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Abstract Three proofs are given for a reciprocity theorem for a certain g-series found
in Ramanujan’s lost notebook. The first proof uses Ramanujan’s ;1; summation the-
orem, the second employs an identity of N. J. Fine, and the third is combinatorial.
Next, we show that the reciprocity theorem leads to a two variable generalization of
the quintuple product identity. The paper concludes with an application to sums of
three squares.
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1 Introduction

In his lost notebook [15, p. 40]. Ramanujan offers a beautiful reciprocity theorem for

, (1.1)

1 0 (_l)nqn(n-H)/Zanb—n
3

by =14+ -
pla.b) <+ 2 Cagn

where a and b are any complex numbers, except thata # —g " for any positive integer
n.

Theorem 1.1. Ifa, b # —q ™", then

11 ) (@q/b)oo(bq /@)se(@)oo

b)) —pb,a)=| -
pla,b) — p(b, a) ( (—aq)oo(—bq)

5 o (1.2)

In (1.1) and (1.2) and in the sequel, we use the customary notation

n—1
(@o = (a;q)o =1, (@) :=(a:q) =[]0 —ag", n=1,
k=0

(@)oo = (@3 @)oo := [ [(1 — ag"),
k=0
(a;q)

— —0<n<o.
(aq™;q)

(@), = (a;q), =

The first proof of Theorem 1.1 was given by Andrews [2], who used considerably
heavy machinery. He then employed Theorem 1.1 in a later paper [3] to prove two
beautiful entries from Ramanujan’s lost notebook related to Euler’s famous theorem
asserting that partitions of a positive integer n into odd parts are equinumerous with
partitions of n into distinct parts. The purpose of this short note is to provide three
new proofs of Theorem 1.1 and to show that it leads to a generalization, involving one
additional variable, of the quintuple product identity. In the final section of our paper
we give an application of Theorem 1.1 to sums of three squares.

In closing our introduction, we remark that there is a slightly simpler representation
of p(a, b). Write

o) (— 1)nqn(n+1)/2anb7n o (— l)nqn(n+1)/2anb7n71

pla.by=73_ + .13

T (—aq) s (—aq),

Now replace n by n + 1 in the first sum on the right side of (1.3) and then recombine
the sums. After elementary simplification, we find that

0 —1)" n(n+1)/2anb7n71
p(a,b)=1+Z( V'q . (1.4)

n—0 (_aq)n+1
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A reciprocity theorem for certain g-series found in Ramanujan’s lost notebook 31

2 Proofs

In this section, we give three proofs of Theorem 1.1. The first proof rests upon
Ramanujan’s | | summation theorem and the second iterate of Heine’s transformation.
The second depends upon a transformation formula of N. J. Fine and the Jacobi triple
product identity. Lastly, our third proof is partition theoretic and purely combinatorial.

First Proof of Theorem 1.1: Recall Ramanujan’s i, summation formula [5, p. 34,
Eq. (17.6)]. If |b/a| < |z| < 1, then

]

o @n_,  (b)@)oo(a2)00(q/(2))o0(q)oc
Wla b= n;,o B (@)@ P)os(@o0

@2.1)

Letting b = 0, replacing a by —1/a, setting z = —b, and lastly multiplying both sides
by (1 + 1/b), we find that

1 > "
(1 + E) D (—1/a)(=b)

1\ & 1\ &
=1+ 5) D (—1/a(=b)" + (1 + 5) D (—1/a) u(=b)"
n=1 n=0

14—
5 T Chm—an)

1 1) (bq/@)oo(aq /D)oo @)oo
b a (—=bq)oo(—aq)eo

( 1\ (b/a)sc(aq /b)oe(9)oo

2.2)

‘We now examine the two sums on the right side of the first equality in (2.2). For the first
sum, we use Rogers’s transformation, or the second iterate of Heine’s transformation
[14], [S, p. 15, fourth line from the bottom of the page]. For |z|, |c/b] < 1,

i (@)n(b)n o= (¢/D)oo(h2)o o (abz/C)y(b), (g)" 2.3)
2 (u(@)n (On@e = GDu@n \b) " '
Now let b = g and let ¢ — 0 to deduce from (2.3) that
00 1 00 (_l)nqn(n—l)/2anzn
"= . 2.4
;(am — ; . 24)
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32 B. C. Berndt et al.

