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Proposal

This document is a proposal sketching the topics and the organization of Graduate Homotopy Seminar for
fall 2013. The main topic that is currently of great interest in our department and in wider mathematical
community is higher category theory. We should set a goal of learning the main ideas in higher category theory,
which I believe can be presented in an intuitive manner. At the same time I would like us to give some overview
of some technical aspects of the theory. There are two reasons for this. The first reason is psychological: I
believe it will help to reduce the fear of this rather forbidding subject. The second one is more practical: it will
give a sense to the audience of what one can do with higher categories. In some sense these two reasons are
connected.

Unfortunately, as we all are aware from experience, a struggle through technicalities that is not motivated
by a compelling application is bound to fail. Therefore, there is a pressing need to have a goal outside of the
realm of higher category theory. The goal that I propose to pursue is understanding Lurie’s proof of cobordism
hypothesis, which is sketched in [Lu1]. I understand that some readers of this document may not be familiar
with the content of cobordism hypothesis, so the next section provides an introduction (and an invitation) to
the concepts touched in Lurie’s paper. The section following the introduction pertains to the seminar: laying
out the topics, and the order in which they will be presented.

Introduction

Cobordism hypothesis is a statement about widgets called topological quantum field theories. Therefore, it
will be wise for us do define these first. Even though “quantum field theory” is a part of their name, we will
need no knowledge of physics in order to define them. Topological quantum field theories were first defined
by Atiyah in [A]. The definition was inspired by Segal’s definition of conformal field theories in [S]. They are
important to mathematicians because they can be used to capture invariants of manifolds: we will explain a
manifestation of this after defining what topological field theories are. In order to do that we first need recall
the definitions of bordism categories and the symmetric monoidal structure on them.

For each integer n ≥ 1, there is an n-dimensional bordism category denoted as Bordor
n , and defined as fol-

lows. The objects of the category are the (n− 1)-dimensional oriented compact closed manifolds. A morphism
from oriented manifold Σ1 to oriented manifold Σ2, is an equivalence class of compact oriented n-dimensional
manifolds M along with an orientation preserving diffeomorphism ∂M ' Σ1

∐
Σ2.1 Two such oriented man-

ifolds M and N are equivalent if they are diffeomorphic (in the oriented sense) relative to their boundaries.
Whenever specifying a morphism we will simply write the manifold with boundary, i.e. we will omit writing
the specified diffeomorphism on the boundary and the fact that it is really a representative of an equivalence
class. Given morphisms M : Σ1 Σ2 and N : Σ2 Σ3, the composition is given by the manifold M ∪Σ2 N .2

This composition is associative. The identity of M is given by the cylinder M × I, where I denotes the closed
unit interval. Finally, we note that the disjoint union,

∐
, specifies a symmetric monoidal product on Bordor

n ,
and it has as its unit.

Remark. As you might have already guessed the superscript “or” on top of Bordn, stands for “orientable”.
There are other flavors of topological field theories that implement other structures on manifolds, such as spin
structure, framing. We will label these categories Bordspin

n , Bordfr
n , respectively. In addition to this we may put

no structure at all, in which case we obtain the unoriented bordism category, Bordn. We will denote a generic
category of this type by Bordstr

n .

Remark. This category implicitly was of central interest to topologists and geometers long before topologi-
cal quantum field theories came around. It dates at least as far back as Thom’s thesis [T], where he showed that
π0(|Bordn|) is isomorphic to πn−1MO. Here MO denotes the unoriented bordism spectrum, and |C| denotes the
geometric realization of the nerve of C. Note that π0(|Bordn|) has a group structure coming from the symmetric
monoidal product. There is a map form π0(Bordn+1) × π0(Bordm+1) π0(Bordn+m+1) that takes a pair of
manifolds (Σ,Γ) sends it to Σ×Γ. This gives a ring structure on the graded ring

⊕∞
n=0 π0(|Bordn+1|) and this

1Fix the convention of endowing the boundaries with the outward normal orientation. More specifically, pick a volume form ω
on M compatible with the orientation. Let X be an outward pointing vector field on ∂M . Then the first coordinate contraction
of the restriction of ω with X defines a volume form on ∂M , and hence, an orientation.

