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Abstract The purpose of these notes is to describe the homogeneous spaces of
Sp(4, R) for which the stabilizer of a point is a parabolic subgroup. There are three
conjugacy classes of parabolic subgroups in Sp(4, R) : the stabilizer of an isotropic
line, the stabilizer of a Lagrangian plane, and the stabilizer of an isotropic flag. The
corresponding homogeneous spaces are respectively RP3 endowed with a contact
structure (or photon space), the 2 + 1-dimensional Einstein universe, and the space
of pointed photons in the Einstein universe. We will try to focus on the interactions
between the projective contact geometry of photon space and the flat conformal
Lorentzian geometry of the Einstein universe.

1 Root Systems and Parabolic Subgroups
Parabolic subgroups are classified by subsets of a fixed set of simple roots. In this
section we explicitly describe a set of positive roots and classify the parabolic subgroups of Sp(4,
 R).
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Where Ad j(A) denotes
the adjugate
matrix of A. The subalgebra consisting of di
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agonal matrices 
0 0 −b 0  is a Cartan subalgebra, and the corresponding roots
0 0 0 −a
are the covectors ±a ± b, ±2a, ±2b. The subset 2a, a − b, a + b, 2b is a set of positive
roots. These corresspond to the root spaces:
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A set of simple roots is formed by a − b, 2b. Now we are ready to describe the
parabolic subgroups.
Corresponding to the subset {a − b}, we get the Lie algebra corresponding to the
subgroup:


A0
BC
which is the stabilizer the Lagrangian plane where the first two coordinates are zero.
Corresponding to the subset {2b}, we get the Lie algebra corresponding to the
subgroup:


a000
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d f
which is the stabilizer of a the line spanned by the fourth coordinate vector.
Finally, the empty subset corresponds to the subgroup of lower triangular matrices, which is the stabilizer of an isotropic flag.

2 The SO(3, 2) model
In this section we will describe the local isomorphism between the Lie groups
Sp(4, R) and SO(3, 2), as well as the correspondence between the parabolic homogeneous spaces.
We start with an abstract four-dimensional real vector space V , endowed with a
symplectic form ω. Then, the group G = Sp(V, ω) of linear automorphisms preserving ω is isomorphic to Sp(4, R).
The second exterior power Λ 2V is a 6-dimensional real vector space on which G
acts linearly. We endow this exterior power with a natural bilinear form (, ) defined
by:
(v ∧ w, v0 ∧ w0 )vol = v ∧ w ∧ v0 ∧ w0
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where vol is a fixed element of Λ 4V .
Proposition 1. This form is symmetric, nondegenerate, and has signature (3, 3).
Proof. Pick a basis ei for V , 1 ≤ i ≤ 4. It induces a basis ei ∧ e j i < j of Λ 2V . Choose
vol = e1 ∧ e2 ∧ e3 ∧ e4 . Then, in the induced basis the form (, ) has matrix


0 0 00 0 1
0 0 0 0 −1 0


0 0 0 1 0 0


0 0 1 0 0 0


0 −1 0 0 0 0
1 0 00 0 0
This is the matrix of a nondegenerate signature (3,3) bilinear form.
This bilinear form is preserved by SL(4, R) since for a linear map L : V → V we
have
Lv ∧ Lw ∧ Lv0 ∧ Lw0 = det(L)v ∧ w ∧ v0 ∧ w0 .
This gives us a homomorphism SL(4, R) → SO(3, 3). This corresponds to the Lie
algebra isomorphism sl(4, R) → so(3, 3) coming from the Dynkin diagrams A3 ∼
D3 .
We will show that under this homomorphism, the subgroup Sp(4, R) maps onto
a subgroup isomorphic to SO(3, 2).
Sp(V, ω) preserves ω ∈ Λ 2V ∗ by definition. We define a dual ω ∗ to the skewsymmetric form by:
ω(v, w) = (ω ∗ , v ∧ w).
This element is then also preserved by all elements of Sp(V, ω). This implies that
its orthogonal complement with respect to (, ) is also preserved. Note that
(ω ∗ , ω ∗ ) = ω ∗ ∧ ω ∗ vol 6= 0,
since ω is non-degenerate. This means that the orthogonal complement of ω has
signature (3, 2) or (2, 3). The action of Sp(V, ω) on ω ∗⊥ thus defines a map
Sp(V, ω) → SO(3, 2).