Next, in (2.4), let z = —b and replace a by —¢g/a to deduce that

1 0 n 1 1 = n
(1 N 5) > - 1an-b (1 + E) (1 T ;> (=03 =a/an=

( 1)n n(n+1)/2 —npn
(+2)2
a n=0 (_bQ)n

The second sum on the right side of (2.2) is easier to examine. Observe that

1 B anqn(rH-l)/Z

(—qg~"/a), — (—aq),

]

(_l/a)fn =

after elementary algebra, so that

00 (_1)nqn(n+l)/2anb—n

1\ & . 1
(1 + E) g(—l/a),n(—b) = (1 + 5) >

= (=aq)n
= p(a, b). (2.6)

Using (2.5) and (2.6) in (2.2), we complete our first proof. a

Second Proof of Theorem 1.1: We begin with a transformation from Fine’s text [ 10,
p- 7, Egs. (8.2) and the equality F + G = H S above]. Replacing u by b and b by —a
in this formula and correcting a misprint, we find that

[e%e) b o0 qn
1 —q/b)u(—a)" —
( +a>;( q/b)n(—a) l+b”2=;(—aq)n(—bq),,
- " n(n+1)/2
( aq)oo(— m%( ) ' @D

(In the formula for H in (8.2) of [10, p. 7], replace (#)co by (—u)so. There are three
similar misprints in (8.1).) Return to (2.4) and replace a by —q /b and set z = —a to
deduce that

o (_1)nqn(n+1)/2anb—n b

o0 b n ] _ b
g—q/ n(—a)' = ; — = Troa 5@

(2.8)

Using (2.8) in (2.7) and multiplying both sides by (1 + b)/b, we find that

I‘L

b - - " n(n+1)/2.
pla.b) ,,Z< aq>n< ba)n  b(—aq)e(— quwZ( >

n=0

2.9)
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A reciprocity theorem for certain g-series found in Ramanujan’s lost notebook 33

Now rewrite (2.9) with a and b interchanged to find that

= qn _ = " n(n+1)/2
b,a) — = .
o(b,a) Z(—aq»(—bq)n a(—aq)ol(— bq)ooz< )

n=0 n=0
(2.10)

Subtracting (2.10) from (2.9), we deduce that
,O(a, b) - p(b» a)

1 li _a " n(n+1)/2_l§: _é " n(n+1)/2
b b 4 a a a

- (_aCI)oo(_bCI)oo

n=0 n=0
n —1 n+1
= ; li _ g qn(n+1)/2 _ l Z _ C_I qn(n+l)/2 )
(—aq)oo(=bq)so | b =0 b a,.— b

@2.11)

Recall that Ramanujan’s definition of his theta function f(«, 8) and the Jacobi triple
product identity [5, pp. 34-35] are given by

fla, B):= Y "V DR = (—a; aB)oo(—B; B )oo (@B B )oc (2.12)

n=—0o0

Hence, by (2.12), (2.11) can be rewritten as

1
,b)— p(b, — b, —b
pla,b) — p(b,a) = (—ad)m(—ba)w b f( aq/ /a)
1
————— —(aq/b)sc(b/@)se(@)e
= Cad)m(—ba)m b (aq/) (b/a)so(q)

)