2We are omitting a technical point on specification of a smooth structure on the glued space. The simplest strategy to
overcome this issue would be taking a smooth collar for Σ2 in both manifold and then defining M ∪Σ2 N as the pushout of
M Σ2 × (0, 1) N . After that, one has to show that different choices of the collars give manifolds representing the same
morphism.
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ring structure coincides with that on π∗MO. There is a similar statement for the oriented bordism category,
π0(|Bordor

n |) ' πn−1(MSO). There is a caveat though. The actual theorem (called generalized Pontryagin-
Thom theorem) concerns manifolds that have an orienation on their stable normal bundle. It happens to be
that if one putting an orientation on the stable normal bundle is equivalent to putting one on tangent bundle
itself. We get a similar result for spin manifolds: π0(|Bordspin

n |) ' πn−1(MSpin). Things become different, when
we attempt to talk about unitary structures or framing. We can consider categories similar to the bordism
category except we endow the stable normal bundle with extra structure. We will write these categories as

B̃ordn with proper ornamentation. For instance, we have that Bordor
n ' B̃ord

or

n . The most miraculous result of
the Pontryagin-Thom theory is that

π0(|B̃ord
fr

n |) ' πS
n−1,

where πS
k denotes the k-th stable homotopy group of the sphere. This suggests a great connection between

manifold theory and stable homotopy theory. The interplay led to things such as surgery theory and chromatic
homotopy theory.

There is a generalization of the Pontryagin-Thom theorem by Galatius, Madsen, Tillman and Weiss,[GMTW],
which actually concerns the categories Bordn. These categories can be modifies so as to become topological,
which in the context of that paper requires there to be space of object and space of morphisms between these
objects. One can show using the Pontryagin-Thom collapse map that there is map

|Bordn| Ω∞−1MTO(n),

where | − | denotes the geometric realization of the nerve, which however in this case is a simplicial space, and
MTO(n) is the tangential analog of the Thom spectrum MO. The “main theorem” of the paper states that this
map is a weak homotopy equivalence. There are analogous statements if we wish to impose additional structure
on our manifolds. On the level of path components we actually recover the isomorphisms above. Therefore,
these theorems can be thought of as showing that the above isomorphism, in fact, come from genuine maps on
the level of topological spaces.

Now we are ready to phrase Atiyah’s definition of topological field theory.

Definition. An n-dimensional topological quantum field theory is a symmetric monoidal functor from
(Bordor

n ,
∐

) to a symmetric monoidal category (C,⊗).

One can think of topological field theories as invariants of Bordor
n , that capture essential features of the

symmetric monoidal structure of this category. The slogan is that: we do not understand Bordor
n , and we would

like to understand it by understanding the maps out of it into something that we understand. For instance, this
renders the identity functor 1Bordor

n
as not useful. Examples of target categories that are understandable can

be categories of type ModR, where R is a commutative ring, and ⊗ is the regular tensor product over R. An
essential feature is that these objects admit some tractable algebraic description. We, in fact, hope that Bordor

n

itself can be given such a description. Someone may ask, why hope for such a thing? The reason essentially
stems from low dimensional examples.

We begin with a description of Bordor
1 . The objects of this category are the 0-dimensional manifolds with

an orientation. An oriented points come in two versions with positive orientation, which we label as + and with
negative orientation which we label as −.3 Any other compact oriented 0-manifold can be formed as a finite
disjoint union of these points, i.e. + and − generate the objects of Bordor

1 under
∐

. In fact, a similar statement
applies to morphisms. There are two connected manifolds of dimension 1 – the interval I and the circle S1.
The interval I has two orientations relative to the boundary. The interval I can be thought of as the identity
morphism on + or the identity morphism on −, since we can see that ∂I ' +

∐
+ ' −

∐
−. However, one

other important thing is that ∂I can be thought of as (+
∐
−)

