
Arithmetic Moduli of Elliptic Curves

1. Prologue/Rant

I find algebraic geometry quite frustrating: it is so difficult. The unfortunate thing is that I also like
algebraic geometry. I’ve attempted to learn it from different sources, but I cannot seem to get comfortable
with the machinery. The most troubling part for me is commutative algebra, I guess. I have not yet managed
to develop a good feel for this subject. Anyway, my adviser suggested to me to do a reading course with
Chales Rezk on the book by Nicholas Katz and Barry Mazur entitled “Arithemtic Moduli of Elliptic Curves”.
There are two things that make it difficult to read: the lack of examples and that I don’t understand what’s
going on. I want to document the “wisdom” and examples that I have accrued as I read this book. Let’s get
to it without further ado.

2. Effective Cartier Divisors

I would like to begin with a discussion of absolute Cartier divisors: this means we are in a setting where
there is no base scheme. Let X be a scheme. We begin by considering a presheaf, K̃, on X defined as follows:
for any U ⊂ X let K̃(U) be the total quotient ring of O(U) (invert all non zero-divisors). Let K denote the
sheafification of K̃. For the noetherian case something nice happens.

Proposition 1. Let X be a noetherian scheme. For any affine open set U of X, K(U) is the total
quotient ring of O(U).

Proof. Now we know that the open sets SpecAf form a basis for U ' SpecA. Thus, giving an element
of KX(U) is equivalent to giving a cover SpecAf1 , . . . ,SpecAfn with f1 + · · ·+ fn = 1, elements ai, bi ∈ Afi
with bi a non zero-divisor in Afi , such that aibj = ajbi in Afifj . The claim is that we can find a, b ∈ A and b
a non zero-divisor of A, such that abi = bai in Afi for any i. First if we replace ai’s and bi’s by fki multiples
of them, we can assume without loss of generality that aibj = ajbi in A, since we can transfer fk1 . . . fkn to a
and b in the end.

To find a suitable candidate for b we consider the ideal b = {x ∈ A | xai ∈ biAfi}. We claim that b
contains a non zero-divisor. The argument is Michael DiPasquale’s. Suppose otherwise that it consists of
zero-divisors. Then we can say that b ⊂

⋃
i pi, where pi vary through prime ideals. This implies that b ⊂ p,

where p is a minimal prime. In particular, Annp ⊂ Annb. Minimal primes are associated primes of the ring
A, so there exists a non-zero element x ∈ A, such that p = Annx. Then x ∈ Annp, and hence, also in Annb.
Clearly, b1, . . . , bn ∈ b, so xbi = 0. However, bi is a non zero-divisor in Afi , so x is trivial in Afi . This implies
that x = 0, contradiction.

Thus, let b ∈ b that is not a zero-divisor. Then for each i, there is a unique element bai
bi
∈ Afi (since bi is

not a zero-divisor in Afi). Thus, there exists a ∈ A, such that a = bai
bi

over Afi , which means that abi − bai
is annihilated by some power of fi. Thus, if we multiply by large power of f1 . . . fn both a and b, we obtain
the desired equality for all i.

Note that O is a subsheaf of rings of K. Therefore, we obtain an inclusion O× into K×. Then we define a
Cartier divisor to be a global section of the sheaf K×/O×. Since the sheaf K×/O× is a sheaf of abelian group,
we obtain a group structure on the set of Cartier divisors. In the case of locally noetherian schemes these
can be described quite efficiently. We simply need to pick an affine cover Ui ' SpecAi and non zero-divisors
ai, bi in Ai, such that aibj = uijajbi with uij some unit in O(Ui ∩ Uj). Another such prescription ai, bi is
equivalent if there exist ui ∈ A×i , such that uiaibi = aibi. This description does not work for non-noetherian
case. Namely, some sections may require finer affine coverings in order to give a description as above, i.e. we
can no longer be content with a fixed affine covering.

We would really like to talk about effective Cartier divisors. To do this we introduce an invertible sheaf
associated to a Cartier divisor. There is a rather high brow way of doing it. Consider the following exact
sequence of abelian sheaves:

0 O× K× K×/O× 0.

From this sequence we obtain a connecting homomorphism between cohomology groups:

L− : H0(X;K×/O×) H1(X;O×) ' Pic(X),

with the notation that the Cartier Divisor −D gets sent to the invertible sheaf LD. This description being
slick is not exactly illuminating as to what LD is.
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Fortunately, we can determine this map quite precisely. Let D be a Cartier divisor. Lift locally −D
to a section of K× ⊂ K. Locally the O-submodule of K generated by this lift is independent of the choice
of the lift; futhermore, on the intersections the submodules are the same. Thus, we obtain a well-defined
O-submodule of K. The claim is that this sheaf is invertible. One can check that any point p of X, the ring
Kp is the total quotient ring of Op. Thus, (−D)p is given by a quotient a

b , with a, b non zero-divisors of Op.
Clearly, then a cannot be annihilated by any element of Op within Kp. This invertible sheaf is precisely LD
described above. This description is more convenient, since we can think of all these invertible sheaves as
subsheaves of K, which will allow us to write equalities and genuine inclusions for Cartier divisors. Note that
O, the unit Cartier divisor, locally is given by the section 1 in Op, so LO = O.

Note that K is an O-algebra. In particular, if we are given two Cartier divisors D and E, we can consider
the map LD ⊗ LE K ⊗K K, and this map is injective. One can show that in fact the corresponding
subsheaf of K is LD+E . Thus, we have product on the set of invertible O-submodule of K. Futhermore, this
product respects inclusions. In particular, we can see that the condition O ⊂ LD is equivalent to saying that
L−D ⊂ O. The Cartier divisors which satisfy the last condition are called effective.

