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Abstract. We give a new proof of the existence part of the Mea-
surable Riemann Mapping theorem using the Cartan–Kähler the-
ory together with well known approximation results for quasicon-
formal mappings.

1. Introduction

Let f : D → D′ be an orientation preserving homeomorphism be-
tween domains D,D′ in the complex plane C or the Riemann sphere
C = C ∪ {∞}, and let K ≥ 1. Then f is K−quasiconformal if f is
ACL (absolutely continuous on lines) and for a.e. z ∈ D we have

max
|β|=1

∣∣∣∣∂f∂β
∣∣∣∣ ≤ K min

|β|=1

∣∣∣∣∂f∂β
∣∣∣∣

where ∂f
∂β

is the derivative in the direction of the unit vector β. We refer

to [1], [5], and [7] for the general theory of quasiconformal mappings.
The Measurable Riemann Mapping theorem ([5], p. 191) states the

following.

Theorem 1.1. Let D be a domain in C. Let µ ∈ L∞(D) with ||µ||∞ ≤
k < 1. Then there is a K−quasiconformal homeomorphism f of D
whose complex dilatation

µf = fz/fz

agrees with µ a.e. in D. Also, if F is any other solution, then F = g◦f
where g is conformal in f(D). Here K = (1 + k)/(1− k).

This amounts to solving the PDE known as the Beltrami equation,

(1) fz = µfz
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for the unknown function f , where

fz =
1

2

(
∂f

∂x
− i∂f

∂y

)
, fz =

1

2

(
∂f

∂x
+ i

∂f

∂y

)
.

There are many methods for proving Theorem 1.1 (see, e.g., [5]).
In this paper we give a new proof of the existence part of the Mea-

surable Riemann Mapping theorem using the Cartan–Kähler theory to-
gether with well known approximation results for quasiconformal map-
pings. We do not address the uniqueness part here.

The Cartan–Kähler theory deals with the problem of solving systems
of PDEs locally in the real analytic category. For a comprehensive
treatment of the Cartan–Kähler theory, we refer to [3] or to [6]. The
basics of the theory and the notation that we use here can be found in
[3].

In Section 2 we describe the role of approximation, deriving Theo-
rem 1.1 from the assumption that it holds locally with µ real analytic.

In the subsequent sections we first review the definitions and results
of the Cartan–Kähler theory that we require, and then use the theory
to prove Theorem 1.1 locally when µ is real analytic.

2. Approximation

In this section we assume that if µ is real analytic with ||µ||∞ < 1 in
a domain D ⊂ C, then each z ∈ U has a neighborhood U such that we
can solve the Beltrami equation (1) in U , yielding a solution f that is
automatically a homeomorphism in U if U is taken to be small enough.

2.1. Local to global. Suppose that each z ∈ D has some neighbor-
hood U where there is a homeomorphism f solving the Beltrami equa-
tion (1). It is well known that such local solutions can be pasted to-
gether to obtain a global solution in D. For example, this can be done
using the uniformization theorem for Riemann furfaces. Suppose that
D is simply connected; this is the only case that we need in the sub-
sequent steps. The local solutions, understood as coordinate maps on
2-manifold, form a conformal structure on D, giving rise to a Riemann
surface with underlying domain D. By the uniformization theorem,
this surface can be mapped conformally by a function F onto a stan-
dard Riemann surface (the sphere, the plane, the disk). This F yields
the required global solution of (1) in D. See [5], p. 195.

2.2. Getting to a measurable µ. Suppose that µ is a measurable
complex valued function on a domain D in C with ||µ||∞ ≤ k < 1. If D
is not simply connected to begin with, we may make D larger by taking
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µ = 0 outside D. Hence we may assume that D is simply connected.
For example, we might have D = C.

Let Kn be a sequence of compact sets whose union is D. Define µn
on C by setting µn = µ on Kn and µn = 0 elsewhere. Fix n.

Let νk be the convolution of µn with a real analytic kernel such as
Ck exp(−k|z|2) where the constant C > 0 is chosen so that

C

∫
C

exp(−|z|2) dx dy = 1

(so C = 1/π). Thus, with this kernel,

νk(z) = Ck

∫
C
µn(w) exp(−k|z − w|2) du dv

where w = u+ iv.
Then νk is real analytic in C, in particular in D, with ||νk||∞ ≤

||µn||∞ ≤ ||µ||∞ ≤ k < 1. Hence, by the previous subsection and by
the basic assumption of this section, there is a quasiconformal mapping
gk of D whose complex dilatation agrees with νk a.e. in D.

