
MATH 172 Assignment 2 – Fall 2004

Give complete solutions/proofs to the following problems. This assign-
ment is due Tuesday November 9, 2004. 1

1. Prove that if an arbitrary graph G = (V, E) has 2n vertices and each
vertex has degree ≥ n, then the graph has a perfect matching. In fact,
give an algorithm that finds this perfect matching.

2. Prove that for each n ≥ 1, n a power of 2, there is a stable marriage
problem of size n with at least 2n−1 stable marriage. (This is a problem
you may turn in as one of your special problems at the end of the term).

3. (SPECIAL PROBLEM) Consider the roommate matching prob-
lem: You have 2n students (of the same gender), each rating the other
2n−1 students’ virtue as a roommate. First, show by example that one
cannot guarantee a stable matching. Second, give an efficient algorithm
for finding a stable matching assuming one exists.

4. Rewrite each of the following polynomials, ordering the terms using
the lex order, the grlex order, and the grevlex order, giving LM(f),
LT(f) and multideg(f) in each case.

(a) f(x, y, z) = 2x + 3y + z + x2 − z2 + x3;
(b) f(x, y, z) = 2x2y8 − 3x5yz4 + xyz3 − xy4.

5. Another monomial order is the inverse lexicographic or invlex

order defined as follows: for α, β ∈ Z
n
≥0, α >invlex β if and only if, in

α − β, the rightmost nonzero entry is positive. Show that invlex is
equivalent to the lex order with the variables permuted a certain way.
(Which permutation?)

6. Using the grlex order, find an element g of

〈f1, f2〉 = 〈2xy2 − x, 3x2y − y − 1〉 ⊂ R[x, y]

whose remainder on division by (f1, f2) is nonzero. Hint: you can find
such a g where the remainder is g itself.

7. A basis {xα(1), . . . , xα(s)} for a monomial ideal I is said to be minimal

if no xα(i) in the basis divides another xα(j) for i 6= j.

(a) Prove that every monomial ideal has a minimal basis.
(b) Show that every monomial ideal has a unique minimal basis.

1Consider attending the Bay Area Discrete Math Day, October 30, 2004. Send

me an email if you plan to attend.
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8. Show that {y − x2, z − x3} is not a Gröbner basis for lex order
x > y > z.

9. Suppose that we have numbers a, b, c which satisfy a + b + c = 3,
a2 + b2 + c2 = 5, and a3 + b3 + c3 = 7.

(a) Prove a4 + b4 + c4 = 9 via Gröbner bases.
(b) Show that a5 + b5 + c5 6= 11.
(c) What are a5 + b5 + c5 and a6 + b6 + c6?

10. Determine whether f = xy3 − z2 + y5 − z3 is in the ideal I =
〈−x3 + y, x2y − z〉. (You may use a computer package, but include
your output).

11. Let I ⊂ k[x1, . . . xn] be a homogeneous ideal, i.e., one that is
generated by some polynomials of homogeneous degree. Prove that the
initial ideal (with respect to any term order >) is equal to 〈LM(f) :
f is homogeneous〉.

12. (SPECIAL PROBLEM) Let ISn be the ideal of R[x1, . . . , xn]
denote the ideal generated by the elementary symmetric polynomials

ed(x1, . . . , xn) =
∑

1≤i1<i2<...<id≤n

xi1 · · · xid.

for 1 ≤ d ≤ n. Impose the term order that first orders monomials by de-
gree, then breaks ties by reverse lexicographic order xn > xn−1 > . . . >
x1. Use a computer to compute (or by hand if you like) the Gröbner
bases for some small n. Guess an answer for what the Gröbner basis
is, and prove your answer. You may assume that R[x1, . . . , xn]/I

Sn has
vector space dimension n!.