We can see that we have two ways to look at Cartier divisors. For each effective Cartier divisor there
exists a closed subscheme of X corresponding to the ideal sheaf L(−D) ' L−1D . This establishes a map from
effective Cartier divisors to closed subschemes with invertible ideal sheaves on O. This map is injective, since
if L−D = L−E , then LD−E = O, so D = E. For the surjectiveness, we notice that locally any invertible ideal
sheaf is generated by a non zero-divisor of O, which is a unit in K. On the intersection they differ only by
units of O, so they glue to a section of K×/O×, and one can readily check that this is the desired section.
Thus, we can think of effective Cartier divisors as a particular type of subschemes. When we write D we
will think of it as a closed subscheme of X, and we will try to stick to this point of view. Note that the
structure sheaf of D over X, OD, is the same as O/L−D. Note that the unit divisor O corresponds to the
empty subscheme.

Another convenient point of view is provided by the other inclusion, O ⊂ LD. Note that globally we
have a map O(X) LD(X), and let lD be the image of 1. The injectiveness means that lD,p ∈ LD,p ' Op

is a non zero-divisor for any p ∈ X. Note that the subscheme D will be nothing but the vanishing locus
of lD. One can therefore think of an effective Cartier divisor as the pair (LD, lD). The convenience of this
interpretation is that we have a nice multiplication formula (LD+E , lD+E) ' (LD, lD)⊗ (LE , lE).

Now we would like to formulate the notion of a relative effective Cartier divisor. Suppose we have scheme
X over scheme S; we will write this as X/S. Then we would like to have a set of effective Cartier divisors,
D(X/S), such that for any morphism g : T S, we get an induced map g∗ : D(X/S) D(g∗(X)/T ), where
g∗(X) = X ×S T . Now clearly if D is a closed subscheme of X, then g∗(D) is a closed subscheme of g∗(X).
If D is Cartier divisor, then its ideal sheaf ID is invertible. However, note that it is not necessarily true that
Ig∗(D) is invertible. The appropriate definition of the relative version of effective Cartier divisor is to require
OD be flat over S. Clearly, this condition is stable, i.e. Og∗(D) is flat over T . To check that Ig∗(D) is invertible
we’ll go local. Note that even though that Ig∗(D) may not be invertible, g∗(ID) is invertible. If we show
that these two modules are isomorphic we will be done. We have a short exact sequence, ID OX OD.
Since OD is flat over S, then g∗(ID) g∗(OX) g∗(OD) is short exact. However, g∗(OX) ' Og∗(X) and
g∗(OD) ' Og∗(D), whence the isomorphism. Similarly, we can show that given a flat map f : Y X over
S, then the pullback map f∗ : D(X/S) D(Y/S) is well-defined.

Finally, we give a useful “fiber-criterion” for determining, whether a subscheme is a Cartier divisor or not
for flat maps.

Proposition 2. Let X be a flat and of finite type over a locally noetherian scheme S, and let D be a
closed subscheme of X that is flat over S. Then D is an effective Cartier divisor if and only if for any map
g : SpecK X, with K algebraically closed, the subscheme g∗(D) is an element of D(g∗(X)/SpecK).

Proof. The only if part follows from the stability of effective Cartier divisors under pullbacks. For the
if part we all we need to show is that ID is invertible. Due to flatness of OD we can state that we have
that Ig∗(D) ' g∗(ID). Whence g∗(ID) is invertible, and hence flat, over g∗(X) for all g : SpecK S. By
corollary A.3, we know that this means that ID is a flat sheaf over X, and since X is locally noetherian, then
ID is locally free by proposition A.8. The rank of the sheaf is 1, since for every geometric point it is 1.

3. Effective Cartier Divisors on Curves

We begin by recalling that a curve is a smooth morphism C S of relative dimension one which is
separated and of finite presentation. Now I don’t recall anything like that so I wrote up a section in the
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appendix on this. Hopefully, by the time, I finish writing those sections I will understand the concepts better
to finish writing up this section.

Firstly, I would like to introduce a type of an argument that gets used quite a lot by Katz and Mazur. The
main idea behind these proofs is the following: if we are given a morphism X Y with a certain property,
where the local formulation of which requires only finitely many variables, then due to this finiteness we
ought be able to get every such morphism by pulling back from locally noetherian rings.

First let us define the notion that we are going to deal with. A topological space is called quasi-compact
if any open cover admits a finite subcover. A morphism of schemes f : X Y is quasi-compact if for
any affine open U ⊂ Y , the set f−1(U) is quasi-compact. A morphism of schemes f : X Y is quasi-
separated(separated) if the diagonal morphism X X ×Y X is quasi-compact(a closed immersion). A
scheme X is quasi-separated(separated) if it is quasi-separated(separated) over SpecZ. The morphism f is
locally of finite presentation if X and Y can be covered by open affines Uα = SpecAα and Vα = SpecBα,
respectively, so that f(Uα) ⊂ Vα and the induced map Bα Aα if of finite presentation1.

Affine schemes are quasi-compact. Recall that SpecA has a basis {SpecAf}f∈A. If we are given a cover
{Uα} we pick a refinement {SpecAfβ}. The fact that the latter is covering is equivalent to the fact that
the ideal generated by the set {fβ} is the unit ideal. Thus, we can find a finite subset {fi}, such that
f1 + · · · + fn = 1, so {SpecAfi} cover SpecA. This produces a finite subcover of {Uα}. Affines are also
separated. In fact, any morphism between affine schemes is separated. This is simple consequence of the fact
that for any given ring homomorphism A B, the multiplication map B ⊗A B B is always surjective.
As a last comment let us comment that seperated morphisms are quasi-separated by virtue of the fact that
closed immersions are quasi-compact, which follows from the fact that closed subschemes of affine schemes
are quasi-compact (in fact, they are affine schemes).