2.3. A normal families argument. We may normalize gk to fix cer-
tain three distinct points of D, by replacing g by M ◦ g, where M is a
Möbius transformation.

By the standard normal families results for quasiconformal map-
pings, we may pass to a subsequence and assume, without changing
notation, that gk → fn locally uniformly in D, where fn is a quasicon-
formal mapping of D.

If K ≥ 1 is such that ||µ||∞ = (K − 1)/(K + 1), then all mappings
gk and fn are K−quasiconformal.

Passing to a subsequence again, we may assume that fn → f locally
uniformly in D, where f is a K−quasiconformal mapping of D. We
next ask what can be said about the complex dilatation of f .

2.4. Good approximation. Bers obtained the following result in 1957
(see [2], and also [5], p. 187).

Theorem 2.1. Let Fn be a sequence of K−quasiconformal mappings
in a domain D in C, converging to a quasiconformal mapping F locally
uniformly in D. If the complex dilatations µFn converge to a limit ν
a.e. in D, then ν = µF a.e. in D.

Such a sequence Fn is said to be a “good approximation” for F ([5],
p. 185).

Let us return to the mappings gk and fn. By construction, the
complex dilatations of the gk tend to µn a.e. (at least if we again pass
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to a subsequence of gk), so by Theorem 2.1, the complex dilatation of
fn is equal to µn a.e.

Similarly, since µn → µ in D, the complex dilatation of f agrees
with µ a.e. in D. This completes the proof of Theorem 1.1 under the
assumption that it can be proved locally for real analytic µ.

The above procedure is well known. In this way the general problem
of solving the Beltrami equation can be reduced to solving the local
real analytic problem.

The rest of the paper is dedicated to using the Cartan–Kähler the-
ory. The application of the Cartan–Kähler theory is generally quite
complicated, so this does not offer a new method in the plane that
would be preferable to other methods. Its principal interest may lie in
considering the problem also from this point of view, and for consid-
ering possible future applications of the method in higher dimensional
spaces.

3. The basic results of the Cartan–Kähler theory

To understand what we need to do to investigate (1) within the
framework of the Cartan–Kähler theory, we go through some of the
results and definitions of that theory. We obviously cannot review the
whole theory here, so we only list a few essential things; for further
details and notation we refer to [3]. We are looking for a local solu-
tion to a system of two real-valued PDEs. (One could write (1) as two
real PDEs. We will use an equivalent formulation given by setting the
quantities in (4) equal to zero, with (i, j) ∈ {(1, 2), (2, 2)}.) A sub-
manifold of an appropriate space Rd where the situation is considered,
on which the PDEs are satisfied, is called an integral manifold. The
following result is Corollary 2.3 in [3], p. 86.

Theorem 3.1. Let I be an analytic differential ideal on a manifold M .
Let E ⊂ TxM be an ordinary integral element of I. Then there exists
an integral manifold of I which passes through x and whose tangent
space at x is E.

The notation TxM means the tangent space to M at x ∈ M . Our
local solution of (1) is based on applying Theorem 3.1, which says that
when I arises from a system of PDEs in a natural way (as will be seen),
then the system of PDEs has a local solution provided that an ordinary
integral element of I can be found. In the rest of this section we explain
what is meant by the various concepts mentioned in Theorem 3.1. We
go through a number of definitions that in the end lead to the definition
of an ordinary integral element.
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A differential ideal I is an ideal of differential forms defined on a
suitable subdomain of a Euclidean space. Thus I is closed under ad-
dition and under multiplication by (for us) real analytic functions and
forms, defined on that same domain. The ideal I is analytic if all the
coefficient functions in the differential forms are real analytic. We say
that I is (differentially) closed if, for each θ ∈ I, also dθ ∈ I.

