
Math 181 (section D2) Exam 2 (Solution) Spring 2013

1. (5 points) Governor Patrick Quinn is the 41st and current governor of Illinois.
He was born December 16, 1948 in Hinsdale, Illinois.

Find the complete Illinois driver’s license number for the governor Quinn.

Solution: First we find the first three digits using the soundex coding sys-
tem as follows: by the first step we delete nothing (there is no h or w), then we
assign the numbers by the second step to get 20055. By step 3 we need to delete
adjacent letters with the same numeric values, in this case we delete i and n,
we get the value 205. Since the first letter of the original name still present, we
delete it as well to get only un with value 05. now we delete the vowels to get
n with value 5 and we directly retain the first three digits, which is only 5 and
we append it with 0’s to get 500 and finally we add the first letter to get

Q− 500

To find the last five digits of the number, we find first the last three digits of
the number=x = 31 × (month-1) + day. After we find x, we append the last
two digit of the year to x in order to get the last five digits, so we have

x = 31× (12− 1) + 16 = 357

so the last five digits are 48357 and the complete driver’s license number is

Q− 500− 001− 48357

(Assuming the sequence digits are 001). 2

2. (5 points)Find the date of birth and the sex for the following people with the
following last five digits of their driver’s license number:

(a) 8-1276.

Since the last three digits are less than 600, then we have the a male born
in 1981. To find the day and the month we use the formula month=q + 1
and the day = r, where q and r are the quotient and the reminder of di-
viding x (the last three digit) by 31. in our case we have 276 = 31(8) + 28,
therefore the month=q + 1 = 8 + 1 = 9 and the day=r = 28. The date of
birth is then September 28, 1981.
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(b) 9-4788.

Since the last three digits are greater than 600, then we have the a fe-
male born in 1994. To find the day and the month we use the formula
month=q + 1 and the day = r, where q and r are the quotient and the
reminder of dividing x− 600 (the last three digit minus 600) by 31. in our
case we have 188 = 31(6) + 2, therefore the month=q + 1 = 6 + 1 = 7 and
the day=r = 2. The date of birth is then July 2, 1994. 2

3. (6 points) Suppose we roll 2 dice. Find the following:

(a) What is the cardinality of the sample space S?
We have from the first die 6 options and from the second die again 6 option.
Therefore, we have 6 × 6 = 36 outcomes using the fundamental principal
of counting.

(b) What is the probability that we get double?
Double means the number on the first die is the same number in the second
die. Since we have 6 options for the first die and the second die is the same
number of the first one (meaning we have only one option for the second
die), we have 6× 1 = 6 options for the set A, namely

A = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}

Therefore Pr(A) = |A|
|S| = 6

36
= 1

6
.

(c) What is the probability the sum of the numbers on the two dice is 9?
The set A consists of the following A = {(3, 6), (4, 5), (5, 4), (6, 3)}, so

Pr(A) = |A|
|S| = 4

36
.

(d) What is the probability the sum of the numbers on the two dice is multiple
of 4? (i.e., either 4,8, or 12)
The set A is A = {(1, 3), (2, 2), (2, 6), (3, 1), (3, 5), (4, 4), (5, 3), (6, 2), (6, 6)}
and so Pr(A) = |A|

|S| .

(e) What is the probability that the sum of the numbers on the two dice is
15?
There is no way we can sum two dice and we get 15, so A = φ and so
Pr(A) = |A|

|S| = 0
36

= 0.
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(f) What is the probability that the second die is multiple of the first one?
The set A is

A = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 2), (2, 4), (2, 6),

(3, 3), (3, 6), (4, 4), (5, 5), (6, 6)}.

So Pr(A) = |A|
|S| = 14

36
. 2

4. (4 points) Suppose we toss a coin 5 times. Find the following:

(a) What is the probability that the first is head while the last toss is tail?
|A| = 1 × 2 × 2 × 2 × 1 = 8 since we have only one option for the first
toss (head) and one option for the last toss (tail). Therefore, we have

Pr(A) = |A|
|S| = 8

32
= 1

4

(b) What is the probability all the tosses are the same?
|A| = 2 × 1 × 1 × 1 × 1 = 2 since all the remaining tosses are dependent

on the first one. So Pr(A) = |A|
|S| = 2

32
= 1

16
.

(c) What is the probability the at least 4 tosses are tails?
|A| = {HTTTT, THTTT, TTHTT, TTTHT, TTTTH, TTTTT}. There-

fore Pr(A) = |A|
|S| = 5

32
.

(d) What is the probability the we get exactly one head and the rest are tails?
|A| = {HTTTT, THTTT, TTHTT, TTTHT, TTTTH}. Therefore Pr(A) =
|A|
|S| = 4

32
. 2

5. (5 points) Suppose S is a sample space and A,B are two events with Pr(A) =
0.4, Pr(B) = 0.5 and Pr(A ∩B) = 0.2. Find:

(a) Pr(S)=1.

(b) Pr(Ac)=1− Pr(A) = 1− 0.4 = 0.6.