Proposition 1. Suppose that X is a quasi-compact and quasi-separated scheme, that is locally of finite
presentation over a ring A. Then there exists a noetherian subring Ã of A and a quasi-compact, quasi-
separated scheme of finite presentation X̃ over it, such that X ' X̃ ×Spec Ã SpecA.

Proof. Since f is locally of finite presentation, we can write it locally as fα : Uα = SpecBα SpecAfα ,
so that Bα = Afα [x

(α)
1 , . . . , x

(α)
nα ]/Iα, where Iα is a finitely generated ideal. Furthermore, due to quasi-

compactness of X we can assume that the indexing set is finite. We claim that Uα ∩ Uβ is quasi-compact.
Indeed, it is the preimage of Uα × Uβ under the diagonal. Thus, there exists a finite covering {Uαβγ} of
Uα ∩ Uβ , so that Uαβγ = SpecAfαβγ [x

(α)
1 , . . . , x

(α)
nα ]/Iα for some fαβγ divisible by fαfβ . There are also

isomorphisms
ϕαβγ : Afαβγ [x

(α)
1 , . . . , x(α)nα ]/Iα Afαβγ [x

(β)
1 , . . . , x(β)nβ

]/Iβ .

Let Iα = (
p
(α)
1

f lα
, . . . ,

p(α)
mα

f lαα
), where p(α)i ’s are polynomials in A[x

(α)
1 , . . . , x

(α)
nα ]. Also, let ϕαβγ(x

(α)
k ) =

r
(αβγ)
k

f
lαβγ
αβγ

,

where r(αβγ)k is a polynomial in A[x
(β)
1 , . . . , x

(β)
nβ ]. We set Ã to be the subring of A generated by fα’s, the

coefficients of p(α)k and r(αβγ)k , and also elements dαβγ , such that fαβγ = fαfβdαβγ .
To form X̃ we consider the spectra Spec (Ãfα [x

(α)
1 , . . . , x

(α)
nα ]/Iα). Furthermore, we have isomorphisms

ϕ̃αβγ : Ãfαβγ [x
(α)
1 , . . . , x(α)nα ]/Iα Ãfαβγ [x

(β)
1 , . . . , x(β)nβ

]/Iβ .

and the map Spec (Ãfαβγ [x
(α)
1 , . . . , x

(α)
nα ]/Iα) Spec (Ãfα [x

(α)
1 , . . . , x

(α)
nα ]/Iα) is an open inclusion. The iso-

morphism satisfy the cocycle condition; therefore, we can form a scheme X̃ by gluing these schemes together.
The condition that X ' X̃ ×Spec Ã SpecA can be easily checked. The scheme X̃ is quasi-compact, since it
can be covered by finitely many affines, and it is quasi-separated, since we have an explicit cover with affines,
whose interesections can also be covered by finitely many affines.

Now since the essential point of the proof was that locally the data of the morphism was given by finitely
many elements of the ground ring, we see how it is possible to provide a similar argument to prove the
following proposition.

Proposition 2. Let X,Y be quasi-compact and quasi-separated schemes, of finite presentation over A and
let f : X Y be an A-morphism. Then there is a noetherian subring Ã of A, quasi-compact schemes X̃, Ỹ

1A ring map R S if of finite presentation if S ' R[x1, . . . , xn]/I under this map and I is a finitely generated ideal.
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of finite presentation over it and a map f̃ : X̃ Ỹ , such that X ' X̃ ×Spec Ã SpecA, Y ' Ỹ ×Spec Ã SpecA
and so that f ' f̃ × 1.

I will be interested in the case when we have a curve C over A. Since C is quasi-compact and quasi-
separated and it is of finite presentation over A, it can be pulled back from a quasi-compact, quasi-separated
scheme C̃ over a noetherian Ã and it is of finite presentation over it. The question is whether C̃ is a curve
or not over Ã.

Proposition 3. Any section of a curve C/S, s ∈ C(S), is an effective Cartier divisor, denoted by [s].
Proof. Pick a locally noetherian scheme X and a map f : S X as in proposition 1, so that the functor

f∗ : Cur(X) Cur(S) is full and essentially surjective. This reduces the problem to the case where S is a
locally noetherian scheme. Note C is flat over S and S is clearly flat over itself, so we can apply the fiber-
by-fiber criterion, i.e. we can reduce the problem to the case when S = SpecK, where K is an algebraically
closed field. However, for this case the claim is obvious. Yeah, but why?

In order to make certain notions to work out we may impose additional assumptions on our effective
Cartier divisors. One of them is the assumption that the effective Cartier divisor is proper of the base
scheme. The following proposition demonstrates why this can be useful.

Proposition 4. Let C/S by a smooth curve. If D is closed subscheme of C, which is finite, flat and of
finite presentation (do we need this?) over S, then D ∈ D(C/S). Conversely, if D is an effective Cartier
divisor which is proper over S, then D is finite, flat and of finite presentation over S.

Proof.
Of the assumption of properness we cannot dispose. Consider the case D = A1

Z − {0}, C = A2
Z − {(0, 0)}

and S = A1
Z. The curve is define by the projection along the x-axis, and the inclusion of D into C is defined

by including it along the x-axis. Clearly, D is an effective Cartier divisor over S; however, it is not by any
means finite over S.

The properness assumption enables us to define the degree of an effective Cartier divisor. So, let D be
a proper effective Cartier divisor of C/S. Then OD is flat module of finite presentation over S, whence it is
locally free of finite rank. This rank is locally constant and is noted deg(D). There is a characterization in
terms of the line bundles and sections. Note that LD/OC ' LD ⊗OC OD. Since LD is locally free, then the
support of LD/OC is the same as that of OD, which means D. For properness we need to require that the
support of LD/OC be proper over S. In this case, the local rank of LD/OC over S is the same as that of OD
over S.