In the Cartan–Kähler theory, one adds to the initial independent
variables, say x and y for functions defined in a plane domain, a (usu-
ally) large number of new variables, corresponding to the unknown
functions and their partial derivatives. Hence, even for us, we will end
up considering problems in Rd, where d is much larger than 2. There-
fore the various tangent spaces to manifolds and their subspaces may
have a large dimension also.

The following definitions are from [3], pp. 65–73.

Definition 3.1. Integral elements. Let M be a smooth manifold
of dimension m and let I be a differential ideal on M . An integral
manifold V of I is a submanifold ι : V → M such that ι∗(α) = 0 for
all α ∈ I. If v ∈ V and E = TvV ⊂ TvM is the tangent space to V
at v, then ι∗(α) = αE where αE denotes the restriction of α|v to E.
A linear subspace E ⊂ TxM is said to be an integral element of I if
ϕE = 0 for all ϕ ∈ I. The set of all integral elements of I of dimension
p is denoted by Vp(I).

Let Ω be an n−form on M . We write Gn(TM,Ω) for the open set
of those E in the Grassmannian Gn(TM) for which ΩE 6= 0.

We denote by FΩ(I) the set of functions

FΩ(I) = {ϕ|Ω : ϕ ∈ I, degϕ = n}.
By [3], Proposition 1.4, p. 67 (see also p. 68), the set Vn(I,Ω) =

Vn(I) ∩Gn(TM,Ω) is the space of common zeros of the set FΩ(I).

Definition 3.2. Ordinary zeros. If X is a smooth manifold and
F ⊂ C∞(X) is any set of smooth functions on X, let Z(F) ⊂ X denote
the set of common zeros of the functions in F . We say that x ∈ Z(F)
is an ordinary zero of F if there is a neighborhood V of x and a set
of functions f1, . . . , fq in F whose differentials are independent on V
such that

Z(F) ∩ V = {y ∈ V : f1(y) = · · · = fq(y) = 0}.

Definition 3.3. Polar space. Let e1, . . . , ep be a basis of the subspace
E of TxM . The polar space H(E) of E is the vector space

H(E) = {v ∈ TxM : ϕ(v, e1, . . . , ep) = 0 for all ϕ ∈ I of degree p+ 1}.
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Thus E ⊂ H(E).

Definition 3.4. Rank function. We define the rank function r :
Vp(I)→ Z by

r(E) = dimH(E)− (p+ 1) ≥ −1.

Definition 3.5. Kähler-ordinary and Kähler-regular integral
elements. An integral element E ∈ Vn(I) is said to be Kähler-ordinary
if there is an n−form Ω on M with ΩE 6= 0 with the property that E is
an ordinary zero of the set of functions FΩ(I). We denote by V o

n (I) ⊂
Vn(I) the subspace of Kähler-ordinary points of Vn(I). If E is Kähler-
ordinary and the function r is locally constant on a neighborhood of E in
V o
n (I), we say that E is Kähler-regular. We denote by V r

n (I) ⊂ V o
n (I)

the subspace of Kähler-regular points of V o
n (I).

Definition 3.6. Integral flags. A nested sequence {0}x ⊂ E1 ⊂ E2 ⊂
· · · ⊂ En ⊂ TxM where dimEk = k and En is an integral element of I
is called an integral flag of I of length n based at x.

Since a subspace of an integral element is also an integral element,
each Ek above is an integral element of I.

Definition 3.7. Ordinary integral elements. An integral element
E ∈ Vn(I) is said to be ordinary if its base point x is an ordinary zero
of I ∩ Ω0(M) and if, further, there is an integral flag {0}x ⊂ E1 ⊂
E2 ⊂ · · · ⊂ En ⊂ TxM with E = En where Ek is Kähler-regular for all
k ≤ n− 1. If E is both ordinary and Kähler-regular, we say that E is
regular.

In many applications, including ours, I ∩Ω0(M) is empty (meaning
that I contains no non-zero forms of degree 0), making one condition
above vacuous.

Definition 3.8. Ordinary and regular integral flags. In an in-
tegral flag {0}x ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ TxM , where each Ek is
Kähler-regular for k ≤ n− 1, each Ek is, in fact, regular for k ≤ n− 1.
Such a flag is called an ordinary flag. If, further, En is also regular,
then the flag is said to be regular.

