the details we refer the reader to [CV86] and [Vog02].

We will use the coarse projection π : CVn → FFn defined as follows. For each proper
subgraph Γ0 of a marked graph G that contains a circle, its image in FFn is the conju-
gacy class of the smallest free factor containing Γ0. Now by [BF14], for two such proper
subgraphs Γ1 and Γ2, dFFn(π(Γ1), π(Γ2)) ≤ 4 (Lemma 3.1, [BF14]). Then for G ∈ CVk we
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define,

π(G) := {π(Γ)|Γ is a proper, connected, noncontractible subgraph ofG}

We will call the induced map CVn → FFn also π which is clearly a coarse projection in
that the diameter of each π(G) is bounded by 4.

2.3. Coarse geometry. Let (X, d) be a metric space. For x, y, z ∈ X, the Gromov product
(y, z)x is defined as

(y, z)x :=
1

2
(d(y, x) + d(z, x)− d(y, z)).

If (X, d) is a δ-hyperbolic space, the initial segments of length of (y, z)x of any two
geodesics [x, y] and [x, z] stay close to each other. Namely, they are in 2δ–neighborhoods
of each other. Hence, the Gromov product measures for how long two geodesics stay close
together. This will be the characterization of the δ- hyperbolicity we will use in our work
as definition of being δ– hyperbolic.

Also, in this case, the Gromov product (y, z)x approximates the distance between x and
the geodesic [y, z] within 2δ.

(y, z)x ≤ d(x, [y, z]) ≤ (y, z)x + 2δ

Definition 2.1. A path σ : I → X is called a (λ, ε)–quasi geodesic if σ is parametrized by
arc-length and for any s1, s2 ∈ I we have

|s1 − s2| ≤ λd(σ(s1), σ(s2)) + ε

If the restriction of σ to any subsegment [a, b] ⊂ I of length at most L is a (λ, ε) quasi-
geodesic, then we call σ an (L, λ, ε)–local quasigeodesic.

Let X be a geodesic metric space and Y ⊂ X. We say that Y is c–quasi–convex if for
all y1, y2 ∈ Y the geodesic segment [y1, y2] lies in the c– neighborhood of Y .

For any x ∈ X we call px ∈ Y an ε-quasi projection of x onto Y if

d(x, px) ≤ d(x, Y ) + ε.

In hyperbolic spaces, quasi projections onto quasiconvex sets are quasi-unique:

Lemma 2.2. Let X be δ–hyperbolic metric space and Y ⊂ X c–quasiconvex. Let x ∈ X,
and px and px′ be two ε–quasi projections of x onto Y . Then,

d(px, px′) ≤ 2c+ 4δ + 2ε.

For a δ hyperbolic geodesic G-space X, consider the small displacement set XC(g) cor-
responding to a subgroup 〈g〉 for g ∈ G. Then, the quasi convex hull XC(g) of XC(g) is
defined to be the union of all geodesics connecting any two points of XC(g). From now
on we will work with quasi convex hulls of small displacement sets. The following is a
standard for δ- hyperbolic spaces.

Lemma 2.3 ([KW04] Lemma 3.9). XC(g) is 4δ-quasiconvex.
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φs(x) φsgi(y)

Figure 1. The small displacement set, the quasi-axis and a geodesic nearby.

3. The pingpong type argument

In this section we will prove the following theorem which essentially proves the Theorem
1.1 provided a bound on small displacement set is given.

Theorem 1.2. Let G be a group acting on a δ-hyperbolic space X, g and φ be two isometries
where g acting hyperbolically on X and A(g) the orbit of axis of φh on X. Assume also
that the diameter of the small displacement set XC(φ) corresponding to φ is bounded above.
Then, there exists a number N = N(δ, C) such that, whenever d(XC(φ),A(g)) > N

(1) 〈φ, g〉 ' F2.
(2) Every element which is not conjugate to a power of φ acts loxodromically on X.

To prove Theorem 1.2 we use the following lemma which appears as Lemma 3.12 in [KW04]:

Lemma 3.1. Let (X, d) be a δ–hyperbolic space and let [xp, xq] be a geodesic segment in
X. Let p, q ∈ X be such that xp is a projection of p on [xp, xq] and that xq is a projection
of q on [xp, xq]. Then if d(xp, xq) > 100δ , the path [p, xp] ∪ [xp, xq] ∪ [xq, q] is a (1, 30δ)–
quasigeodesic.

