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Greedy algorithms are widely used in image processing and other
applications.
Let X be a real Banach space with a semi-normalized basis (en).

An algorithm for n-term approximation produces a sequence of maps
Fn : X → X such that, for each x ∈ X, Fn(x) is a linear combination
of at most n of the basis elements (ej).
Konyagin and Temlyakov [12] introduced the Thresholding Greedy

Algorithm (TGA) (Gn)
∞
n=1, where Gn(x) is obtained by taking the n

largest in absolute value coefficients (Gn(x) might not be unique). See
[16] and the recent monograph [17] for the history of the problem and
for background information on greedy approximation. The TGA pro-
vides a theoretical model for the thresholding procedure that is applied
in image compression.
Konyagin and Temlyakov also defined a basis to be quasi-greedy if

there exists a constant C such that ‖Gm(x)‖ ≤ C‖x‖ for all x ∈ X and
n ∈ N. Subsequently, Wojtaszczyk [18] proved that these are precisely
the bases for which the TGA merely converges, i.e. limn→∞ Gn(x) = x

for x ∈ X. It was shown in [12] that every quasi-greedy basis is uncon-
ditional, but the converse is false. Thus, quasi-greedy bases provide a
natural generalization of the important unconditional bases.
The class of almost greedy bases was introduced in [3]. Let us denote

the biorthogonal sequence by (e∗n). Then (en) is almost greedy if there
exists a constant C such that for all x ∈ X and n ∈ N, we have

‖x−Gn(x)‖ ≤ C inf{‖x−
∑

j∈A

e∗j(x)ej‖ : |A| = n}.

It was proved in [3] that (en) is almost greedy if and only if (en) is
quasi-greedy and democratic. A basic sequence is called democratic if
for some ∆ > 0, we have

‖
∑

j∈A

ej‖ ≤ ∆‖
∑

j∈B

ej‖ whenever |A| ≤ |B|.
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In the paper [2] under consideration, the authors studied the thresh-
olding operators :

Ga(x) =
∑

|e∗
i
(x)|≥a

e∗i (x)ei (a > 0, x ∈ X).

There are natural boundedness conditions to impose on these operators
and a corresponding class of thresholding-bounded bases which satisfy
these conditions. The authors showed that this class coincides with
the class of nearly unconditional bases introduced by Elton [7] in his
Ph.D. thesis in Banach spaces, and that it strictly contains the class
of quasi-greedy bases. A semi-normalized basis (en) in a Banach space
X is called nearly unconditional if, for every 0 < a ≤ 1, there exists a
constant φ(a) such that for every x =

∑∞
n=1 e

∗
n(x)en ∈ Q, and for every

A ⊆ {n ∈ N : |e∗n(x)| ≥ a}, we have

‖
∑

n∈A

anen‖ ≤ φ(a)‖x‖.

Note that (en) is unconditional if and only if supa>0 φ(a) < ∞.
Elton proved that every normalized weakly null sequence in a Ba-

nach space admits a nearly unconditional sequence. On the other
hand, W. T. Gowers and B. Maurey [11] solved in the negative the
famous unconditional basic sequence problem. The question whether
every infinite-dimensional Banach space contains a quasi-greedy ba-
sic sequence remains open. In this direction, the following result was
proved in [2].

Theorem 0.1. Let (en) be a semi-normalized democratic weakly null
basic sequence in a Banach space. Then (en) has an almost greedy
subsequence.

In particular, if X is a Banach space which does not have c0 as
a spreading model (e.g., if X has finite cotype), then every semi-
normalized weakly null sequence in X has an almost greedy subse-
quence.

Corollary 0.2. Let X be a Banach space. Then the following are
equivalent:

(i) X contains a weakly null sequence with spreading model not
equivalent to the unit vector basis of c0 or X contains an iso-
morphic copy of c0 or ℓ1.

(ii) X contains an almost greedy basic sequence.
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A further generalization of Elton’s theorem was given by S. J. Dil-
worth, E. Odell, Th. Schlumprecht and A. Zsak [6]. Their techniques
could be also used to prove other partial unconditionality results.
In connection to approximation theory, it was proved in the paper

under consideration [2] that almost greedy bases are essentially opti-
mal for n-term approximation when the TGA is modified to include a
Chebyshev approximation.
The rest of the paper concerns the existence and nonexistence of

quasi-greedy and almost greedy bases (as opposed to basic sequences).
The authors extended a theorem of Wojtaszczyk [18], proving the fol-
lowing:

Theorem 0.3. Suppose that X has a basis and contains a comple-
mented subspace with a symmetric basis and finite cotype. Then X has
an almost greedy basis.

More generally, they showed that ifX has a basis and contains a com-
plemented ‘good’ (loosely, ‘far from c0’) unconditional basic sequence,
then X has a quasi-greedy basis. In particular, they obtained:

Corollary 0.4. Suppose that X has a basis and contains a comple-
mented subspace S with a symmetric basis, where S is not isomorphic
to c0. Then X has a quasi-greedy basis.

It is known that the space L1(0, 1) does not admit an unconditional
basis (see e.g. [13]). On the other hand, the last corollary implies
that L1(0, 1) has a quasi-greedy basis. This result has its theoretical
merits, however the construction is not particularly useful for practical
applications in approximation theory. It remains an open question if
L1(0, 1) admits a ’natural’ quasi-greedy basis. For example, the Haar
basis is not quasi-greedy [4]. It was also shown in [4] that some fast
growing lacunary subsequences of the Haar basis are quasi-greedy basic
sequences, i.e. they are quasi-greedy bases of the subspaces of L1(0, 1)
spanned by them.
Question. (S. J. Dilworth and D. Kutzarova) Does there exist a

quasi-greedy subsequence of the Haar basis of L1(0, 1) which spans a
subspace isomorphic to L1(0, 1)?
Later, Gogyan [8], [9] characterized all the quasi-greedy subsequence

of the Haar basis in L1(0, 1), but it is not known if any of them spans
a subspace isomorphic to the whole space. In view of Gogyan’s result,
we may reformulate the above question in a particular case which is
interesting on its own, without the connection to quasi-greedy bases.
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Question. Is the subspace of L1(0, 1), generated by all the func-
tions from the even (resp. odd) levels of the Haar basis, isomorphic to
L1(0, 1)?
Apparently, the last question was independently asked by G. Schecht-

man, according to [15].
The fact that the Haar basis for L1[0, 1] is not quasi-greedy means

that the TGA does not converge for certain initial vectors x. However,
it was proved by Gogyan [10] that there is a weak thresholding greedy
algorithm (WTGA) for the Haar basis which converges. This WTGA
was modified in [1] to extend the results of [10] to the multivariate Haar
system for L1[0, 1]

d. The case d = 2 is especially interesting from the
point of view of practical applications in image compression. Modeled
after the above kind of algorithms, the general type of branch-greedy
algorithms was introduced and studied in [5].
The last section of [2] contains the nonexistence results. The authors

proved that c0 is the only L∞ space to have a quasi-greedy basis. Us-
ing the Lindenstrauss-Zippin theorem [14], they also characterized the
spaces with a unique quasi-greedy basis.

Corollary 0.5. Let X be an infinite-dimensional Banach space. Then
X has a unique normalized (or unique semi-normalized) quasi-greedy
basis up to equivalence if and only if X is isomorphic to c0.

In view of the above results, it is natural to ask the following.
Question. Does C[0, 1] have a nearly unconditional basis?
In addition, we do not know the answer to the next problem.
Question. (S. J. Dilworth) Does ℓ2 have a nearly unconditional

basis which is not quasi-greedy?
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