We have now defined ordinary integral elements. Let us consider a
simple example. Suppose that points in D ⊂ R2 are denoted by (x, p),
and that I contains the form

θ = ϕ1(x, p) dx+ ϕ2(x, p) dp.

We consider a point z = (x0, p0). At this point ϕ1(x, p) and ϕ2(x, p) are
equal to some real numbers, say ϕ1(x0, p0) = a1 and ϕ2(x0, p0) = a2.
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In the tangent space Tz, where z = (x0, p0), we consider vectors v in
terms of the basis {∂x, ∂p} dual to {dx, dp}. Hence

v = b1 ∂x+ b2 ∂p ∈ Tz.
We apply θ to v and get

a1b1 + a2b2.

As far as θ is concerned, a necessary condition for v to lie in an
integral element of I at z is that

a1b1 + a2b2 = 0.

Since a1, a2 are given, this yields a condition on the relationship be-
tween b1, b2.

If there are other differentials in I, they yield further conditions, all
of which must be satisfied by an integral element. Thus one typically
solves linear systems to determine integral elements.

In a more general situation, a differential in I of higher degree is a
linear combination of forms of the form

ϕ(xj) dx1 ∧ · · · ∧ dxq,
say (if all variables involved in this particular form are, for simplicity,
denoted by x1, . . . , xq).

At any particular point, ϕ(xj) is a constant while dx1∧· · ·∧dxq acts
on a multivector (v1, . . . ,vq) to yield the number

(2) det |〈dxi,vj〉|qi,j=1 .

In this way we obtain extra conditions for higher dimensional integral
elements that did not apply to lower dimensional integral elements if
I contains essentially new differentials of higher degree.

Given I, at any point of our manifold M , for any p ≥ 1, we obtain
certain integral elements of dimension p (possibly none).

Typically there are many integral elements, which we seek to pa-
rametrize in a suitable way. The number of parameters gives us the
dimension of the space of integral elements (of course, this is only a
rough idea).

The number of parameters may vary from one point of M to another.
We seek a situation where the number of parameters is constant in a
small neighborhood of a given point of M . This corresponds to the
rank function being locally constant.

More precisely, we consider flags of integral elements at a point ofM ,
such that {0}x ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ TxM where dimEk = k, and
hope that for 1 ≤ k < n, the number of parameters for the integral
elements of dimension k + 1 containing Ek is constant throughout a
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neighborhood of the given point of M and of Ek. It should be noted
that we consider not only a neighborhood of a point of M but also a
neighborhood of each Ek.

4. The set-up of the problem within the Cartan–Kähler
theory

To apply Theorem 3.1 to solve (1) locally, we need to express (1)
within the framework of the Cartan–Kähler theory. For this purpose
we rewrite (1) in a suitable way.

Let D be a plane domain with z0 ∈ D. Let U be a small neighbor-
hood of z0 and let the complex valued real analytic function µ be given
in U with |µ(z)| ≤ k < 1 for all z ∈ U . We are looking for a function
f = (f 1, f 2) in a neighborhood V ⊂ U of z0 satisfying (1) in V .

With f = f(z) = u+iv and z = x+iy, we can express the derivative
matrix f ′(z) and the Jacobian (determinant) J(f) as

f ′(z) =

(
ux uy
vx vy

)
, J(f) = uxvy − vxuy.

Thus

f ′(z)Tf ′(z) =

(
ux vx
uy vy

)(
ux uy
vx vy

)
=

(
u2
x + v2

x uxuy + vxvy
uxuy + vxvy u2

y + v2
y

)
.

Recall that

fz =
∂f

∂z
=

1

2

(
∂f

∂x
− i∂f

∂y

)
, fz =

∂f

∂z
=

1

2

(
∂f

∂x
+ i

∂f

∂y

)
.

The complex dilatation of f at z is defined by

µf = µf (z) =
fz
fz

if fz 6= 0.
We next observe that µ can be expressed in another way using the

elements of the symmetric matrix f ′Tf ′, where f ′ = f ′(z) for z ∈ U and
AT stands for the transpose of the matrix A. The ideas and identities
involved go back to the 19th century and can be found in many texts.
We use the notation from [4].

