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Abstract

This talk is mainly concerned with the construction of algebraic K-theory for rings. Without proper
motivation, this may look a little dry, so I’ll spend some time discussing on what we want from algebraic
K-theory. Hopefully, from the motivation we will see that we may need a space (an infinite loopspace, or,
even better, an E∞ ring in the case of commutative rings) for K-theory. The talk will concentrate on two
construction of algebraic K-theory. The first one is the Quillen +-construction. This approach is not very
technical, but nevertheless, gives the right definition of higher K-theory. The problem that it suffers from is
that it is only defined up to homotopy, and hence, is not rigid enough to be used in constructions. We will
show that the lower K groups agree. The second construction is the Q-construction, again by Quillen, which
is more abstract and clean. Not only this construction gives a space for exact categories, but generalizations
of this construction allow one to deloop this space to obtain a spectrum. At the end, we will show that these
two constructions give the same answers. This is know as the “+=Q” theorem. The proof uses an auxiliary
construction called S−1S-construction. I decided to skip this proof, since it did not strike me as enlightening.
As a final comment, let me just say that the proper place for the delooping of K-theory is the Waldhausen
S•-construction.

1. Motivation

It is a common practive in algebraic topology and algebraic geometry to turn something relatively benign
into a monster that we have no control over. For instance, π0 gives one the path components of the space;
πk measures something... The functor H0 gives the free abelian group on path components; Hk measures –
well you know... It is undeniable that these higher invariants are crucial, but understanding them can be a
pain. One important thing to stress is that these are only invariants, and there is an underlying conceptual
procedure, which allows one to understand the higher invariants in terms of the lower ones. This means these
monstrous invariants are simple invariants of a monster.

For instance, given a space X we can construct its loopspace ΩX, double loopspace Ω2X = Ω(ΩX), or
in general, the n-fold loopspace ΩnX. If we had at our disposal the functor π0, then we could have simply
defined πn(X) as π0(ΩnX). For the case of homology the situation is a little different, and I am going to
implicitly cheat in the subsequent description. We need to turn a space X into a spectrum, Σ∞X. After
that we can desuspend n-times Σ−nΣ∞X, which we can write as Σ∞−nX. We define Hn(X) = H0(Σ∞−nX).
The point is that sometimes we may want to do geometry first and then consider an invariant of it later.

In the context of K-theory, we have a fairly nice description of K0 of a ring as the Grothendieck group
completion of the monoid of finitely-generated projective modules. I am not going to say how exactly we
want to generalize this invariant, but instead, I will argue for a desire to have a K-theory space for a ring.
I’ll draw the motivation from the story of the good old sheaf cohomology interpreted in terms of derived
algebraic geometry.

Say X is a topological space (keep in mind the example of a scheme) and let F be a sheaf of abelian
groups. There is a functor H0(−;F), which simply evaluates F globally: Hk(X;F) = F(X). The way one
defines Hn(X;F) is by taking an injective resolution F I•, and then applying the global evaluation functor
and then taking the cohomology of the resulting complex, i.e. Hn(X;F) = Hn(H0(X; I•)). This is great, but
this process of taking injective resolution is tad bit too mysterious. We would like to understand this from
a more topological point of view.

Derived algebraic geometry strives to create a setting where we can work with spaces as opposed to sets.
Here is a small dictionary to kick things off

Algebraic Geometry Derived Algebraic Geometry
sets spaces

abelian groups spectra
associative rings A∞-rings

commutative rings E∞-rings
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So, in this new setting, we are interested in sheaves of spaces, spectra, A∞ and E∞-rings. Keep in mind also,
that sheaves are not what one would näıvely guess. The reason for it is roughly that in this new world we
strive to make all the definitions and construction homotopy invariant, and the näıve guess is not a notion
like that.

We would like to incorporate the old algebraic geometry into the new one. Say we take the old sheaf F;
then we need to produce spectra out of it, so as to make a sheaf of spectra. One can construct a spectrum
out of an abelian group A, by taking the Eilenberg-MacLane spectrum associated to the group, HA. Thus,
we can define a spectrum for each open set of X, HF(U) = H(F(U)). Actually, this will not do: HF is not a
sheaf of spectra! As a matter of fact, the higher sheaf cohomology of F is the thing that obstructs HF from
being a sheaf of spectra. I think it would be worthwhile to look at an example.