<1 ) (aq/b)oo(bq /@)oo (@)oo

E - ; (_aCI)oo(_bQ)oo

which completes the second proof. a

Third Proof of Entry 1.1: Replace b by —b in (1.2). After some simplification, we

find that
(—=aq/b)oo(—b/a)s

(D)oo
_ x n(n+1)/2 n _ o0 n(n+1)/2 n+1

_ (Fa9) q (a/b)" (=) q (b/a) 2.13)
@D = (—ag)n @ = D)ns1

=#Zq"<"+”/2<—aq”+1>oo<a/b>" Cag)e 5 Do (—ljanb",  (2.14)
(q)OO n=0 ( )OO n=1
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34 B. C. Berndt et al.

where the last equality is obtained as follows. We put the first factor (1 + a) of (—a)
in the second expression of (2.13) into the summation, and replace n by (n — 1). Then
we obtain

n(n 1)/2(b/a)n 00 qn(n—l)/Z(l/a)n—l
1 14+1/a)———b",
Z( T =2+ 1/

each term of which generates partitions into n nonnegative distinct parts. Thus we can
rewrite it as the second summation on the right side of (2.14).
A generalized Frobenius partition, or F-partition, of n is a two-rowed array

ay dy ... dg
(bl by ... b,)’
where a; and b; are weakly decreasing sequences of nonnegative integers and s +
Y i_iai+ Y i_, bi = n.Thelefthand side of (2.13) can be interpreted as a generating
function for F-partitions, where the top rows are partitions into distinct nonnegative
parts and the bottom rows are overpartitions, which are partitions where the first

occurrence of a nonnegative number may be overlined. Let s = r + k. We consider
two cases: when k > 0 and when k& < 0.

Case I. k > 0. This case explains the first expression on the right side of (2.14).

1. Rearrange the parts in the bottom row such that overlined parts follow unrestricted
parts, overlined parts are in decreasing order, and unrestricted parts are in weakly
increasing order. We denote the bottom row so obtained by (81 8> ... B,).

2. Divide the top row (a; a; . . . a,4;) into two ordinary partitions A and p, where

rMi=a; —(r+k—i),
wi=+k—i)+1.

3. Produce a partition v" into distinct parts and a partition v® as follows: for 1 <
i<r,

— put B; + p,_iy1 as part of v if B,_; | is unrestricted,
— put B; + p,—i41 as a part of v@ if B,_;,, is overlined.

Note that the parts of v(") are greater than k, since u,_; 4| equals (k + i). Thus
v generated by (—ag**!), in the first summation on the right side of (2.14).
Moreover, the parts v® are greater than or equal to (» + k), since f; is greater than
or equal to (r — i) if B; is overlined, and u,_; | equals (k 4 i). Rearrange the parts
of each partition in weakly decreasing order.
4. The remaining parts (4,41, ..., 4r+x Of u form the partition p into parts from
1,2, ..., k, which is generated by (a/b)*q***V/2 in the first summation of the
right side of (2.14).
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A reciprocity theorem for certain g-series found in Ramanujan’s lost notebook 35

5. Add the parts of the conjugate of A to v® as parts. Note that the conjugate of A has
parts less than or equal to (» + k), since A has at most (r + k) positive parts. We see
that v® is generated by 1/(g)« in the first expression of the right side of (2.14).

Case II. k < 0. This case explains the second expression on the right side of (2.14).

1. Rearrange the parts in the bottom row such that the resulting array (8; 82 ... B8;)
satisfies the condition that 8] are weakly decreasing, where

P Bi — (r — i), if B; is overlined,
8 if B; is unrestricted.

2. Divide the bottom row (8; B; - - - B,) into two ordinary partitions A and w, where

L {,Bi —(r—1i), if By is overlined,

Bi, if B; is unrestricted.
(r —1), if B; is overlined,
Hi= 0, if B; is unrestricted.

3. Produce a partition v" into distinct parts and a partition v® as follows: for 1 <
i <(r+k),

— puta; + 1+ py4x—i+1 as a part of v if B.1k_iy1 is unrestricted,
— puta; + 1+ i, 44_iq1 as apart of V@, if B, ;41 is overlined.

