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Since the centenary of Ramanujan’s birth, a large amount of Ramanujan’s mathematics
that had been ensconced in his earlier notebooks and in his lost notebook has been brought
to light. In particular, in 1987, only one book had been written on Ramanujan’s notebooks
[2], but now several have appeared [2], [1]. We now have a larger portion of Ramanujan’s
mathematics to appreciate, evaluate, analyze, and challenge. The challenge is to ascertain
Ramanujan’s thinking and motivation and to properly place his work within contemporary
mathematics. Since other writers in this series of articles are focusing on Ramanujan’s lost
notebook, we give more concentration in this paper on his earlier notebooks.

For most of his life, both in Kumbakonam and later in Madras, Ramanujan worked on a
slate. Paper was expensive for him, and so he recorded only his final results in notebooks.
Writing down his proofs in notebooks would have taken precious time; Ramanujan was
clearly anxious to get on with his next ideas. Moreover, if someone had asked him how to
prove a certain claim in his notebooks, he undoubtedly was confident that he could reproduce
his argument. We do not know precisely when Ramanujan began to record his mathematical
discoveries in notebooks, but it was likely around the time that he entered the Government
College in Kumbakonam in 1904. Except for possibly a few entries, he evidently stopped
recording his theorems in notebooks after he boarded a passenger ship for England on March
17, 1914. That Ramanujan no longer concentrated on logging entries in his notebooks is
evident from two letters that he wrote to friends in Madras during his first year in England
[5, pp. 112–113; 123–125]. In a letter of 13 November 1914 to his friend R. Krishna Rao,
Ramanujan confided, “I have changed my plan of publishing my results. I am not going
to publish any of the old results in my notebooks till the war is over.” And in a letter of 7
January 1915 to S. M. Subramanian, Ramanujan admitted, “I am doing my work very slowly.
My notebook is sleeping in a corner for these four or five months. I am publishing only my
present researches as I have not yet proved the results in my notebooks rigorously.”

Prior to his journey to England in 1914, Ramanujan prepared an enlarged edition of his
first notebook; this augmented edition is the second notebook. A third notebook contains
only 33 pages. G. N. Watson, in his delightful account of the notebooks [16], relates that
Sir Gilbert Walker, Head of the Indian Meteorological Observatory and a strong supporter
of Ramanujan, told him that in April, 1912 he observed that Ramanujan possessed four or
five notebooks, each with a black cover and each about an inch thick. We surmise that these
notebooks were either a forerunner of the first notebook, or that the first notebook is an
amalgam of these earlier black-covered notebooks.

When Ramanujan returned to India on 13 March 1919, he took with him only his second
and third notebooks. The first notebook was left with G. H. Hardy, who used it to write a
paper [9] on a chapter in the notebook devoted to hypergeometric series. Hardy’s paper [9]
was read on 5 February 1923 and published later during that year. He begins by writing,
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“I have in my possession a manuscript note-book which Ramanujan left with me when he
returned to India in 1919.” It was not until March, 1925 that Hardy returned the first notebook
to the University of Madras through its librarian, S. R. Rangathanan [15, pp. 56, 57]. A
handwritten copy was subsequently made and sent to Hardy in August, 1925.

In the meanwhile, Hardy had originally wanted to bring Ramanujan’s published papers,
his notebooks, and any other unpublished manuscripts together for publication. To that end,
in a letter to Hardy dated 30 August 1923, Francis Dewsbury, Registrar at the University of
Madras, wrote, “I have the honour to advise despatch to-day to your address per registered
and insured parcel post of the four manuscript note-books referred to in my letter No. 6796
of the 2nd idem. I also forward a packet of miscellaneous papers which have not been
copied. It is left to you to decide whether any or all of them should find a place in the
proposed memorial volume. Kindly preserve them for ultimate return to this office.” The
“four manuscript notebooks” were handwritten copies of the second and third notebooks,
and the packet of miscellaneous papers evidently included the “lost notebook,” which Hardy
passed on to Watson and which was later rediscovered by George Andrews in the Trinity
College Library in March, 1976. Note that, in contradistinction to Dewsbury’s request, Hardy
never returned the miscellaneous papers.

As it transpired, only Ramanujan’s published papers were collected for publication. How-
ever, published with the Collected Papers [12] were the first two letters that Ramanujan had
written to Hardy and that contained approximately 120 mathematical claims. Upon their
publication, these letters generated considerable interest, with the further publication of sev-
eral papers establishing proofs of these claims. Consequently, either in 1928 or 1929, at the
strong suggestion of Hardy, Watson and B. M. Wilson, one of the three editors of [12], agreed
to edit the notebooks. The word “edit” should be interpreted in a broader sense than usual.
If a proof of a claim can be found in the literature, then it is sufficient to simply cite sources
where proofs can be found; if a proof cannot be found in the literature, then the task of the
editors is to provide one. In an address [16] to the London Mathematical Society on 5 Feb-
ruary 1931, Watson cautioned (in retrospect, far too optimistically), “We anticipate that it,
together with the kindred task of investigating the work of other writers to ascertain which of
his results had been discovered previously, may take us five years.” Wilson died prematurely
in 1935, and although Watson wrote approximately thirty papers on Ramanujan’s work, his
interest evidently flagged in the late 1930s, and so the editing was not completed.

