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Abstract

In this note I will illustrate the talk I gave. It is mainly about the construction
of Morava E-theories, which consists of two parts. The theory of Lubin and Tate
gives a functor from a category of finite height formal group laws to the category
of complete local rings. By Hopkins-Miller theorem, the entire theory can actually
be lifted to commutative S-algebra in an essentially unique way.
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0.1 Lubin-Tate Deformation Theory

Thoughout this note, k is a perfect field with characteristic p. Let’s consider the category
FG with

• objects: (k,Γ) where Γ a formal group law of height n over k.
• morphisms: α : (k1,Γ1) −→ (k2,Γ2) where α = (i, f) with i : k2 −→ k1 a ring

homomorphism and f : Γ1 −→ i∗Γ2 an isomorphism of formal group laws.

Definition 1. Let (k,Γ) be an object of FG. A deformation of (k,Γ) to a complete local
ring B (with maximal ideal m = mB and projection π : B −→ B/m) is a pair (G, i)
consisting of a formal group law G over B and a homomorphism i : k −→ B/m such
that i∗Γ = π∗G.

Let’s use DefΓ(B) denote the category of deformations of Γ over B. The objects of
it are deformations of (k,Γ) to B. And the morphisms (G1, i1) −→ (G2, i2) are only
defined when i1 = i2, which is f : G1 −→ G2 an isomorphism of formal group laws such
taht π∗f : π∗G1 −→ π∗G2 is the identity map. In other words,

f(x) ≡ x mod mB .

The morphism f : (G1, i1) −→ (G2, i2) is called a F-isomorphism. We may notice for
any two objects (G1, i1) and (G2, i2) with a morphism between them, π∗G1 = π∗G2 =
i∗1Γ = i∗2Γ.

DefΓB is a groupoid. It’s the pull-back of two maps

fgl(B) −→ fgl(B/m)

and ∐

i:k→B/m

{Γ} inclusion−→
∐

i:k→B/m

fgl(k)
∐

i∗−→ fgl(B/m).

The diagram below is commutative.
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DefΓ(B)

²²

// fgl(B)

²²∐
i:k→B/m{Γ} //

∐
i:k→B/m fgl(k) // fgl(B/m)

And
DefΓ(B) =

∐

j:k−→B/m

DefΓ(B)j

where DefΓ(B)j is the full subcategory consisting of the deformations (G, i) with i = j.

Let’s recall the definition of the homotopy groups of a groupoid G.

π∗(G) := π∗(BG).

Especially, π0(G) is the set of isomorphism classes in G; and π1(G,X) is the group of
automorphisms of the object X in G.

Theorem 2 (Lubin-Tate). If Γ is a formal group law of height n < ∞ over k, and if
D = (G, i) is a deformation of (k,Γ), then

π1(DefΓ(B)i, D) = {1},
and

π0(DefΓ(B)i) = m×(n−1).

Furthermore, there exists a complete local ring E(k,Γ) such that there exists a universal
deformation (F, id) where F is a formal group law over E(k,Γ) and id : k

∼=−→ E(k,Γ)/m
is an isomorphism in the sense that the functor B −→ π0DefΓ(B)i is corepresented by
E(k,Γ) so that a map φ : E(k,Γ) −→ B corresponds to the isomorphism class of φ∗F in
DefΓB.

By this theorem, there is at most one F-isomorphism class between any two defor-
mations of Γ to B.

And we may illustrate the second part of the theorem by the two diagrams.

E(k,Γ)
∃!φ //

π

²²

B

²²

F //

²²

φ∗F
g

∼=
// G

²²
k // B/m Γ // i∗Γ

∼= // π∗G

where g : φ∗F −→ G is a F-isomorphism. It’s necessarily unique.
When k = Fpn we can get the structure of E(k,Γ). The witt ringWk has the universal

property: given a diagram
Wk

²²

// B

²²
k // B/m

with all the maps continuous homomorphisms and B a complete local ring, there is
a unique dotted arrow making the diagram commute. Thus, E(k,Γ) is a Wk-algebra
containing Wk. By Lubin-Tate theorem,

HomWk−alg(E(k,Γ), B) ∼= π0DefΓ(B) ∼= m×(m−1).

Thus,
E(k,Γ) ∼=Wk[u1, · · ·un−1].
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In fact,
FG −→ {complete local ring}, (k,Γ) 7→ E(k,Γ)

is a functor. Let α : (k1,Γ1) −→ (k2,Γ2) be a morphism in FG where α = (j, f) with
j : k2 −→ k1 and f : Γ1

∼−→ j∗Γ2. The morphism gives a diagram

∐
k1−→B/m{Γ1}

j∗

²²

''PPPPPPPPPPPP

fgl(B/m)

∐
k2−→B/m{Γ2}

77nnnnnnnnnnnn

which commutes up to homotopy. The homotopy is determined by f .
It induces a map π0DefΓ1(B) −→ π0DefΓ2(B) which is natural in B. Then we get a

ring homomorphism E(k2,Γ2) −→ E(k1,Γ1).
The construction of the universal deformation (F, id) is in Lubin and Tate’s original

proof in [3].

0.2 Morava homology theories

In this part, the functor
FG −→ {homology theories}

is constructed.
A ring spectrum E is complex orientable if there exists a cohomology class x ∈

Ẽ2CP∞ such that the restricition of this class to CP 1 ∼= S2 is the generator of Ẽ2S2 ∼=
π0E.