Suppose that X is the topological space depicted in its full glory below:

U V

X

U ∩ V

A presheaf on such space is described in terms of groups F(X), F(U), F(V ) and F(U∩V ), and a commutative
diagram of form

F(X)

F(U)

F(V )

F(U ∩ V )

A presheaf is a sheaf if the above diagram is a pullback diagram. To compute the sheaf cohomology of F, we
can use the Čech cohomology technique, since the restrictions of F onto U and V are global sections acyclic.
The Čech complex is given by a single map r = rU − rV : F(U) ⊕ F(V ) F(U ∩ V ), so H0(X;F) = ker r
and H1(X;F) = cokerr. Now let’s hit the above diagram with the Eilenberg-MacLane functor and we get

HF(X)

HF(U)

HF(V )

HF(U ∩ V )

In order for this diagram to be a homotopy sheaf, we need the above diagram to be homotopy pullback in
the category of spectra. Suppose it is and let us consider the long exact sequence in stable homotopy that
we obtain:

π0(HF(X)) π0(HF(V ))⊕ π0(HF(U)) π0(HF(U ∩ V )) π−1(HF(X))

We can clearly see that π−1(HF(X)) = cokerr, so it must be 0. This means that if HF is a homotopy sheaf,
then F has no higher cohomology. The converse also holds. In fact something more is happening. In general
for any space X and a presheaf F, even though HF is not good homotopically, we can always replace it by
something that is good. Namely, there is a homotopy sheaf Fder and a map of presheaves HF Fder, such
that it is locally a weak equivalence. Then one can check that π−nF

der ' Hn(X;F).
Hopefully, this line of thought is at least mildly convincing that it would be good to have sheaves of

spaces or spectra. For instance, our od schemes have a sheaf of E∞-rings, simply by applying the H functor.
This is a functor from rings to E∞-rings, and from it we can produce H∗(X;OX).

This sets off a rough plan for K-theory. We need to come up witha functor from rings to E∞-rings, such
that on π0 we get K0 of the ring. We won’t get into E∞-rings right away or at all, but we will talk about
K-theory spaces and spectra. We will begin with the K-theory space for which the +-construction is good
enough. However, if we want to have a K-theory spectrum it will better to have other constructions that will
allow us to deloop the K-theory space by some means.
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2. The +-Construction

Let X be a topological space. If we want it to be an infinite loopspace, then it has to be a loopspace. This,
in particular, implies that π1X ought to be abelian, which is not the case in general. The +-construction
essentially fixes this defect as much as possible. It is extremely unlikely that this will turn X to an infinite
loopspace, but luckily for us, in the cases we’ll consider it will.

Definition 2.1. Let X be a connected space and P be a perfect normal subgroup of π1X. Then a
map X Y is a +-construction relative to P if P is the kernel of the induced map π1X π1Y , and the
homotopy fiber of the map has trivial reduced homology.

Note that if P were not perfect this procedure would not have been possible. Indeed, P is a quotient of
π1F , where F is the homotopy fiber of the map X Y . Since, H1F vanishes, then π1F is perfect, whence
so is P . We now show that this condition is sufficient for the +-construction to exist.

Proposition 2.2. A +-construction exists.
Proof. Let us assume that π1X is perfect and do a +-construction in this situation. Note that H1X = 0.

Let us choose paths generating π1X, say γα for some indexing set of α’s. Then we get a the following map,∨
γα :

∨
S1 X. Taking the cofiber of this map X, produces a space with trivial fundamental group, which

can be easily demonstrated by van Kampen theorem. Using the Hurewicz isomorphism theorem we see that
π2(X) ' H2(X). On the other hand, H2(X, ) is a free abelian summand of H2(X). Let {eβ} be a basis for
H2(X,X), and we choose maps ẽβ : S2 X corresponding to these elements. Again consider the wedge of
these maps

∨
ẽβ :

∨
S2 X and take the cofiber X+. One can easily see that X+ is simply-connected.

Using the long exact sequence in homology, we can also see that the map X X X+ is a homology
isomorphism. Using the Serre spectral sequence (we can since X+ is simply-connected), one can show that
the homotopy fiber has trivial reduced homology, i.e. X X+ is a +-construction.