Proposition 5. Let C/S be a smooth curve, and let D1 and D2 be two proper effective Cartier divisors.
Then D1 +D2 is proper over S, and deg(D1 +D2) = deg(D1) + deg(D2).

Proof. It’s in the book.

4. Points of “Exact Order N” and Cyclic Subgroups

In this section we consider smooth curves C/S with a structure of commutative S-group scheme. If N is
a positive integer, then we call a section P ∈ C(S) of “exact order N ” if the effective Cartier divisor

D =

N∑
n=1

[nP ]

is a subgroup scheme of C/S. Then we call D the cyclic subgroup of rank N “generated” by P . Pay attention
to the quotation marks: they are important. Now there is an interesting lemma the proof, which is in [OT],
and in there the authors attribute it to Deligne. I’ll try to explain the proof.

Proposition 1. If P ∈ C(S) has “exact order N ”, then NP = 0.
Directly from the definition of morphisms between schemes, we get that if we are given a morphism

f : X S, then f∗(OX) is a sheaf of OS-algebras. Now this is perfectly natural, so we can formulate this
categorically: we have a functor Sch(S) OS-Alg. We would’ve liked this functor to be an equivalence (for
some reason); however, it isn’t. Indeed, just plug S = SpecC, OSpecC ' OP1

C
even though SpecC 6' P1

C. To
get the equivalence that we desire, we need to replace Sch(S) with the category of affine schemes over S,
Aff(S), and OS-Alg with the category of quasi-coherent OS-algebras OS-Qcolg. The whole point is that we
would like to think of certain schemes over S as elements of OS-Qcolg. We would like to think
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5. A-Structures and A-Generators

Appendix

A. Flat Morphisms

Come to think of it, it will be wise to start with some discussion on flatness and on some other related
concepts. It is omnipresent in the discussion, so it will be wise to discuss some its useful properties. For now
my goal is to prove the following fact.

Theorem 1. Suppose that (A,m) and (B, n) are local noetherian rings, and f : A B is a flat local
homomorphism, and M is a finite B-module. M is flat over B if and only if M is flat over A, and M ⊗A κ
is flat over B ⊗A κ, where κ = A/m, i.e. the quotient field of A.

In fact, due to local nature of flatness (which we will prove, so be patient), we can globalize the theorem
to arbitrary noetherian rings and obtain the following.

Corollary 2. Suppose that A and B are noetherian rings, and f : A B is a flat homomorphism,
and M is a finite B-module. M is flat over B if and only if M is flat over A and M ⊗A κ(p) is flat over
B ⊗A κ(p) for all prime (or maximal) ideal p of A. Here κ(p) = Bp/pBp.

I guess, it does not make much sense why I would like to prove this, so let me “geometrize” the statement
a little bit. Geometrization, the way I know it, means an application of the functor Spec . In this case we
have map f̂ : SpecB SpecA. These schemes are locally neotherian. A finite B-module M is the same as
a coherent sheaf M in algebraic geometry. Thus, we have a coherent sheaf M over SpecB. The prime ideal p
is a point of SpecA, and the Spec (B⊗A κ(p)) can be regarded as the fiber of f̂ over that point. Assuming we
have defined what flatness means for module-sheaves, the statement of the theorem says that M is flat over
SpecB if and only if M is flat over SpecA, and the pullback of M over each fiber of f̂ is flat over that fiber.
In fact, considering the maximal ideals suffices, so it suffices to look at the fibers of the geometric points.
Clearly, this generalizes to arbitrary schemes and we obtain Proposition 1.1.5.1 in [KM].

Corollary 3. Let X and Y be locally neotherian schemes, and f : X Y a flat morphism, and M a
coherent sheaf over X. M is flat over X if and only if M is flat over Y and for any morphism g : SpecK Y ,
g∗(M) is flat over g∗(X), where K is algebraically closed. Here g∗(X) = X ×Y SpecK and g∗(M) is the
pullback of M along the induced morphism g∗(X) X.

The only problematic point is I guess is the use of the term “algebraically closed”. The scheme SpecK
contains a single point – the zero ideal, o. The data of the morphism g contains the information of where o
lands, i.e. a single point of X, say p. Now the pushforward of OSpecK is simply the skyscraper sheaf with
valueK at p. The other part of the data of the morphism g is the map of sheaves g# : OX f∗OSpecK , which
is the same as a local map from OX,p to K. Giving such a map is equivalent to giving a ring homomorphism
from κ(p) to K, i.e. K is field extension of κ(p). I am going to half-assedly finish by stating that K is
faithfully flat over κ(p), so B ⊗A κ(p) is faithfully flat over B ⊗A K, so everything works out.

I guess it would be nice if I defined the concepts before proving them. I’ll try to mix [AK], [AM], [HM]
and [DM]. So let’s start with a ring A and let M be an A-module. Now it is known that the functor −⊗AM
is right exact. We will call M flat if the functor is exact. Generally, the functor − ⊗A M is not exact and
the main problem lies in the fact that it does not preserve injective module maps. However, we can be more
presize – there is a module which measures this failure. From homological algebra we know that for any
short exact sequence 0 N1 N2 N3 0 of A-modules, we have a long exact sequence

TorA1 (N3,M) N1 ⊗M N2 ⊗M N3 ⊗M 0.

Since any A-module N can occur as a third term in a short exact sequence (take a free module on elements
of N and map appropriately), we obtain the following proposition.