∐
or

∐
(+

∐
−). This means that we get a

morphism cov : +
∐
− and ev : +

∐
− . Note that ∂S1 = , so it can only represent a morphism

S1 : . Note that S1 = ev ◦ cov. On the other hand, one can show that (1+

∐
cov) ◦ (ev

∐
1+) = 1+

and (1−
∐

cov) ◦ (ev
∐
1−) = 1−. These two identities are the categorical formulation of duality. This implies

that if we have a topological field theory Z : Bordor
1 C, then in C the objects Z(+) and Z(−) would be dual

to each other. In fact, the essential datum for this functor is the value of Z on +: Z(−) and the morphisms are
determined automatically up to canonical isomorphisms. However, being dualizable (i.e. having a dual) puts
a restriction on the values of Z on +. For instance, if C is Modk for some field k, then the dualizable objects

3This is a little strange to argue since the tangent space of point is a trivial vector space! However, one can think of an orientation
of a m-manifold M as locally non-vanishing element of Ωm(M) modulo the action of Ω0

+(M), positively valued functions on M .

Note Ω0(∗)/Ω0
+(∗) is a two element set, which we labeled as ±.
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are the finite dimensional vector spaces. Therefore, giving a 1-dimensional topological field theory over C is
equivalent to giving a dualizable object in C. In fact, the morphism Z(S1) : k k is precisely the dimension
of this vector space.

Let us elaborate on the last observation. Note that an n-dimensional topological field theory gives an
invariant for n-dimensional manifolds. This is based on the observation that an n-dimensional manifold N
can be regarded as an endomorphism of in Bordor

n . Therefore, Z(N) is an element of End(S), where S is
the unit for ⊗ in C. In fact, the map is multiplicative, in the sense, that Z(N

∐
M) = Z(N) ⊗ Z(M). In

dimension 1 it does not given interesting invariants, but in dimension 2 we can detect a lot more. Omitting
the details, if Z : Bordor

2 C is topological field theory, then Z(S1) is a commutative Frobenius algebra in
C. A commutative Frobenius algebra in a symmetric monoidal category C is a dualizable commutative algebra
A along with an isomorphism A ' A∨. If C = Modk, then Frobenius algebras could be characterized as finite
dimensional k-algebras A with a trace map tr : A k, such that A⊗A A k defines a non-degenerate
pairing on A. The element defined by the composite k A⊗A A is called the Euler element and one can
show that Z(Σg) = tr(αg), where Σg denotes the compact oriented surface of genus g.

Let us now indicate how one can show that the validity of statements above. It is essentially based on the
idea that one can break any bordism into elementary ones, which we will call handle. In the case of n = 1,
there was the interval I with the identification ∂I ' (+

∐
−)

∐
. Pictorially it looks like:

−

+

−

+

The one on the right is dual handle. Any other bordism can be constructed out of these.
In the case n = 2, we have slightly richer collection of generators, we depict them below,

S1

S1

S1

S1

S1

S1

S1

All the discussion on commutative Frobenius algebras can be understood in terms of calculus of cutting and
gluing of these elementary handles. This underlines a strategy for understanding higher bordism categories:
find a set of elementary bordisms that generate the rest and find their relations. It, however, becomes quite
cumbersome for n ≥ 3. The essential difficulty is the fact that the axioms of topological field theories only allow
one to cut and paste along codimension 1 submanifolds. We would be in a significantly better situation if we
could cut along manifolds of higher codimension. This could be accomplished if we allow the consideration of
manifolds with corners. Unfortunately, problems of formulation start piling up since the language of ordinary
category theory is not adequate in this context. Incidentally, the earlier remark on enhancement of Bordn to a
topological category done in [GMTW] is related to the fix of the problems of formulation.

The language of higher category theory, on the other hand, is not only adequate, but also gives the bordism
categories a universal characterization. Heuristically speaking, a higher category is a category with a hierarchy
of morphisms, i.e. for each n ≥ 1 we have a notion of n-morphisms. The 1-morphisms should be thought of as
ordinary morphisms and n-morphisms as morphisms between (n − 1)-morphisms. Sometimes people also use
the convention that the 0-morphisms are the objects. There are, of course, compatibility conditions. Ordinary
categories fall into this context. A stranger statement is that topological spaces are also higher categories! In
fact, this assertion plays a very fundamental role in higher category theory, and gives a good way of generating
models for higher categories. Without elaborating any further, let us just say that higher category theory is
inherently topological in nature, and that the tools of algebraic topology do not only formulate precisely what
higher categories are, but also give possibility of understanding them.