Lemma 3.1 assumes that the projections onto almost fixed sets exist. However, given a
geodesic metric space X and Y ⊂ X when Y is not closed in X, the closest point projection
onto Y may not exist. To fix this we will use quasi-projections which we know to exist
quasi-uniquely when there is quasi convexity, by Lemma 2.2.

Proof of Theorem 1.2. Assume C > 100δ. Let x ∈ A(g) and y ∈ XC(g) such that x is a
projection of y. Let φsh(y) ∈ XC . We will show first that for all i, the path [φih(y), y] ∪
[y, x] ∪ [x, φs(x)] ∪ φs[x, y] ∪ [φs(y), φsgi(y)] is a quasigeodesic. This path is depicted in
Figure 1. With the assumption C > 100δ, the bridge [x, y] quasiuniquely exists whenever
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xy

A(g) φm1gk11 (y)φm1(x)

φm1(y)

φm2φm1A(g)

φm1gk11 (x)
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m2(x)

φm1gk11 φ
m2gk22 φ

m3gk33 (XC)

φm1gk11 φ
m2gk22 (XC) φm1A(g)

Figure 2. The ping pong sets, the quasi-axis and a geodesic nearby.

d(x, y) ≥ C ([KW04], Lemma 5.2). Hence we first assume

d(x, y) ≥ C.

Now, if d(x, φs(x)) > 100δ, by lemma 3.1 we are done.
We claim that d(x, φs(x)) > C > 100δ.
Let d(x, φs(x)) ≤ C and take a point a ∈ [x, y] such that d(a, x) ≤ ε where ε =

C − d(x, φs(x))

2
. Then, for b = φs(x) ∈ φs[x, y] we have

d(a, b) ≤ 2ε+ C = C

which implies that a ∈ XC , which is a contradiction since x is the projection of y hence
it is the closest point of XC from the axis.

To finish the proof of this theorem we will pick a random word from 〈φh, φ〉 and [x, y] as
before. We iterate [x, y] under ω, and the image is a path as it is depicted in the picture
Figure2.

Now we have that each [y, x] ∪ [x, φs(x)] ∪ φs[x, y] piece is a (1, 30δ)–quasigeodesic.
Hence we can argue that the path [gi(y), y] ∪ [y, x] ∪ [x, φs(x)] ∪ φs[x, y] ∪ [φs(y), φsgi(y)]
is also a quasigeodesic. Then by the hyperbolicity of X, there exists ` = `(30δ) > 0 such
that any `–local (1, 30δ)–quasigeodesic is a (λ,L)–quasigeodesic where λ = λ(1, 30δ, `),
L = L(1, 30δ, `). So we assume that
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d(XC(φ),A(g)) > N := max{`, C}.
In this way we know that any segment of length ` will be included in a (1, 30δ)–

quasigeodesic and hence the concatenation of such quasigeodesic will be a `–local quasi
geodesic, which is a quasigeodesic for some constant depending only on ` and δ.

In particular, for any word ω in 〈g, φ〉 we have d(ω(x), x) ≥ |ω| where |ω| denotes the
syllable length, up to conjugation. Now, since the infinite path which is obtained by
iterating ω is quasigeodesic, it follows that ω is loxodromic and 〈g, φ〉 is free.

�

4. Bounding the diameter of the small displacement set.

To apply the Theorem 1.2 to our Out(Fn) setting, we need to work on the small dis-
placement sets of automorphisms.

To prove that the small displacement set of a partial fully irreducible element is bounded
uniformly, we will use a different set of tools than we did for a Dehn twist in [Gül], since
we do not have a geometric picture anymore.

We will start by giving the definition of projection of a free factor to the free factor
complex of a subfactor. See [Tay14] and [Tay13] for details. For a point G ∈ CVn and
A < Fn we consider the core graph A|G corresponding to the conjugacy clas of A. We will
denote the projection of this core subgraph to F(A) by πA(G). The pulled back metric via
the immersion p : A|G 7→ G gives that A|G ∈ CVn(A), the outer space of A.

Definition 4.1. (Subfactor projection)

Theorem 4.2 (Bounded Geodesic Image Theorem [Tay14]). For n ≥ 3 there is M0 ≥ 0
so that if A is a free factor and γ is a geodesic in FFk with each vertex of γ meeting A.
Then

diam {πA(γ)} ≤M0

4.1. Proof of Lemma 4.3. In this section we prove the lemma which gives upper bound
for the diameter of the small displacement set. In the case of a Dehn twist, we already
know that there is a uniform upper bound. To find a bound when one has a relatively
fully irreducible, we will use the Theorem 4.2. In this case our upper bound will depend
on the translation length of the relative fully irreducible on the free factor complex of the
free factor it fixes.