Now consider the general case: P ⊂ π1(X) a normal perfect subgroup. Take X̃, the covering space of

X corresponding to P . Then we see that π1(X̃) is perfect, so we can construct X̃+. Define X+ by the
homotopy pushout diagram

X̃

X

X̃+

X+

and check the result is a +-construction.

Using obstruction theory one can show that if one is given a map g : X Z,such that g∗P is the
trivial subgroup of π1Z, then there is a factorization X+ Z unique up to homotopy. The way one does
obstruction theory is as follows. First suppose that Z = H(A,n) – an Eilenberg-MacLane space of type (A,n),
where n ≥ 2. In this case, our problem is equivalent to showing that the map Hn(X+;A) Hn(X;A) is
an isomorphism, since [W,H(A,n)] ' Hn(W ;A). Note that, by universal coefficients theorem, the homotopy
fiber has no reduced cohomology. Using the Serre spectral sequence, we conclude that the above map is an
isomorphism. Then we consider the case, when Z is simply-connected. Such a space has a Postikov tower: the
dual notion of cellular decomposition. The sections of this tower are Eilenberg-MacLane spaces, so we use the
observation above to construct a canonical lift X+ Z, one stage of the tower at a time. Finally, suppose
Z is arbitrary. Note that the condition on the +-construction implies that π1(X)/P maps into π1(Z). Let

X̃+, Z̃ be the universal covers of X+, Z, respectively, and X̃ be the cover of X corresponding to P . There

is a lift X̃ X̃+, non-canonical up to an action of π1(X+) on the X̃+. However, up to homotopy this lift
is unique. In fact, it is clear that it is a +-construction. The homotopy fiber of this map is equivalent to F ,
the homotopy fiber of X X+. Using a lifting criterion for covering space, we have also a map X Z to
X̃ Z̃, again unique up to an action of π1(Z). However, now we’re in the previous situation, so we have

a lift X̃+ Z̃. This produces a map X̃+ Z, which is π1(X+) invariant, so descends to X+ Z. The
uniqueness of this map up to homotopy can be proved by using the homotopy lifting properties of covering
spaces.

Since we have shown that the +-construction is well-defined, it is time to define the higher K-theory.

Definition 2.3. For n ≥ 1, define Kn(R) = πn(BGL(R)+), where the +-construction is done relative to
the perfect subgroup E(R) ⊂ BGL(R)+ defined in Sarah’s talk.
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Recall that B stands for the “bar” construction. The space BG is the classifying space of G-torsors over
topological spaces. Not that this statement will help much in terms of reveal the geometry of BG, but at the
very least one can show that π1(BG) ' G for a discrete group G. Thus, π1(BGL(R)) = GL(R), of course, if
we assume that GL(R) is viewed as a discrete space. Thus, π1(BGL(R)+) ' GL(R)/E(R), which is precisely
the classical definition of K1(R).

Now consider π2(BGL(R)+). It would be good to get that K2(R) is isomorphic to this group, otherwise
we are in trouble. Recall that K2(R) is the kernel of the map St(R) E(R), where St(R) is the Steinberg
group of R. One can show that the resulting short exact sequence of groups is central, by directly playing
around with the Steinberg group. One can show that St(R) is a perfect group, i.e. H1(St(R);Z) = 0.
We would like to understand H2(St(R);Z); actually, we would like to show it vanishes. In general, it is
trickier to understand H2(G;Z); however, there is a tractable way for perfect groups that have an explicit
presentation. Say, we have a short exact sequence 1 N F G 1, with F a free group. There
is a short exact sequence 0 H2(G;Z) [F, F ]/[R,F ] G 1 [why?]. For the Steinberg group this
short exact sequence gives us what we wanted.

Note we have a fiber sequence BK2(R) BSt(R) BE(R), and E(R) acts trivially on BK2(R) due
to centrality of the extension. This means that we can hit it with the Serre spectral sequence. Since
H1(St(R)) = H1(St(R)) = 0, nothing can survive on the 1 and 2 diagonals, so the only possible differential
from E

2,0
2 to E

0,1
2 not only is non-zero, but also an isomorphism. Thus, H2(E(R)) ' K2(R).

