
MATH 427
Midterm exam

due Wednesday, October 20 (start of class)

Instructions: Solve each problem as completely as possible, justifying all your
answers. You should not discuss the problems on the exam with anyone else.
You can use your textbook, but no other resources (e.g. no other texts, the
internet, etc.). You may freely assume any of the results from chapters 1–6,
including any homework exercises that were assigned. We are following the
honor system—it is up to you to be honest, and also to report any cheating to
me.

Good Luck!!

1. Let Q denote the additive group of rational numbers and H,K groups such
that Q ∼= H × K. Prove that either |H| = 1 or |K| = 1. That is, Q cannot
be expressed as a nontrivial direct product. Can it be a nontrivial semi-direct
product? Explain.

2. Let G be a nonabelian finite simple group and let p be the smallest prime
dividing |G|. Prove that there is no subgroup of index p in G.

3. Let n be a positive integer and p an odd prime with p ≤ n.

(i) Prove that every element of order p in Sn is an even permutation

(ii) Prove that An can be generated by p–cycles

(iii) Show that the number of p–cycles in Sn is given by

L(n, p) =
(
n
p

)
(p− 1)!

(iv) Show that the number of elements of order p in Sn is

J∑
j=1

L(n, p)L(n− p, p)L(n− 2p, p) · · ·L(n− (j − 1)p, p)
j!

where J is the greatest integer less than or equal to n/p.

4. Let p and q be distinct primes and G a group of order p3q.

(i) Prove that G either has a normal Sylow p subgroup or a normal Sylow q
subgroup, unless p = 2 and q = 3.
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(ii) Prove that S4 does not have a normal Sylow 2 subgroup nor a normal
Sylow 3 subgroup.

5. Let G1 and G2 be groups and suppose G1 acts faithfully on a set X1 and G2

acts faithfully on a set X2. If |G1| = |G2| = 81 and |X1| = |X2| = 9, prove that
there exists an isomorphism φ : G1 → G2 and a bijection f : X1 → X2 so that

f(g · x) = φ(g) · f(x)

for all x ∈ X1 and g ∈ G1.

6. Let G be a finite group, H ≤ G and g ∈ G. Consider the usual action of
G on the set of left cosets G//H = {xH}x∈G, and let n be the number of left
cosets which are fixed by g:

n = |{xH | gxH = xH}|.

Prove

n =
|CG(g)||[g] ∩H|

|H|
,

where [g] denotes the conjugacy class of g in G, and hence |[g]∩H| is the number
of conjugates of g that lie in H.
Hint: consider both the action of G on G//H as well as the action of G on [g]
by conjugation.

7. Problem 18, section 4.4, page 138 (you may assume exercise 33 of section
4.3).
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