Altogether, the notebooks contain over 3000 claims, almost all without proof. Hardy sur-
mised that over two-thirds of these results were rediscoveries. This estimate is much too
high; on the contrary, at least two-thirds of Ramanujan’s claims were new at the time that
he wrote them, and 2
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more likely should be replaced by a larger fraction. Almost all of the

results are correct; perhaps no more than 5–10 claims are incorrect. The topics examined
by Ramanujan in his notebooks fall primarily under the purviews of analysis, number the-
ory, and elliptic functions, with much of his work in analysis being associated with number
theory, and with some of his discoveries also having connections with enumerative combi-
natorics and modular forms. Chapter 16 in the second notebook represents a turning point,
since in this chapter he begins to examine q-series for the first time and also to begin an
enormous devotion to theta functions. Chapters 16–21, and considerable material in the un-
organized pages that follow, focus on Ramanujan’s distinctive theory of elliptic functions, in
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particular, on theta functions. Especially, in the years 1912–1914 and 1917–1920, Ramanu-
jan’s concentration on number theory was through q-series and elliptic functions.

Finally, in 1957 the notebooks were made available to the public when the Tata Institute
of Fundamental Research in Bombay published a photocopy edition [13], but no editing
was undertaken. The notebooks were set in two volumes, with the first containing the first
notebook and with the second comprising the second and third notebooks. The reproduction
is quite faithful with even Ramanujan’s scratch work photographed. Buttressed by vastly
improved technology, a new, much clearer edition was published in 2011 to commemorate
the 125th anniversary of Ramanujan’s birth.

In February, 1974, while reading two papers by Emil Grosswald [7], [8], in which some
formulas from the notebooks were proved, we observed that we could prove these formulas
by using a transformation formula for a general class of Eisenstein series that we had proved
two years earlier. We found a few more formulas in the notebooks that could be proved
using our methods, but a few thousand further assertions that we could not prove. In May,
1977, the author began to devote all of his attention to proving all of Ramanujan’s claims
in the notebooks. With the help of a copy of the notes from Watson and Wilson’s earlier
attempt at editing the notebooks and with the help of several other mathematicians, the task
was completed in five volumes [2] in slightly over 20 years.

In this series of articles for the Notices, George Andrews, Ken Ono, and Ole Warnaar,
in particular, write about Ramanujan’s discoveries in his lost notebook, which is dominated
by q-series. However, published with the lost notebook [14] are several partial manuscripts
and fragments of manuscripts on other topics that provide valuable insight into Ramanujan’s
interests and ideas. We first mention two topics that we have examined with Sun Kim and
Alexandru Zaharescu in two series of papers, with [3] and [4] being examples of the two se-
ries. First, Ramanujan had a strong interest in the circle problem and Dirichlet divisor prob-
lem, with two deep formulas in the lost notebook clearly aimed at attacking these problems.
Second, [14] contains three very rough, partial manuscripts on diophantine approximation.
In one of these, Ramanujan derives the best diophantine approximation to e2/a, where a is
a nonzero integer, a result not established in the literature until 1978 [6]. Also appearing in
[14] are fragments of material that were originally intended for portions of published papers,
for example, [10] and [11]. It is then natural to ask why Ramanujan chose not to include
these results in his papers. In at least two instances, the discarded material depends on the
use of complex analysis, a subject that Ramanujan occasionally employed, but not always
correctly. In particular, in the cases at hand, Ramanujan did not have a firm knowledge of the
Mittag-Leffler Theorem for developing partial fraction decompositions. The fragments and
incomplete manuscripts will be examined in the fourth book that the author is writing with
Andrews on the lost notebook [1].

We conclude with a few remarks about Ramanujan’s methods. It has been suggested that
he discovered his results by “intuition,” or by making deductions from numerical calcula-
tions, or by inspiration from Goddess Namagiri. Indeed, like most mathematicians, Ramanu-
jan evidently made extensive calculations, which provided guidance. However, Hardy and
this writer firmly believe that Ramanujan created mathematics as any other mathematician
would, and that his thinking can be explained like that of other mathematicians. However,
because Ramanujan did not leave us any proofs for the vast number of results found in his
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earlier notebooks and in his lost notebook, we often do not know Ramanujan’s reasoning. As
Ramanujan himself was aware, some of his arguments were not rigorous by then contempo-
rary standards. Nonetheless, despite his lack of rigor at times, Ramanujan doubtless thought
and devised proofs like any other mathematician.
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