In fact, if E G is a central extension, such that H1(E) = H2(E) = 0, then it is universal. Indeed, we
can identify the central extensions of a group G by an abelian group A, with elements of H2(G;A). Giving
such a sequence gives a fiber bundle BA BE BG, which we can think of as a principal BA-bundle
due the centrality of the extension. Such a bundle is represented by an element in [BG,B2A], i.e. an element
in H2(G;A), since B2A = H(A, 2). Conversely, any map BG B2A produces such an extension, by taking
the homotopy fiber. If the above condition holds, then E is perfect and it does not admit any non-trivial
central extensions, since H2(E;A) vanishes for all abelian groups A. This is sufficient for E to be a universal
extension of G. Conversely, if E is universal, then it has to be perfect, i.e. H1(E) vanishes, and it does not
admit non-trivial central extensions, i.e. H2(E;A) vanishes for all abelian A, i.e. H2(E) vanishes.

Now, we have a fiber sequence F BG BG+. The long exact sequence in homotopy gives

0 π2(BG+) π1(F ) G G/P 1,

with the image of the first map being central in π1(F ). Thus, we have a central extension π1(F ) P with
kernel π1(BG+). The group π1(F ) is perfect, since F has no reduced homology. We claim that H2(π1F ) = 0.

Consider the map F Bπ1(F ) classifying the universal covering space of F , F̃ . The homotopy fiber is
the universal cover itself. There is a “twisted” Serre spectral sequence, where the E2-page is of the form
Hp(π1(F ); Hq(F̃ )), where the action on H∗(F̃ ) may be non-trivial, and it converges to Hp+q(F ). However,

H1(F̃ ) = 0, so H2(π1F ) = 0. Thus, the extension π1(F ) P is universal. Therefore, π1(F ) ' St(R) and
π2(BGL(R)+) ' K2(R).

So, we produced a space that controls the higher K-theory. However, π0(BGL(R)+) is trivial, so it is
not the K-theory space that we are looking for. To remedy, that we just do the simplest thing: we take
K0(R) × BGL(R)+. We’ll write this space as K(R). For this space we have πn(K(R)) = Kn(R). However,
there is an issue with n = 0 case: π0(K(R)) is just a set, meanwhile K0(R) is a group. To fix this, we are
forced to give K(R) an H-space structure. It is possible to give BGL(R)+ an H-space and then produce it
with the discrete group K0(R). Even though, the homotopy groups match, this is not an H-space structure we
want. One problem that occurs is that the classical products are not reproduced as the products on π∗(K(R)).
The H-space structure should be consequence of some an infinite loopspace structure on K(R), which would
allow a non-trivial interaction of K0 with higher K-theory. We will denote the correct delooping of K(R) as
K(R). It has an E∞-ring structure if R is commutative. The space BGL(R)+ can be thought of the group of
units of K(R), GL1(K(R)). In fact, this space admits a canonical infinite loopspace structure. In general, it
is not true for ring spectra that we can write an isomorphism of infinite loopspaces Ω∞E = π0(E)×GL1(E):
the spectrum E may not have H(π0(E)) as a direct summand.

It is somewhat mysterious that the +-construction gives an interesting space as output – well worthy of
our attention. For instance, we can mimic the construction of GL(R) with the symmetric group. Note that
it is possible to include Σn Σn+1, by not acting on the (n + 1)-st element. Denote the colimit as Σ∞.
The union of union of alternating groups forms the subgroup A∞ of Σ∞. One can actually show that A∞ is
the perfect radical of Σ∞. Let BΣ+

∞ denote the +-construction with respect to A∞. By a theorem of Barrat,
Quillen and Priddy, the space Z × BΣ+

∞ is homotopy equivalent to Ω∞S, where S is the sphere spectrum!
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This means that πn(Z × BΣ+
∞) is the stable n-the stem, πSn . It is amusing to see for instance that πS1 is

isomorphic to the abelianization of Σ∞, which is Z/2. A completely analogous calculation to the one made
above show that πS2 can be described as H2(A∞) or as the kernel of the universal central extension for A∞.
Anyway, this theorem demonstrates how much the +-construction can mess up the space.