Note that the parts of v'" are distinct since the parts a; are distinct. Thus vV is
generated by (—aq)~ in the second summation of (2.14). Moreover, the parts of
v are greater than or equal to r, since g; is greater than or equal to (r + k — i)
and p,4x—i4+1 equals (—k + i — 1) if B; is overlined.

4. The remaining parts f4,4k+1.... M, Oof u form an array p, which is generated by
(—1/a)b* in the second summation of the right side of (2.14).

5. Add the parts of the conjugate of A to v® as parts. Note that conjugate of A has
parts less than or equal to r, since A has at most r positive parts. We see that v® is
generated by 1/(g)~ in the second summation of the right side of (2.14).

The arguments in our third proof can be extended to give a completely combinatorial
proof of Ramanujan’s ;1/; summation theorem [17].

3 Theorem 1.1 as a two variable generalization of the quintuple product
identity

We show in this section that by utilizing a specialized version of the Rogers-Fine
identity (3.1), we may express (1.2) as a two variable generalization of the quintuple
product identity. We remark that the method we employ is similar to that used in [7].

@ Springer

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125



36 B. C. Berndt et al.

s Theorem 3.1 (A Two Variable Generalization of the Quintuple Product Identity).
w Fora,b#q™",1<n < oo,

(_ 1 ) (aq/b)oo(bq/@)se(@)o
a

b (aq)oo(bq)oo
X (—1Y'(1 /a)a~"" b2 gD (1 — pg?t jq)
" (bg)Int1
X (—1Y'(1/b),a® b~ g+ /2(] _aq2n+1/b)
nX:(:) (agnt

s Proof: First recall the Rogers-Fine identity [10, p. 15, Eq. (14.1)]

i(a)nf" i(d)n(aﬂ]/ﬁ)nﬂ” g" " —Otfqz")' 3.1)
n=0 (ﬁ)n n=0 (ﬁ)n(‘[)nJrl
i Setting § = 01in (3.1), we find that
00 o n n.2n n('%n—l)/Z _ 2n
” (=Dt (1 —atg™)
@ =Y 4 3.2)
n=0 n=0 (T)n"rl
o  Applying (2.4) and (3.2) to (1.4), we find that
( 1)11qn(n+1)/2anb—n
pla,b) =1+ —
; (_QQ)VHI
=1+ Z( 1/b)u(—agq)"
n=0
(-1 bn 2nb—n—l 3n(n+1)/2 1 — 2n+1 b
C 3 CUD R —ag )
n=0 (_aQ)n+l

1 Rewriting Theorem 1.1 with the representation of p(a, b) given in (3.3) and replac-
12 ing both a and b with —a and —b, respectively, we complete the proof of Theorem 3.1.
133 D

s Corollary 3.2 (Quintuple Product Identity). ([5, p. 80, Eq. (38.2)]) For any complex
wBs  number a,

2 2 0
(a )(0610)(48/110;(‘1)00 _ Z (— 1y g"OmD2(gdnt1 | g =3m). (3.4)
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A reciprocity theorem for certain g-series found in Ramanujan’s lost notebook 37

Proof: Set b = 1/(aq) in Theorem 3.1 and multiply both sides by a®. After simpli-
fying, we find that

(@*)00(q/08")oo(@)o0 i (=D"(1/a),a” 1 q" V21 - ¢* /a?)
(@)oo(q/a)oo - =0 (1/a@)n+1

o0 (_1)n(aq)na3n+3q(n+1)(3n+2)/2(1 _ 02q2n+2)