(c) Pr(A ∪B)=Pr(A) + Pr(B)− Pr(A ∩B) = 0.4 + 0.5− 0.2 = 0.7.

(d) Pr(B \ (A ∩B)) = Pr(B)− Pr(A ∩B) = 0.5− 0.2 = 0.3.
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(e) Pr((A ∪B)C)= 1− Pr(A ∪B) = 1− 0.7 = 0.3. 2

6. (10 Points)
(a) Determine whether the following are valid identification number or not.

(1) Product with UPC number 6− 63360− 36310− 1.
We apply the UPC formula, so we get that 3× 6 + 1× 6 + 3× 3 + 1× 3 +
3×0+1×3+3×6+1×3+3×1+1×0+3×1= 80 and 80 (mod 10) = 0.
So the UPC given is valid.

(2) Book with ISBN-10 1− 58488504− 4.
We apply the ISBN-10 formula, so we get 10× 1 + 9× 5 + 8× 8 + 7× 4 +
6×8+5×8+4×5+3×0+2×4+1×4= 276, but 276 (mod 11) = 1 6= 0.
Therefore the ISBN-10 is not valid.

(3) Bank with routing number 2439308611.
The routing number is consisting of 8 digits, the above number is given by
10 digits. therefore it not valid.

(b) Find the missing digit in the ISBN-10 of the following book with ISBN-10
0− 387− 97812− a10.
We apply the formula for the ISBN-10 to get

10× 0 + 9× 3 + 8× 8 + 7× 7 + 6× 9+

5× 7 + 4× 8 + 3× 1 + 2× 2 + 1× a10 = 0 (mod 11)

268 + a10 = 0 (mod 11)

a10 = −268 (mod 11)

a10 = −268 + 275 (mod 11) note that 275 = 11× 25

a10 = 7 (mod 11)

Therefore a10 = 7. 2

7. (5 points) Describe a fair division for four heirs A, B, C, and D who inherit a
house and a car and who submit sealed bids (in thousand dollars) on the house,
car as follows

A B C D

House 80 75 90 60
Car 10 12 13 15
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House: The winner is C and he places 3
4
× 90 = 67.5 in the kitty. Now A gets

1
4
× 80 = 20, B gets 1

4
× 75 = 18.75 , and D gets 1

4
× 60 = 15. What is left in

the kitty is 67.5− 20− 18.75− 15 = 13.75 which will be distributed among the
four and each will get 3.4375 so the final allocation for the house is

• A gets 20 + 3.4375 = 23.43.

• B gets 18.75 + 3.4375 = 22.18.

• C gets House−67.5 + 3.43 = House−64.06.

• D gets 15 + 3.4375 = 18.43.

Car: The winner is D and he places 3
4
× 15 = 11.25 in the kitty. Now A gets

1
4
× 10 = 2.5, B gets 1

4
× 12 = 3 , and D gets 1

4
× 13 = 3.25. What is left in the

kitty is 11.25 − 2.5 − 3 − 3.25 = 2.5 which will be distributed among the four
and each will get 0.625 so the final allocation for the car is

• A gets 2.5 + 0.625 = 3.125.

• B gets 3 + 0.625 = 3.625.

• C gets 3.25 + 0.625 = 3.875.

• D gets Car−11.25 + 0.625= Car−10.625.

Therefore, the final allocation is given as follows:

• A gets 26.55.

• B gets 25.805.

• C gets House−60.185.

• D gets Car+7.8125. 2

8. (5 points) Consider the following cake-division procedure for three player (Alice,
Bob, and Eve):

(i) Bob cuts the cake into 3 pieces. He would accept any of the three pieces.

(ii) Alice cuts the cake further to create 6 pieces instead of 3 and she would
accept any 2 pieces of them.

(iii) Eve choose 2 pieces she would like.

(iv) Alice choose 2 pieces out of the remaining 4 pieces.

(v) Bob take the reminder 2 pieces.

Explain (in details) why this procedure is fair for Eve and Alice, but not always
fair for Bob? It is fair for Alice because she got 2 pieces out the six pieces that
she was fine with. It is fair for Eve because she has the freedom to choose any 2
portion out of the six pieces. On the other hand, it is not fair for Bob because
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he was fine with any of the three pieces that he cut but after Alice cuts them
further, he might not be find with that and he might thinks that it is not fair
for him. 2

9. (5 points) (a) Find each of the following:

(a) 7 (mod 12) = 7

(b) −5 (mod 4) = 3

(c) 0 (mod 5) = 0

(d) 101 (mod 10) = 1

(b) State whether the following statements are true or false:

(a) T. Illinois driver’s license number consists of 12 digits.

(b) F. The quotient of dividing −7 by 3 is −2 (-3).

(c) T. Is Illinois driver’s license number ending with 70123 a valid one.

(d) F. Pr(φ) = 1 (0).

(e) F. The first digit of ISBN-10 represent the country where the book is
published (language).

(f) F. If the bids in Vickery auction are 85,50,90,40, then the winner will pay
90 (85). 2
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