Such a class determines a characteristic class c1(L) ∈ E2(X) for a complex line
bundle L over X. Since E∗CP∞ ∼= E∗[x], the orientation determines a formal group law
F induced by the map CP∞ × CP∞ −→ CP∞ corresponding to tensor product of line
bundles.

The complex cobordism spectrum MU is complex orientable. The two inclusions
η∗R, η∗L : MU ⇒ MU ∧MU induces two formal group laws over MU∗MU and a canonical
strict isomorphism between them.

Theorem 3 (Quillen). The canonical formal group law F over MU∗ is the universal
formal group law (of degree -2) in the sense that given a formal group law G of degree -2
over a graded ring R∗, there exists a unique map φ : MU∗ −→ R∗ such that φ∗F = G.

Furthermore, the canonical isomorphism f : η∗RF −→ η∗LF over MU∗MU is the
universal strict isomorphism in the sense that, given a strict isomorphism g : G −→ G′

of formal group law over R∗, there exists a unique map ψ : MU∗MU −→ R∗ such that
ψ∗f = g.

Suppose E is periodic, i.e. ∃u ∈ π2E invertible. We will use such an element to
switch between degree -2 formal group law and degree 0 ones. Consider graded ring R∗
such that R2 contains an invertible element uG.

Given a formal group law G over R0,

G(x, y) = u−1
G G(uGx, uGy)

is a degree -2 formal group law.
And if g : G1 −→ G2 is a morphism of formal group law over R0 and uG1 , uG2 ∈ R2

are invertible. Let g(x) = u−1
G2

g(uG1x). Then g is a morphism G1 −→ G2. And g′(0) =
u−1

G2
uG1g

′(0).
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Given (k,Γ) ∈ FG, we can define a functor Ek,Γ on spaces by

(Ek,Γ)∗(X) ∼= E(k,Γ)[u±]
F⊗

MU∗

MU∗(X).

The tensor product is induced by the map MU∗ −→ E(k,Γ)[u±] that classifies F . F is
the degree -2 formal group law induced from F with uF = u.

Theorem 4 (The Landweber Exact Functor Theorem). Let R be a MU∗-module.
Suppose for each prime p and each n the map

R/(p, v1, · · · vn−1)R
·vn−→ R/(p, v1, · · · vn−1)R

is injective where each vn is the coefficient of xpn

of the p-series of the universal formal
group law over MU∗. Then the functor

X 7→ R∗
⊗

MU∗

MU∗(X)

is a homology theory.

It can be checked directly that the map MU∗ −→ E(k,Γ)[u±] classifying a degree -2
universal deformation satisfies the hypotheses of the Landweber exact functor theorem.
So the functor X 7→ (Ek,Γ)∗(X) is a homology theory.

In this way we get a map

E : FGop −→ {homology theories}
which sends (k,Γ) to Ek,Γ. This is a functor, as shown below.

Let’s start with a morphism α : (k1,Γ1) −→ (k2,Γ2) in FG with i : k2 −→ k1 and
f : Γ1 −→ i∗Γ2. Let Fi be the universal deformation of (ki,Γi), i = 1, 2. The induced
map

Ψ : E(k2,Γ2) −→ E(k1,Γ1)

and a unique isomorphism
g : F1 −→ Ψ∗F2

such that
g ≡ f(mod m)

make the diagrams below commute.

E(k2,Γ2)
∃!Ψ //

π

²²

E(k1,Γ1)

π

²²

F2
//

²²

Ψ∗F2

²²

F1∼
goo

²²
k2

i // k1 Γ2
// i∗Γ2 Γ1∼

foo

.

Ψ can be extended to a map E(k2,Γ2)[u±F2
] −→ E(k1,Γ1)[u±F1

] by Ψ(uF2) = g′(0)uF1 .
And the morphism Eα is defined in this way

E(k2,Γ2)
F2⊗

MU∗

MU∗(X) −→ E(k1,Γ1)
Ψ∗F2⊗

MU∗

MU∗(X)
g←− E(k1,Γ1)

F1⊗

MU∗

MU∗(X)

where g(x) = (ΨuF2)
−1g(uF1x).

In [1], it’s shown that the spectrum Ek,Γ of the homology theory Ek,Γ is a A∞-ring
spectrum such that

it’s a commutative ring spectra;
it’s complex orientable with formal group F over E(k,Γ) which is the universal de-

formation of (k,Γ);
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π∗Ek,Γ = E(k,Γ)[u±] with |u| = 2.
Moreover, the functor FG −→ {A∞-ring spectra} established above sends isomor-

phism of formal groups to the weak equivalence of A∞-ring spectra.
In [2], it’s shown that this algebraic theory of deformations of height n formal group

laws can actually lift to E∞-ring spectra. Moreover, the model category of TO-algebra
and that of commutative S-algebra are Quillen equivalent where O is the category of
E∞-operad in spaces. So the theory can be lifted to S-commutative algebra. Let’s talk
about this a little.

E∞-operad is an operad with a collection of spaces {O(n)}n≥0 such that each O(n)
is contractible and the right action on O(n) is free. From a E∞-ring spectrum O, we can
define an operad TO in spaces by

TO(X) :=
∨

n≥0

(O(n)+ ∧X∧n)Σn
.

The T -algebra associated to the monad provides E∞-algebra.
The T -algebra associate to the monad

P (X) :=
∨

n≥0

(X∧n)Σn

provides commutative S-algebra. By Theorem 1.6 in [2], the two model categories are
Quillen equivalent:

{TO-algebra} À {commutative S-algebra}.
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