Now we give a very rough description of how we can enhance Bordor
n to a higher category. The set of

objects of this category are just finite sets of oriented points, i.e. objects of Bordor
1 . The 1-morphisms are the

1-dimensional manifolds with boundary, the 2-morphisms are the 2-dimensional manifolds with corners, and so
on, until we get to dimension n+1. Let us halt this description for a moment. This definition actually enhances
our ability to cut the n-manifold into pieces of arbitrary codimension. Now if we are given an enhanced version
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of topological field theory, i.e. a symmetric monoidal functor from Bordor
n into some higher category C, that is

also symmetric monoidal, we can hope for a combinatorial procedure that computes the value of this theory on
a compact closed n-manifold.

The pending question is: what happens above dimension n? One of the central philosophies of higher
category theory is that one should not only know that two objects are isomorphic but also why they are
isomorphic, that is we should know all the isomorphisms between them. Recall that we have already transgressed
this practice. When we defined a morphism in the ordinary bordism category, we stated that we consider
equivalence classes of manifolds relative to their boundary. What we should do in the higher categorical setting
is to incorporate all the possible ways that two bordisms are diffeomorphic into the structure of the higher
category. With this in mind, we define (n + 1)-morphisms to be the isotopies relative to their boundary of
n-manifold, then the (n+ 2)-morphisms as the isotopies between isotopies, etc. The effect of such an extension
is that the higher category contains information on the diffeomorphism groups of manifolds, which can be used
to get even more invariants.

It was mentioned that the higher categories Bordor
n admits a universal description. We will phrase the result

for Bordfr
n . Notice from the heuristic definition that we gave that the morphisms in Bordfr

n above dimension n
are invertible. Such categories are called (∞, n)-categories. This is a symmetric monoidal (∞, n)-category, as
a consequence of existence of the disjoint union. Therefore, we can enhance the definition of topological field
theory.

Definition. An extended n-dimensional framed topological field theory is a symmetric monoidal functor
from Bordfr

n to a symmetric monoidal (∞, n)-category C.

As we could see from low dimensional examples for ordinary categories topological field theories landed in
dualizable object of the target. One can formulate a higher categorical definition of dualizability. In fact, for
extended topological field theories there are no other obstructions.

Theorem. Giving an extend n-dimensional framed topological field theory with target C is equivalent to
giving a dualizable object in C. Specifically, it is the image of the positively oriented point in Bordfr

n .

This is the celebrated Baez-Dolan cobordism hypothesis, which was described in [BD], and proven by Lurie
in [Lu1]. The theorem can be rephrased as saying that Bordfr

n is the free symmetric monoidal (∞, n)-category
with duals generated by a point. This theorem is something to marvel at. I have at least two reasons for that.
The first one is the fact that by injection of sufficient structure into our definitions, we obtained an object that is
simpler, since it is free. The second result pertains to the fact that the free symmetric monoidal (∞, n)-category
over a point admits such a geometric description. This again implies a very tight connection between framed
manifolds and homotopy theory – much in the spirit of Pontryagin-Thom theory.

Organization

We now discuss the matters related to the organization of the seminar. The main focus of the seminar will
be higher category theory with a view towards Luries proof of cobordism hypothesis. Since in [Lu1], Lurie only
provides a sketch of a proof, I would like at least to get to the point where we can understand how this sketch
can be completed to a proof. In fact, much of the paper is a sketch. That being said, one should know that it
is a very good source of getting an intuition. Besides, making the statements precise gives quite a bit of room
for individual thought and investigation.