-2

n—0 (GQ)nH
[0¢] ql‘l
— Z(_l)na73n+lqn(3n71)/2 <1 + _)
n=0 a

oo
+ Z(_l)na3nqn(3n—l)/2(1 + aqn)

n=1

o0
= D (=1)'g"VRE@ N g,

n=—0oo

and this completes the proof of (3.4). O

4 A new representation for the generating function for sums of three squares

Letting » — 1 in Theorem 1.1, we find that

( l)k k(k+l)/2 k 1 0 (_l)qu(k+1)/2a—k
2 —( 14+ -
Z +2)

(—aq)k = (=)«

_ (1 _ l) (@9)oo(d/@oc (@)

Dividing both sides by a — 1 and letting a — 1, we find that

(@) d X (—1)kgkk+D/2gk
=—|2 A
(—q)%, da ( Z (—aq)x .

k=0
d 1 0 (_1)qu(k+l)/2a—k
e 1+—) TUd T ) sk @)
da (( a kZ(‘: (= ot b

To evaluate these last two expressions, we need the g-analogue of Euler’s trans-
formation, or the third iterate of Heine’s transformation [5, p. 15, third line from the
bottom of the page], given by

i (@B, _ (abz/c)so i (c/@)n(c/b)n (@)" 42)

2 On@n . @De O e

n=0
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38 B. C. Berndt et al.

us Letting a = 0,b = —1, and ¢ = —¢, and then replacing z by —zq in (4.2), we find
us that

i A TR N G O “3)
A +a")ghn (=2 42 (=@)n ' '

n=0

w  Similarly, letting a = 0, b = —c, and z = —q, and replacing ¢ by —cgq, in (4.2), we
us  find that

i (I+o)(=q)" 1 KX (=1)yg"tDi2en
(U +ceg D (oo (—cq)n

4.4)

14 Applying (4.4) to S} in (4.1), we find that

S -2 : (—gq)*
1= 2= q>oo (1+a )Z(Haqk)(q)k B
S (—g)f ( q* )
=2—q) Y — 2 (1-2 .
o ;awk)(q)k I+q*
10 Applying (4.3) to S, in (4.1), we find that
d ((=4 T\ g~ _9)fa”
» = (( >oo (1 i a) ,; ( +qk)<q)k>a:1
= (-t =~ 4"
=) Y — | =k — .
o Z(qu)(q)k( Z1+q">

k=0 n=0

151 Using the last two calculations in (4.1), dividing both sides by (—¢)«., and using
32 the Jacobi triple product identity (2.12), we find that

o @y
_%) = 0
(EJ ? ) %

o0 Nk k n
=X st 12
= I+ g9k 1+ 1+61
4.5)
153 We close this section by offering a few further formulas for the generating function

14 for sums of three squares.
155 Andrews [4] proved that

@ (—1)"g" g1 = g1y
(—)i =1 I+qm Z L+qm

m=1 >1,]
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A reciprocity theorem for certain g-series found in Ramanujan’s lost notebook 39

Using their 3, summation formula, Adiga and Bhargava [6, Eq. (3.7)] obtained

the representation

3 X 1\ym , m(m+1)/2 X _\m
(@ _1 22( "q 4 (=@)m-1(—q) _
(=) — (=qn(l +q™) 14 g™

m=1

In [8, Eq. (8)], using a generalized | ¢y} summation formula of Andrews [4, Thm. 6],

Bhargava, Adiga, and D. D. Somashekara proved that

@ =4 _ (=4:4H)mq™ N O T
142 TRV S S T -
(- Z(1+q2’”)(—qz;qz)m Z(1+q2m)(q;q2)m

m=1

Since this paper was prepared in early 2003, several further proofs as well as gen-

eralizations of Theorem 1.1 have emerged. Somashekara and S. N. Fathima [16],
Bhargava, Somashekara, and Fathima [9], T. Kim, Somashekara, and Fathima [12],
and Adiga and N. Anitha [1] have each given proofs of Theorem 1.1. Distinct gener-
alizations of Theorem 1.1 have been devised by S.—Y. Kang [11], Z.—G. Liu [13], and
Z.Zhang [18].
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