Proposition 4. An A-module M is flat if and only if TorA1 (N,M) vanishes for all A-modules N .
Now this could be a useful criterion, if we could check it for all A-modules. However, in its current

form it isn’t. Luckily, we can narrow down the collection of A-modules that we test the Tor-criterion on.
The functor Tor commutes with directed colimits, i.e. TorA1 (colim Nα,M) ' colim TorA1 (Nα,M). Since
any N is isomorphic to the directed colimit of all of its finitely generated submodules, then we need to test
the Tor-criterion on finitely generated A-modules. Now suppose that we are given a short exact sequence
0 N1 N2 N3 0, then we have an exact sequence TorA1 (N1,M) TorA1 (N2,M) TorA1 (N3,M).
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Since, any finitely generated is a finite extension of modules A/I, where I is an ideal of I, then we simply
need to check the Tor-criterion for modules of this form. We conclude as follows.

Proposition 5. An A-module M is flat if and only if TorA1 (A/I,M) vanishes for all ideals I of A. The
latter happens if and only if I ⊗AM M is injective. Furthermore, it suffices to consider finitely generated
I.

Proof. We only need to explain the last statement. Every ideal I is the colimit of its finitely generated
subideal, I = colim Iα, where all Iα are finitely generated. Then Iα ⊗A M M is injective. Since the
directed colimits preserve injective maps, then I ⊗AM M is also injective.

I mumbled something about flatness being a local property. Ordinarily by local property we would mean
that flatness of M over A is equivalent to flatness of Mp over Ap for all prime (maximal) ideals m of A.
However, it will be more convenient to have relative version of the theorem.

Proposition 6. Let f : A B be a ring homomorphism and M a B-module. Then M is flat over A if
and only if Mq is flat over Af−1(q) for all prime (maximal) ideals q of B.

Proof. Let’s prove the only if part. Recall that Mq = M ⊗B Bq. Now let I∗ be an exact sequence of Ap,
where p = f−1(q). Then we see that M ⊗B Bq ⊗Ap

I∗ 'M ⊗A I∗ and the latter is exact by A-flatness.
The if part is trickier. We will assume the weaker hypothesis, i.e. the flatness of Mn over Am for all

maximal ideals n of B and m = f−1(n). First of all, Am is flat over A. The statement is true for any
localization with respect to any multiplicative set. Suppose that f : N L is an injective map. Suppose
that we have the induced map fm : Nm Lm and fm(ns ) = f(n)

s = 0, where s 6∈ m. Then there is r 6∈ m,
such that rf(n) = f(rn) = 0, and by injectiveness rn = 0, i.e. n

s = 0 in Nm. This is enough to show that
Am is flat.

Now letN be anA-module. Then from the exactness ofAm we derive: TorA1 (N,M)m = (TorA1 (N,M)m)m =
TorA1 (N,Mm)m = TorA1 (Nm,Mm). Note that −⊗AMm is the same as the functor −⊗Am

Mn on Am-modules,
so TorA1 (Nm,Mm) ' TorAm

1 (Nm,Mn) = 0. Since this holds for all maximal ideals TorA1 (N,M) must vanish.
Thus, M is flat.

Notice that in the only if part we did not use any properties of Ap, so the statement ought to hold in
general, leading to the following proposition.

Proposition 7. If M is flat over A, then M ⊗A B is flat over B for any A-algebra B.
This statement, in the language of algebraic geometry, states that flatness is stable under base extension.

Such stable notions are extremely useful, and one of the motivations for some of the definitions is precisely
the stability. This one of the features that will allow us to determine certain properties from some local data.
Pay close attention to this.

Now we can define what flatness means for schemes. The setting is a morphism of schemes f : X Y
and an OX -module M. The module M is flat over Y at p ∈ X if Mp is a flat OY,f(p)-module. The module M

is flat over q ∈ Y if M is flat at every p ∈ f−1(q). Finally, M is flat over Y if it is flat over every point of Y .
The localness of flatness shows that if M is quasi-coherent, then locally f looks like SpecB SpecA and
M is described by a B-module, M . Stating that M is the same as saying that M is flat over A for all the
affine patches. The change of base property is the following. Say we have a map g : Z Y , then g∗(M), the
pullback of M along Z ×Y X X, is flat over Z the pullback of M. A morphism f will be called flat if OX
is flat over Y . Then “all of a sudden” we have some nice properties: open immersions are flat, compositions
of flats are flat, products of flats are flats.

There is however another way of describing the flat quasi-coherent OX -modules using certain functor.
For any morphism f : X Y of schemes, there exists a pullback functor f∗ : Qcoh(Y ) Qcoh(X). There
also exists another functor −⊗OX M : Qcoh(X) Qcoh(X) for any quasi-coherent OX -module M. We can
compose these functors, which we will write as f∗(−)⊗M. The following proposition then follows.

Proposition 8.Suppose we are given a morphism f and M as above. Then M is flat over Y if and only
if the functor f∗(−)⊗M is exact. In particular, if M = OX we see that f is flat if and only if f∗ is an exact
functor.

Proof. Suppose that M is flat over Y . Then for any p, Mp is a flat OY,f(p)-module. Suppose that we are
given an exact sequence of quasi-coherent OY -modules, I∗. This implies that (I∗)f(p) is an exact sequence
of OY,f(p)-modules. Whence, the sequence (I∗)f(p) ⊗OY,f(p)

Mp is also exact. However, (f∗(I∗) ⊗OX M)p =
(f∗(I∗))p ⊗OX,p Mp = (I∗)f(p) ⊗OY,f(p)

OX,p ⊗OX,p Mp = (I∗)f(p) ⊗OY,f(p)
Mp. This shows the exactness of

our functor, since the exactness of the sequence holds locally for all p ∈ X. The converse can be shown via
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reverse-engineering the argument above.
There is another useful proposition that tells us that certain short exact sequence are stable under

pullbacks.

Proposition 9. Suppose f : X S and g : T S are morphisms, and let D E F is a short
exact sequnce of OX-modules with F flat over S. Then g∗(D) g∗(E) g∗(F) is a short exact sequence of
Og∗(X).