As we could see from the discussion above we do need a definition of (∞, n)-categories for n ≥ 1.4 There is
a book by Lurie, [Lu2], which works out the case n = 1. To be more precise, it works with a specific model of
(∞, 1)-categories called quasicategories. This model is very flexible, so there is a lot of technology that comes
with it. In addition to this they reflect the philosophy of higher category theory well. To be more specific:
the book has a theme of taking the old notions from category theory and appropriately making them higher
categorical. This gives one a way of augmenting their ordinary categorical intuition to the higher categorical
setting. Because of this, we would like to focus the first part of the seminar familiarizing the audience with
quasicategories.

Unfortunately, the framework for (∞, n)-categories that [Lu1] uses, is that of n-fold complete Segal spaces.
For the case n = 1 these are different, but equivalent, from quasicategories. In this case they were first defined
by Rezk in [R]. The generalization of complete Segal spaces to the (∞, n)-categorical setting, i.e. the n-fold
complete Segal spaces, where defined by Barwick in his thesis, and later published in [BS-P]. The construction

4The (∞, 0)-categories are topological spaces!
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of Bordstr
n categories is a lot simpler in this context than quasicategories. Roughly speaking the reason is that

quasicategories are combinatorial in nature, and complete Segal spaces more geometric.5 Thus, we need a
discussion of the transition from quasicategories to complete Segal spaces, and a discussion on n-fold complete
Segal spaces.

Then we need to have some discussion on monoidal and symmetric monoidal (∞, n)-categories. For the
case n = 1, these notions are worked out in [Lu3], [Lu4] and [Lu5], in great generality. I am not familiar with
the (∞, n)-categorical analogue of these notions, so some advice from professors could help. We also need to
discuss the notion of duals in this context. Understanding this would be good for having a concrete conception
of the statement and proof of the cobordism hypothesis. In addition to this, monoidal categories can be used for
enrichment; therefore, they can be a potential source for other models for (∞, n)-categories. For instance, there
should be a statement of the kind: (∞, n+1)-categories are (∞, n)-categories enriched over by (∞, 1)-categories.

Now after all of this we should have a talk on topological field theories. There are a bunch of very interesting
examples given in [Te], which we would like to understand better. Therefore, we would like to invite people
more knowledgable in these matters to give talks on the more geometric aspects of the theory.

Finally we would like to go back to [Lu1] and understand its content in greater precision. In addition to
that, we would like to focus on some of the consequences of the cobordism hypothesis, which are detailed in
the last part of the paper. This ought to be end of the seminar. In summary, the following is the list of topics:

1. (∞, 1)-categories / Quasicategories

2. (∞, n)-categories / n-fold Segal spaces

3. Symmetric monoidal (∞, n)-categories / Dualization

4. Some geometric aspects of topological quatum field theories

5. Cobordism hypothesis / Some applications

We understand that this project is rather ambitious, so it is still a subject to modification. Comments and
suggestions would be greatly appreciated. Thank you for reading.
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1989

[BD] J. Baez, J. Dolan, Higher-Dimensional Algebra and Topological Quantum Field Theory, J. Math.
Phys. 36 (11), 6073-6105, 1995

[BS-P] C. Barwick, C. Schommer-Pries, On the Unicity of the Homotopy Theory of Higher Categories, 2012
[GMTW] S. Galatius, I. Madsen, U. Tillmann, M. Weiss, The Homotopy Type of the Cobordism Category,

Acta Math. 202, no. 2, 195-239, 2009
[Lu1] J. Lurie, On the Classification of Topological Field Theories, 2010
[Lu2] J. Lurie, Higher Topos Theory, Annals of Mathematics Studies 170, 2012
[Lu3] J. Lurie, Derived Algebraic Geometry II: Noncommutative Algebra, 2008
[Lu4] J. Lurie, Derived Algebraic Geometry III: Commutative Algebra, 2009
[Lu5] J. Lurie, Higher Algebra, 2012
[R] C. Rezk, A Model for the Homotopy Theory of Homotopy Theory, Transactions of the AMS, v. 353,

2001
[S] G. Segal, The Definition of Conformal Field Theory, Differential geometrical methods in theoretical

physics, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 250, Kluwer Acad. Publ., Dordrecht, 165-171, 1988
[T] R. Thom, Quelques propriétés globales des variétés différentiables, Commentarii Mathematici Helvetici
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