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Math 231 ABCE. Spring, 2012. Worksheet 20. April 16/17, 2012.

1. Pendulums have been used for centuries to keep time. Pendulums exhibit the property
of isochronism when they swing through small angles. This means that the period of each
swing (i.e. the amount of time which each swing takes) does not change very much as the
angle of the swing changes. For small angles, the period is given by the formula

T ≈ 2π
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g
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where L is the length of the pendulum and g is the gravitational constant.
However, the period of the pendulum must depend somehow on the size of the angle

through which it swings (to convince yourself of this, imagine a pendulum which is thousands
of feet long swinging through small angles, and then swinging through large angles).

Suppose that the maximum angle which the pendulum makes with vertical is θmax, and
set k = sin

(
1
2
θmax

)
. Then the precise formula for the period of a pendulum is

T = 4
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∫ π
2

0

dx√
1− k2 sin2 x

. (2)

We will use series to reconcile equations (1) and (2).

a) Use binomial series to find the first two terms of the expansion of
1√

1− k2 sin2 x
.

b) Use part (a) and (2) to find the first two terms of the expansion of T in terms of k (the
answer should involve k only).

c) Explain very briefly why the approximation (1) is accurate when k is small.



2. Famed US physicist Richard Feynman was dining in a restaurant in 1949, when an abacus
salesman entered. In order to demonstrate his wares, the salesman challenged the waiters to
compete with his machine in arithmetic computations. Feynman instead accepted the chal-
lenge. The salesman beat Feynman, who was armed only with a pencil and paper, in several
addition, multiplication, and division problems. In order to really show off, the salesman
then proposed that they compute

3
√

1729.03. This time, however, Feynman triumphed. His
secret weapon? The binomial series!

a) Write down the first two (constant and linear) terms of the binomial series computing
3
√

1 + x.

For simplicity, we will drop the .03 (Feynman did this too).
b) The binomial series has a radius of convergence of 1, so you cannot simply take

x = 1728 in the binomial series. Factor 103 out of the cube root and use the degree one
Taylor polynomial above to estimate 3

√
1729.

c) Feynman actually did a bit better. He happened to remember that there are 1728
cubic inches in a cubic foot, so that 123 = 1728. Writing 1729 = 123 + 1, factor 123 out of
the cube root and use the degree one Taylor polynomial above to estimate 3

√
1729 to within

0.001 accuracy.

3. Use Maclaurin series (not l’Hopital’s rule) to find the following important limits:

a) lim
x→0

sin(x)

x

a) lim
x→0

1− cos(x)

x