Proof. There are two natural morphisms h and r from g∗(X) to X and T , respectively. Let s de-
note the composite fh = gr. Let p ∈ g∗(X) be any point. The local ring Og∗(X),p can be written as
OX,h(p) ⊗OS,s(p)

OT,r(p) and similarly, g∗(M)p ' Mh(p) ⊗OX,h(p)
Og∗(X),p ' Mh(p) ⊗OS,s(p)

OT,r(p). Due
to the right exactness of tensoring, we see that g∗(E)p g∗(F)p is surjective. The kernel of the map
g∗(D)p g∗(E)p is TorOS,s(p)

1 (Fh(p),OT,r(p)) = 0, due to flatness of F over S.
Now I would like to finally get to the proof of theorem 1. We would like to characterize finite flat modules

M over a noetherian ring A. This is kind of nice answer, but of no use in the proof. I am going to state and
prove and then completely ignore it. I’ll state it the scheme-theoretic language.

Proposition 10. If X is locally noetherian then a coherent OX-module M is flat if and only if it is
locally free, i.e. M is projective.

Proof. This statement is equivalent to saying that for a finitely generated module over a local noetherian
ring, flatness is equivalent to freeness. It is clear, that local freeness implies flatness. So let (A,m) be a local
ring and M a finite flat A-module. First let me state and prove a lemma, which I am including since it is a
pretty fact.

Lemma. A set of elements m1, . . . ,mn of any finite A-module M is a minimal set of generators if and
only if m1, . . . ,mn form a basis for the A/m vector space M/mM .

Proof. First we prove the only if statement. Clearly, if mi’s generate M , then mi’s generate M/mM . So,
what can go wrong is that these mi’s may be linearly dependent. Thus, suppose

∑
aimi = 0, which means

that
∑
aimi ∈ mM , i.e.

∑
(ai − bi)mi = 0 for some bi ∈ m. Now if ai − bi 6∈ m, then it is a unit, so we

can shrink the set of generators by tossing out mi, which contradicts the hypothesis. Thus, ai − bi ∈ m and
mi = 0. For the if assume mi’s form a basis. If mi’s generate N ⊂M , then N +mM = M . By Nakayama’s
lemma this can only happen if M = N , i.e. mi’s generate M . We cannot through any mi out and still
generate M , for then mi won’t generate M/mM . This completes the proof of the lemma.

Now back to the proof of the proposition – M is flat again. Let m1, . . . ,mn be elements of M , such that
m1, . . . ,mn is a basis for M/mM . We saw that mi’s generate M . If we show that these elements are linearly
independent then M will be free. We will show a stronger stronger statement: if mi’s are independent, then
so are mi’s. We’ll show it via induction on n. We begin by showing assuming that m 6= mM . Suppose that
am = 0. The kernel of the multiplication a by M M is (0 : a) ⊗M due to flatness of M . This implies
that m =

∑
bjnj , where bj ∈ (0 : a) and nj ∈M . Since, m 6∈ mM , then one of bj ’s is a unit. However, then

a = b−1j bja = 0.
Now assume the statement hold for n = k−1. Let ai ∈ A be such that the equality holds

∑k
i=1 aimi = 0.

We can cook up an A-linear map ϕ : Ak A, sending (xi) to
∑
aixi. Then we can tensor this map with M

and get ϕ⊗1 : Mk M and due to flatness ofM we obtain that kerϕ⊗M ' ker(ϕ⊗1). On the other hand
(mi) ∈ ker(ϕ⊗ 1), so (mi) =

∑
j(bij)⊗ nj , where (bij) ∈ kerϕ for all j and nj ∈ M . Thus, mi =

∑
j bijnj

and
∑
i aibij = 0. Since mk 6= 0, then bkr 6∈ m for some r, i.e. it is a unit. So ak = −b−1kr

∑
i 6=r aibir, so our

equality become
∑k−1
i=1 ai(mi−b−1kr birmk) = 0. By inductive hypothesis this means that a1 = · · · = ak−1 = 0.

Finally, ak = 0 if we relabel everything in a suitable fashion.
Recall that given a local ring (A,m), there is a natural m-adic filtration of A and any A-module M .

There is very nice criterion of determining the flatness of finite A-modules from the information given by
the filtered pieces. We have a graded ring grm(A) =

⊕∞
n=0 m

n/mn+1 and a graded module grm(M) =⊕∞
n=0 m

nM/mn+1M . There is a natural graded map γ : grm(A)⊗A0
M0 grm(M). The following theorem,

then holds.
Theorem 11. Use the gerenal version
Proof.
Finally, we finish this appendix section with the proof of theorem 1.
Proof of Theorem 1. Theorem 9 show that flatness of M over A is equivalent to γ : grm(A) ⊗κ (M ⊗A
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κ) grm(M) being an isomorphism and the flatness of B is equivalent to γ : grm(A)⊗κ (B⊗Aκ) grm(B)
being an isomorphism. Then grm(B)⊗B/mB (M ⊗A κ) ' grm(A)⊗κ (M ⊗A κ) ' grm(M), so theorem 9 tells
us that M is B flat.

Add something on relative dimension of a flat morphism.

B. Faithful Flatness

Tensoring over a flat module is certainly a good thing, since it preserves the data of exactness. However,
it does lose some information. Namely, we can determine, whether a sequence of A-modules is not exact by
tensoring with a flat module; however, exactness cannot be in general determined by this process. Of course,
I wouldn’t even mention this unless I had a name for modules that satisfy this “pathology”. We’ll call M
faithfully flat if I∗ is exact if and only if I∗ ⊗A M is exact. In particular, M is flat. One trivial example
of such a module is A itself. The localization Ap’s are flat; however, they are not faithfully flat unless A is
local and p is the maximal ideal of it. The reason for this will become clear as we develop criteria for faithful
flatness.