Lemma 4.3. Let φ be a reducible outer automorphism of the free group Fn with smallest
periodic free factor of rank at least two. Then, for all sufficiently big constants C, there
exists a D = D(C, n,m) such that the diameter of the small displacement set

FC = {x ∈ FFn : ∃k 6= 0 such that d(x, φk(x)) ≤ C}
corresponding to 〈φ〉 is bounded above by D.

Proof. Assume that φ ∈ Out(Fn) is a partial fully irreducible with minimal periodic free
factor α of rank at least 2. Then, after raising to a power φ|α is fully irreducible on the
free factor complex FFn(α) of α.
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Let x ∈ FC . Then, by definition of this set, for some n0 > 0 we have dFFn(x, φn0(x)) ≤
C. Now, let γ be a geodesic in FFn between x and φn0(x).

Now, since α is of rank at least 2, the subfactor projection to FFn(α) is coarsely defined
and hence projecting γ onto α is meaningful. Moreover, since φ|α is fully irreducible on α,
it has a positive translation length m on FFn(α). Hence, there exists m0 = m0(M0,m)
such that d(x̃, φm0

|α (x̃)) > M0 where x̃ is the subfactor projection of x to α.

By the Theorem 4.2, this means that there is a vertex β along γ which is not projected
to α. By [Tay14] this means that either α and β are disjoint or α ⊂ β. Hence we have
dFFn(β, α) ≤ 2.

We finish by triangle inequality to deduce that dFFn(x, α) ≤ 2 +C+ rm for some r ∈ Z.
Hence we have, D = 2(2 + C + rm). �

5. Constructing Fully Irreducibles via Combination

In this section we will prove the main theorem of this paper.

Theorem 1.1. Let φ ∈ Out(Fn) be a Dehn twist or with minimal periodic free factor of
rank at least 2, and let α be the corresponding free factor. Let also C < Out(Fn) be a convex
cocompact subgroup and A(C) the orbit of the axes of elements of C in FFn. Then, there
is a constant N1 such that whenever d(α,A(C)) ≥ N1,

(1) 〈φ, C〉 ' 〈φ〉 ∗ C.
(2) Elements of 〈φ, C〉 which are not conjugate to a power of φ in 〈φ, C〉 are fully

irreducible.

We will first prove the theorem which is generated by a partial fully irreducible and a
fully irreducible.

Proof of Theorem 1.3. Consider the action of Out(Fn) on the free factor complex FFn.
Let m > 0 be the translation length of φ on the free factor complex FF(α). Then by
Theorem 1.4, for a sufficiently large constant C there exists a D = D(C,m) which bounds
the diameter of the small displacement set corresponding to φ from above. Observe that ,
by [Gül] D = D(C) when φ is a Dehn twist.

Now assume that dFFn(α,A(g)) ≥ N3, where N3 = D + N2 where N2 is the constant
from Theorem 1.2. Then we apply this theorem to conclude that the group 〈φ, g〉 is free
and every element is fully irreducible.

�

Proof of Theorem 1.1. Let FC(φ) be the small displacement set corresponding to 〈φ〉 in
the free factor complex FFn. Then, If d(A(C),FC(φ)) > N2 then we apply the Theorem
1.2 with N2 = R+N1 where N2 is the constant from this theorem and R = D/2 where D
is the diameter of the small displacement set of φ. Now assume that d(A(C),FC(φ)) < N2.
Since C is quasi convex in FFn by definition, there exists fully irreducible h which has
translation length m > 0 on FFn and whose axis intersects A(C). Then for some t = t(m)
we have dFFn(htA(C),FC(φ)) > N2. Now we take N1 = R + N2 and apply the Theorem
1.2 with this constant.
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According to Theorem 1.2 a random word we pick from 〈φ, C〉 moves a points in the
free factor complex. In particular, α is moved under such a word, which in particular
proves that such a word is not identity in Out(Fn). Now, since image of a non-trivial word
in Out(Fn) is non–trivial it is clear that 〈φ, C〉 ' 〈φ〉 ∗ C and also this group injects into
Out(Fn).

�

6. Combination

Theorem 6.1. Let C be a convex cocompact subgroup of Out(Fn) and α a free factor fixed
by a Dehn twist φ. Let also h be an automorphism such that hφh−1 = D. Consider the
subgroup D = 〈φ, C〉. Then the natural homomorphism

D∗〈φ〉hDh
−1 → Out(Fn)

is injective.
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