Identifying R2 with the complex plane C, write f = u+iv, z = x+iy,
and

f ′(z)Tf ′(z) = B(z) = B =

(
b11 b12

b12 b22

)
,

using the fact that B(z) is symmetric. For any positive definite 2× 2-
matrix B, define µ(B) = α/β ∈ C, where

(3) α = b11 − b22 + 2ib12, β = b11 + b22 + 2
√

detB.
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Consider a homeomorphism f of a plane domain at a point z where f is
differentiable with a non-zero Jacobian determinant and with complex
dilatation µf (z) = fz/fz. If f is orientation preserving, then µ(B(z)) =
µf (z). If f is orientation reversing, then µ(B(z)) = µf (z).

The matrix f ′(z)Tf ′(z) is also the metric tensor G of the (flat) metric
of (a subset of) the plane induced by f . This merely amounts to con-
sidering the Euclidean metric in the coordinates induced by f , instead
of the usual Euclidean coordinates. We revert to writing G instead of
B.

The above shows that

2µ

1 + |µ|2
=
g11 − g22 + 2ig12

g11 + g22

=
1− g22/g11 + 2ig12/g11

g22/g11 + 1

and this quantity uniquely determines µ [CH].
Thus, to solve (1), it is equivalent to find f such that (with G =

f ′(z)Tf ′(z)) the quantities g22/g11 and g12/g11 are equal to certain pre-
scribed quantities. (There is nothing special about dividing by g11.
Equivalently, we could consider (say) g12/g22 and g11/g22.) We now
consider the problem of prescribing g12/g11 and g22/g11 to be equal to
given real analytic functions ϕ12 and ϕ22. These functions are sub-
ject to the conditions that ϕ22 > 0 and (ϕ12)2 < ϕ22 since g11 > 0,
g22 > 0, and g12 < g11g22 (since the matrix G is positive definite, which
corresponds to the condition that |µ| < 1).

We will now get into calculations involving many indices. Hence, for
notational convenience, we revert to writing z = x1 + ix2 instead of
z = x+ iy, and f = f 1 + if 2.

Let us write

f i` =
∂f i

∂x`
,

(4) ψij =
2∑
`=1

f `i f
`
j − ϕij

2∑
`=1

(f `1)2.

Hence ψij = gij − ϕijg11, so that the condition ψij = 0 is equivalent to
gij/g11 = ϕij. We use this for (i, j) ∈ {(1, 2), (2, 2)}.

We use the usual volume form

Ω = dx1 ∧ dx2 6= 0.

We next define the differential forms that are relevant to the discus-
sion of (1) within the Cartan–Kähler theory.

We introduce new variables pai for 1 ≤ a, i ≤ 2, with the inten-
tion that pai represents fai . To make this connection, we introduce the
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differential form

(5) θa = dfa −
2∑
i=1

pai dx
i.

As is usual in the Cartan–Kähler theory, we consider a large space.
We use the coordinates x1, x2, f

1, f 2, pai . There are altogether eight
new coordinates, so that the action takes place in R8.

We are interested in ψij for (i, j) ∈ {(1, 2), (2, 2)}. In terms of the
new coordinates they are

(6) ψij =
2∑
`=1

p`ip
`
j − ϕij

2∑
`=1

(p`1)2.

We write M for the submanifold of R8 where (x1, x2) ∈ D, ψ12 =
ψ22 = 0, and J = p1

1p
2
2 − p1

2p
2
1 > 0. We are effectively looking for a

solution of (1), for our real analytic µ, in some neighborhood of any
point of this manifold M . This means that z = (x1, x2) can be any
point of D, the partial derivatives of the solution f can be any numbers
at (x1, x2) only subject to (1), while we require that the Jacobian of
f is positive at (x1, x2). The freedom that this leaves for the partial
derivatives of f at (x1, x2) is that each of fz and fz can be multiplied
by the same non-zero complex number. Since, if f is a solution of (1),
also g ◦ f is a solution of (1) for any conformal mapping g, and since
using g ◦ f instead of f would result in multiplying both fz and fz by
g′(z), allowing this freedom does not amount to asking for too much.
So it is reasonable that we attempt to solve (1) in a small neighborhood
of any such point.