Now let’s do something completely trivial. Consider the sequence 0 N 0, which is exact if and only
if N = 0, and also if and only if M ⊗ N = 0, since it fits into a similar sequence. Conclusion, N = 0 if
M ⊗N = 0. The converse also hold.

Proposition 1. If M is faithfully flat over A if and only if M is flat and M ⊗A N = 0 implies that
N = 0.

Proof. The converse has been shown. Let I∗ be asequence, such that I∗ ⊗A M is exact. Any two
consecutive maps in the sequence must compose to zero. Indeed, if i and j are such maps; by flatness,
im (i ◦ j)⊗AM = im ((i⊗1) ◦ (j⊗1)) = 0, so by hypothesis, im (i ◦ j) = 0. Thus, I∗ is a chain complex. Let
H(I∗) denote its (co)homology. Then due to flatness of M , M ⊗A H(I∗) = H(M ⊗A I∗) = 0, so H(I∗) = 0
and J∗ is exact.

This proposition has an easy corollary, which establishes faithful flatness as a local property, and that it
is closed under base extensions.

Corollary 2. If M is faithfully flat over A if and only if Mp is faithfully flat over Ap for all prime
(maximal) ideals p in A. If M is faithfully flat over A, then M⊗AB is faithfully flat over B for any A-algebra
B.

As with the case of flatness we don’t have to check the proposition for all non-zero N . It suffices to check
for the modules of form A/m, where m is a maximal ideal. The reason for this is that for any N , there is a
diagram of form A/m A/I N .

Proposition 3. If M is faithfully flat over A if and only if M is flat and M⊗AA/m 6= 0 for all maximal
ideals m.

A ring homomorphism f : A B is (faithfully) flat if B is (faithfully) flat as an A-module. These types
of ring homomorphisms have interesting properties. Here is an interesting proposition form [HM], which is
somewhat geometric.

Proposition 4. Let f : A B be ring homomorphism and letM be a B-module. Let f̂ : SpecB SpecA
be the corresponding morphism of spectra. If M is faithfully flat then f̂(Supp (M)) = SpecA. If M is finite
over B, flat over A and f̂(Supp (M)) contains all the closed points of SpecA, then M is faithfully flat over
A.

Proof. Suppose p is prime ideal of A. Since M is faithfully flat, then M ⊗A κ(p) is a non-zero B⊗A κ(p)-
module. This means that there exists q ∈ Spec (B ⊗A κ(p)), such that (M ⊗A κ(p))q 6= 0. Then we identify
Spec (B ⊗A κ(p)) with f̂−1(p) ⊂ SpecB, and let q be the prime ideal in B corresponding to q, i.e. the
preimage of q under the map B B⊗A κ(p). Note that f(q) = p. Suppose now that Mq = 0. For any finite
collection of mi in M , there exists r 6∈ q, such that rmi = 0 for all i. Then any generic element

∑
mi ⊗ si

of M ⊗A κ(p) is annihilated by r ⊗ 1 and the latter is not in q. This implies that (M ⊗A κ(p))q = 0 –
contradiction. Thus, q ∈ SuppM .

For the second statment, we need to show that M ⊗AA/m 'M/mM 6= 0 for maximal ideals m of A. For
any m, there exists n ∈ SpecB, such that f̂(n) = m and Mn 6= 0. Then by Nakayama’s lemma Mn/nMn 6= 0,
so a fortiori Mn/mMn = (M/mM)n 6= 0, and hence the conclusion.

An easy corollary to this proposition is that if a ring map is not surjective on the spectrum level, then there
is no way that map can be faithfully flat. However, if we have the flatness of the map and the surjectiveness
then we a faithfully flat homomorphism. This is a nice enough fact to be documented.
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Corollary 5. A ring homomorphism f : A B is faithfully flat if and only if f is flat and f̂(SpecB)

contains all the closed points of SpecA. If f : A B is faithfully flat f̂ then is surjective.
The situation is interesting when A and B are local rings, and f is a local homomorphism. The morphism

between spectra contains is automatically surjective on closed points. This means, that f is flat if and only
if it is faithfully flat.

Another way to exploit the proposition is to set f = 1. Then we see that if M is a finite A-module,
faithful flatness is the same as stating that M is flat and it is supported on all the closed points of SpecA.
Since being supported is a local notion, we can see that for finite A-modules faithful flatness is a local notion.
Of course, we know that this holds in general.

C. Smooth, Unramified and Étale Morphisms

I will try to follow [EGA] in this appendix, since it gives the most general definitions from which ev-
erything follows nicely. A morphism of schemes f : X Y is called formally smooth (unramified, étale)
if for any affine Y -scheme Z and a closed subscheme Z of it defined by a nilpotent ideal, the natural
map HomY (Z,X) HomY (Z,X) is surjective (injective, bijective). Diagramatically speaking, smoothness
means that the following lift exists

Z

Z X

Y

ι

µ

f

ν

σ

Being unramified means that if the lift exists it is unique. Finally, being étale means that the lift exists and
it is unique. Note that we can relax the requirement that Z is defined by a nilpotent ideal by saying that
it is defined by an ideal that squares to 0. The morphism f will be called smooth (unramified, étale) if it
is formally smooth (unramified, étale) and locally finitely presentable. Even though this definition is very
general it is “too global”. We would like to see that it is in fact a local property. The localness of locally
finitely presentable is already taken care of formal smoothness, unramifiedness and étaleness. If we manage
to show this, we can reduce the study of these properties to the case of affine schemes.

We would like to show the following proposition.
Proposition 1. Suppose {Uα} is a cover of a Y -scheme X. Then X is formally smooth (unramified,

étale) over Y if (and only if) Uα is formally smooth (unramified, étale) over Y for all α.
We will prove this in a little bit. Meanwhile, let us discuss some of the consequences of this proposition.