There is a map from Σ∞ to GL(R) for any ring R, including it as the permutation matrices. This
homomorphism induces a map Ω∞S BGL(R)+. Thus, there is a map πSn Kn(R) for any ring R and
n ≥ 1. Note that we may do the construction of K-theory even if R is not discrete, i.e. either R or C. However,
π1(BGL(R)) and π1(BGL(C)) are abelian, so there is no non-trivial +-construction possible. Nevertheless,
we still get a map Ω∞S BGL(R) BGL(C), which on homotopy recover the classical J-homomorphism.
Quillen used this observation in his computation of the K-theory of finite fields.

3. The Q-construction

It is a fairly common practice to use structured categories to produce structured spaces or spectra. There
are certain tools in homotopy theory labeled as infinite loopspace machines that produce infinite loopspaces
from categories. The space itself is not difficult to obtain; often it is the bar construction. However, the
delooping depends on the extra structure of the category. For instance, the bar construction on symmetric
monoidal category can be given an infinite loopspace structure. Quillen’s Q-construction group completes a
categories with exactness structure. One can show that this produces an infinite loopspace. We will comment
on the construction of delooping of the Q-construction. We need to define exact categories.

Definition 3.1. Let A be an additive category and let E be a collection of sequences of the form
M ′ M M ′′ called short exact sequences. The maps that occur in the beginning (end) of elements
of E are called inflation (deflations). The following axioms hold along with their duals:

a) E is closed under isomorphisms and M ′ M M ′′ is in it. If M ′ M M ′′ is in E, then
M ′ M is the kernel of M M ′′;

b) Deflations can be composed and are stable under base change;
c) If M M ′′ has a kernel and if a composite N M M ′′ is a deflation, then so was the map

M M ′′.

We will assume that A is small.
The Q-construction takes an exact category and outputs a category. One can concoct a K-theory space

out of this output. We can also generalize the construction to something called Qn, which would provide
deloopings for the K-theory space.

Definition 3.2. The category QA has the same objects as A. The morphisms from A to B are given
by a sequence A C B modulo isomorphisms of such sequences that are identities on A and B. The
compositions are given by isomorphism classes of diagrams

A

C

B

E

D

F

where the square is a pullback square. There is a notion of K0 for an exact category: K0(A) is generated by
isomorphisms classes of objects [C] subject to relations [C] = [A]+ [B] for a sequence of form A C B.
We can recover K0(A) using the Q-construction.

Proposition 3.3. The space BQA is connected and π1(BQA) ' K0(A). The element [A] is represented
by the path 0 A 0.

Proof. Straightforward and in [Wei IV.6.2.].

Based on this observation we may define Kn(A) as πn+1(BQA). Thus, the K-theory space for A will be
ΩBQA, which we will write as KA.

Now if we are given a ring R, we can construct an exact category of it: PR, the category of infinitely-
generated projective modules, which is, in fact, exact, being a subcategory of an abelian category. So we
have, groups Kn(PR) ' πn(KPR).
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“+=Q” Theorem 3.4. The spaces KR and KPR are homotopy equivalent. In particular, Kn(R) is
isomorphic to Kn(PR).

Now I won’t go ahead and show that K(PR) is an infinite loopspace, but it will be worthwhile to see
why it is a loopspace. Thus material is from Waldhausen’s paper from 78 titled “The Algebraic K-Theory
of Generalized Free Products”. The idea is to construct bicategory Q2A (originally written as QQA). We
construct the bicategory using equivalence classes of diagrams of the form

where the equivalences are isomorphisms of diagrams that are identities on the corners, and all the squares
are admissible. Oh, before I forget, a bicategory is a bisimplicial set C••, such that Cp• and C•q are nerves of
categories for all p and q. Giving the objects C00, horizontal and vertical morphisms, C10 and C01, respectively,
and the bimorphisms C11 determines the rest. This bicategory has a realization

∫
∆×∆

C×G, where G denotes
the functor sending [n]× [m] to the standard simplex ∆n×∆m. We will write it as BC. Waldhausen showed
that ΩBQ2A ' BQA. This construction admits a simple generation to any level n. We need to simply use
an n-dimensional “latice” of categories to deloop BQA n-times. I should stop before any interference occurs
with Peter’s talk. We’ll still have a chance to talk about infinite loopspace structures in the next section.

The rest of the talk will concentrate on sketching the proof of “+=Q” theorem. We will need auxiliary
constructions – the main one being the S−1S-construction.
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