When looking for integral elements, if we find the appropriate con-
ditions for differentials of the coordinates other than df 1 and df 2, we
can then use (5). For simpler presentation, we therefore ignore f 1, f 2

in what follows and explain at the end of the paper how they can be
included. Calculating dθa we get

(7) −
2∑
i=1

dpai ∧ dxi.

When applying Theorem 3.1, the differential ideal I will be the closed
differential ideal algebraically generated by the forms θa for 1 ≤ a ≤ 2,
and by dψ12 and dψ22. Thus I also contains dθa, that is, the differential
form given by (7).
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4.1. Differentials arising from the PDEs. We proceed to some
calculations. We have, with the notation ϕij,k = ∂ϕij/∂xk, that

dψ12 = p1
2 dp

1
1 + p1

1 dp
1
2 + p2

2 dp
2
1 + p2

1 dp
2
2 − 2ϕ12(p1

1 dp
1
1 + p2

1 dp
2
1)

−((p1
1)2 + (p2

1)2)(ϕ12
,1 dx

1 + ϕ12
,2 dx

2),

dψ22 = 2(p1
2 dp

1
2 + p2

2 dp
2
2)− 2ϕ22(p1

1 dp
1
1 + p2

1 dp
2
1)

−((p1
1)2 + (p2

1)2)(ϕ22
,1 dx

1 + ϕ22
,2 dx

2).

Further,

dθa = −
2∑
i=1

dpai ∧ dxi.

These are the differentials we use to find the integral elements, when
ignoring the variables f 1, f 2.

We have now defined the set-up of our problem using the concepts
of the Cartan–Kähler theory. When looking for ordinary integral ele-
ments, a common strategy is to first find all integral elements of the
appropriate dimensions, which in our case means all 1−dimensional
and 2−dimensional integral elements. After that one examines how
they can fit together to form ordinary integral elements, if possible
at all. Thus we next determine all 1−dimensional and 2−dimensional
integral elements.

5. 1−dimensional integral elements

We consider the differential ideal generated by all forms mentioned
so far.

We only consider subspaces of TxM on which dx1∧dx2 6= 0. Consider
the vector

(8) w = b1∂x1 + b2∂x2 + c1∂p11 + c2∂p21 + c3∂p12 + c4∂p22 ,

where at least one of b1 and b2 is non-zero. Applying dψ12 and dψ22

to w and setting the results to zero, we obtain a linear system for the
functions bj, cj of (x1, x2) in a neighborhood of z.

Using b1, b2, c1, c2, c3, c4 as the variables in this order, we get the
linear homogeneous system with the coefficient matrix[

−αϕ12
,1 −αϕ12

,2 p1
2 − 2ϕ12p1

1 p2
2 − 2ϕ12p2

1 p1
1 p2

1

−αϕ22
,1 −αϕ22

,2 −2ϕ22p1
1 −2ϕ22p2

1 2p1
2 2p2

2

]
,

where α = (p1
1)2 + (p2

1)2.
The system can be solved for c3, c4 since p1

1p
2
2 − p1

2p
2
1 > 0 (hence

p1
1p

2
2 − p1

2p
2
1 6= 0). After that, there are the free variables b1, b2, c1, c2.
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With J = p1
1p

2
2 − p1

2p
2
1 > 0, the solutions are given by

2Jc3 = −α(p2
1ϕ

22
,1 − 2p2

2ϕ
12
,1 )b1(9)

−α(p2
1ϕ

22
,2 − 2p2

2ϕ
12
,2 )b2

+(−2ϕ22p1
1p

2
1 + 4ϕ12p1

1p
2
2 − 2p1

2p
2
2)c1

+(−2ϕ22(p2
1)2 + 4ϕ12p2

1p
2
2 − 2(p2

2)2)c2,

2Jc4 = −α(−p1
1ϕ

22
,1 + 2p1

2ϕ
12
,1 )b1(10)

−α(−p1
1ϕ

22
,2 + 2p1

2ϕ
12
,2 )b2

+(2ϕ22(p1
1)2 − 4ϕ12p1

1p
1
2 + 2(p1

2)2)c1

+(2ϕ22p1
1p

2
1 − 4ϕ12p1

2p
2
1 + 2p1

2p
2
2)c2.