2.1 Images of Parabolic Subgroups
Proposition 2. Under this homomorphism, the stabilizer of a Lagrangian plane
maps to the stabilizer of an isotropic line.
Proof. Planes in V correspond to simple 2-vectors in Λ 2V , up to scaling by a real
number. A Lagrangian plane corresponds to a simple 2-vector in the kernel of ω.
The kernel of ω is exactly the orthogonal complement of ω ∗ since
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ω(v ∧ w) = 0 ⇔ (ω ∗ , v ∧ w) = 0.
Moreover, simple 2-vectors have zero norm under the inner product (, ), so Lagrangian planes correspond exactly to isotropic lines.
Proposition 3. The stabilizer of a line in V maps to the stabilizer of an isotropic
2-plane.
Proof. Fix v ∈ V spanning a line. Consider the set of 2-vectors P = {v ∧ w|w ∈ V }.
This is the set of Lagrangian planes containing v. Stabilizing v implies stabilizing
the set of Lagrangian planes containing it, and vice-versa. P is a totally isotropic
linear subspace of Λ 2V since v ∧ w ∧ v ∧ w0 = 0.
As a corollary, the stabilizer of an isotropic flag maps to the stabilizer of an isotropic
flag (it is the intersection of the previous two subgroups).

3 The Einstein Universe and Photon Space
The Einstein Universe is the model for flat conformal Lorentzian geometry. It is the
Lorentzian analog of the conformal sphere in Riemannian geometry.
Definition 1. The Einstein Universe is the quadric hypersurface Ein ⊂ RP4 given
by the zero locus of a signature (3, 2) quadratic form.
Proposition 4. The signature (3, 2) bilinear form induces a conformal class of
Lorentzian metrics on the Einstein Universe.
Proof. Consider the zero locus of the quadratic form q(x, y, z, u, v) = x2 + y2 + z2 −
u2 − v2 . Every line through the origin in this locus intersects the radius 2 euclidean
ball x2 + y2 + z2 + u2 + v2 = 2. The points in the intersection satisfy (x2 + y2 + z2 ) =
(u2 + v2 ) = 1. The restriction of the bilinear form to this submanifold has signature
(2, 1). Any other local section of the quotient map R3,2 → Ein also induces a bilinear
form of the same signature and they all differ by conformal changes.
The corresponding homogeneous space for Sp(4, R) is the space of Lagrangians
in R4 . Thus the properties of the Einstein universe all have a translation in the language of the Lagrangian Grassmanian.
The basic geometric notion in the Einstein Universe is that of incidence. In the
R3,2 model, two points (isotropic lines) are incident if they span an isotropic plane.
This is equivalent to their inner product vanishing. In the Sp(4, R) model, this is the
notion of two Lagrangian planes intersecting in a line.
A photon is a maximal set of pairwise incident points. This means we can represent a photon by an isotropic plane in R3,2 or by a line in R4 .
There is a duality between points and photons, as well as a duality between the
projectivized lightcone model and the Lagrangian Grassmannian models. In the projectivized lightcone, two photons intersect in a point if the corresponding isotropic
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planes intersect in a line. In the dual model, two photons intersect in a point if the
corresponding lines in R4 span a Lagrangian 2−plane.
The lightcone of a point p ∈ Ein is the set of all points incident to p. It is topologically a pinched torus. Sometimes we also talk about lightcones as subsets of the
space of photons, in which case we mean the set of all photons through p, which
is topologically a circle. In the R3,2 model, the lightcone of a point represented
by an isotropic line is just the orthogonal subspace to that line, intersected with
the null cone in R( 3, 2). In the R4 model, the lightcone of a Lagrangian P is most
conveniently thought of as the set of 1−dimensional subspaces (photons) in that
Lagrangian.

4 Lie Circle Geometry
There is a third and less known model for the Einstein Universe which is convenient
for intuition and drawing pictures. It comes from a geometry invented by Sophus
Lie called Lie Sphere Geometry. In this model, points are represented by oriented
circles in the 2−sphere, which can possibly have zero radius in which case they
don’t have an orientation.
In this model, the relation of incidence becomes the relation of oriented tangency
(contact of order two) between circles. Hence, a photon is a maximal set of pairwise
tangent circles, which can be represented as a contact element in S2 . The contact
structure on photon space here is just the canonical contact structure on the set of
contact elements in any manifold.

Fig. 1 Points on a common photon in the Lie circle model.
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