First let us observe that an open immersion U Y is formally étale. To show this we have to notice that
given a diagram as above replacing X with U , we can see that topologically Z Y factors through U , since
Z Z is a homeomorphism. Therefore, we obtain a scheme-theoretic factorization Z U Y . To show
that the upper triangle commutes and that this lift is unique we use the fact U Y is a monomorphism.

Now suppose that {Vλ} is an open covering of Y . If f is formally smooth (unramified, étale) if and only
if so are f−1(Vλ) Vλ for all λ. This is consequence of the stability of these notions, which can be proved
using the appropriate lifting properties. Now we can further cover f−1(Vλ) by Uα,λ (α indexing depends on
λ). By another application of proposition 1 we conclude that f is formally smooth (unramified, étale) if and
only if the restrictions Uα,λ Vλ are. We could have picked all the open sets to be affine, which shows that
f is formally smooth (unramified, étale) if and only if all of the affine restrictions of it are. This reduces the
study of these morphisms to the case of affines, i.e. properties of ring maps.

We can ask now what when is ring map ϕ : A B formally smooth, unramified or étale. Well, we
would like this to correspond to formal smoothness, unramifiedness and étaleness for the morphism f :
SpecB SpecA. We consider the following diagram

A

B C/I

C

ϕ

n

i

m

s
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where I2 = 0 in C. In the case of a formally smooth map, we require that the extension s exists. For the
case of formally unramified map, we require uniqueness for s, but necessarily existence. Finally, the map is
étale if s exists and it is unique.

Now let us analyze what it means for the map ϕ to be unramified, and along the way we will obtain certain
results that we will give us a leverage to prove proposition 1. Let C and I, be a choice of ring and an ideal
squaring to 0, such that the extension s exists. Let r be another such extension. Note that then i(r− s) = 0,
i.e. im (r − s) ⊂ I. Thus, we have a map r − s : B I. Since I2 = 0, I can be regarded as a C/I-module,
and viam as a B-module. Now check what it does on products, and easily verifies that r−s is a B-derivation.
Furthermore (r−s)(ϕ(A)) = 0, so we conclude, r−s ∈ DerB/A(I). Conversely, we see that if d ∈ DerB/A(I),
then s+d is also an extension of the diagram above. This shows that the set of extension the diagram above
admits an action of the group DerB/A(I) = HomB(Ω1

B/A, I). Furthermore, the action is free and transitive,
i.e. is a torsor for this group, as long as there exists one extension. This implies that if Ω1

B/A = 0, then ϕ is
formally unramified. We would like to show the converse as well. To do this we set C = B ⊕ Ω1

B/A where
the multiplication is given by the formula (b1, dc1)(b2, dc2) = (b1b2, b1dc2 + c1db2), and I = Ω1

B/A ⊂ C is an
ideal squaring to 0. Note that C/I ' B. Set s to be 1 ⊕ dB/A, and the rest of the maps follow. The set
of extensions of this diagram is a torsor of the additive group HomB(Ω1

B/A,Ω
1
B/A) ' EndB(Ω1

B/A). If ϕ is
formally unramified, then clearly this group has to be trivial. This happens only if Ω1

B/A = 0.
Clearly, this result can be globalized, since both the notion of being formally unramified and the notion

of sheaf of relative 1-differentials are local.
Proposition 2. A map of schemes is f : X Y is formally unramified if and only if Ω1

X/Y = 0.
The action of the additive group action extends further globally. Note that

HomB(Ω1
B/A, I) ' HomC/I(Ω

1
B/A ⊗B C/I, I) ' HomC(Ω1

B/A ⊗ C/I, I).

Globalizing the last C-module, we obtain the quasi-coherent sheaf G ' H̃omOZ (ι∗µ
∗(Ω1

X/Y ), I), where J is
the ideal sheaf of Z. We can also define a sheaf of sets on Z as follows: for each open V in Z, let L(V ) be
the set of lifts as in the diagram above with Z replaced by V . The analysis above shows that there is an
action G on L. Furthermore, if L(V ) 6= , then L(V ) is a G(V )-torsor. Now if there is cover {Vλ}, such that
L(Vλ) 6= , then L will be a G-torsor. This is the essential ingredient in the proof of proposition 1.

Proof of Proposition 1. Suppose f |Uα are formally unramified. Suppose that σ1 and σ2 are two lifts of the
diagram above. Let Vγ,α be an affine covering of Z, such that µ(Vγ,α) ⊂ Uα and let V γ,α be the correpsonding
cover of Z. Note that the restrictions of σ1 and σ2 factor through Uα. However, V γ,α is defined again by
nilpotent ideal of OVγ,α and since Uα is formally unramified over Y , the induced maps σ̃1, σ̃2 : Vγ,α Uα
are equal. Therefore, the restrictions of σ1 and σ2 to the affine open sets agree, i.e. σ1 = σ2.

Now suppose that f |Uα are formally smooth. Let Vγ,α be a collection of small affines overing µ−1(Uα),
such that µ(V γ,α) ⊂ Uα. Then by hypothesis L(Vγ,α) 6= . This implies that L is a G-torsor. Since G is
quasi-coherent over Z, and Z is affine, then H1(Z;G) = 0, i.e. F is a trivial torsor, and therefore, admits a
global section, i.e. L(Z) 6= .

I guess it will be beneficial to have also a notion of being smooth, unramified or étale at a specific point,
since after all we have established that it is a local notion. A morphism f : X Y is smooth (unramified,
étale) at a point p ∈ X if there exists a neighborhood U of p, such that f |U is smooth (unramified, étale)
over Y . discussion on smooth curvesFinish this.

D. Serre and Grothendieck Dualities

E. Curves and the Riemann-Roch Theorem
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