This gives a 3−parameter family of 1−dimensional integral elements,
the parameters being b1, b2, c1, c2 modulo the possibility of multiplying
them all by the same non-zero real number, since doing so does not
change the 1−dimensional subspace spanned by w. Each parameter
can be chosen to be any real number, except that at least one of b1 and
b2 is non-zero. This gives a description of all 1−dimensional integral
elements.

6. 2−dimensional integral elements

To get all 2−dimensional integral elements, we consider two vectors
of the type w as above in (8), say linearly independent w1, w2. We
assume that each wj belongs to a 1−dimensional integral element and
is therefore of the form discovered above. Then we impose the extra
condition that

−
2∑
i=1

dpai ∧ dxi

applied to (w1, w2) is zero for a = 1, 2. This yields another linear
system that can likewise be solved.

We may assume that the coefficients of (∂x1 , ∂x2) in w1, w2 are (1, 0)
and (0, 1) since w1, w2 are linearly independent and we only consider
subspaces of TxM on which dx1 ∧ dx2 6= 0. Doing so will not change
the two-dimensional subspace we are looking for, since we are merely
choosing a particular basis for the subspace. This choice does not affect
the number of free parameters that may remain in the choice of the
subspace itself. In fact, it clarifies the number of those parameters since
we are not leaving here parameters that would be superfluous.

So if

w1 = ∂x1 + c1∂p11 + c2∂p21 + c3∂p12 + c4∂p22 ,
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w2 = ∂x2 + c5∂p11 + c6∂p21 + c7∂p12 + c8∂p22 ,

then (
2∑
i=1

dpai ∧ dxi
)

(w1 ∧ w2) = 0

gives the following equations (recall (2)).
For a = 1, we obtain ∣∣∣∣c1 c5

1 0

∣∣∣∣+

∣∣∣∣c3 c7

0 1

∣∣∣∣ = 0,

so c3 = c5.

For a = 2, we get ∣∣∣∣c2 c6

1 0

∣∣∣∣+

∣∣∣∣c4 c8

0 1

∣∣∣∣ = 0,

so c4 = c6.
For each of w1 and w2 to give us 1−dimensional integral elements,

we use that condition for w1 to solve for c3, c4 in terms of c1, c2; and
use the condition for w2 to solve for c7, c8 in terms of c3, c4.

For w1, taking b1 = 1 and b2 = 0 in (9) and (10), we get

2Jc3 = −α(p2
1ϕ

22
,1 − 2p2

2ϕ
12
,1 )(11)

+(−2ϕ22p1
1p

2
1 + 4ϕ12p1

1p
2
2 − 2p1

2p
2
2)c1

+(−2ϕ22(p2
1)2 + 4ϕ12p2

1p
2
2 − 2(p2

2)2)c2,

2Jc4 = −α(−p1
1ϕ

22
,1 + 2p1

2ϕ
12
,1 )(12)

+(2ϕ22(p1
1)2 − 4ϕ12p1

1p
1
2 + 2(p1

2)2)c1

+(2ϕ22p1
1p

2
1 − 4ϕ12p1

2p
2
1 + 2p1

2p
2
2)c2.

For w2, taking b1 = 0 and b2 = 1 in (9) and (10) and writing
(c5, c6, c7, c8) instead of (c1, c2, c3, c4), and additionally using c5 = c3

and c6 = c4, we get

2Jc7 = −α(p2
1ϕ

22
,2 − 2p2

2ϕ
12
,2 )(13)

+(−2ϕ22p1
1p

2
1 + 4ϕ12p1

1p
2
2 − 2p1

2p
2
2)c3

+(−2ϕ22(p2
1)2 + 4ϕ12p2

1p
2
2 − 2(p2

2)2)c4,

2Jc8 = −α(−p1
1ϕ

22
,2 + 2p1

2ϕ
12
,2 )(14)

+(2ϕ22(p1
1)2 − 4ϕ12p1

1p
1
2 + 2(p1

2)2)c3

+(2ϕ22p1
1p

2
1 − 4ϕ12p1

2p
2
1 + 2p1

2p
2
2)c4.

Substituting the expressions for c3 and c4 from (11) and (12) into (13)
and (14), we obtain c7 and c8 in terms of c1 and c2. Thus each of
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c3, c4, c5, c6, c7, c8 can be expressed in terms of c1 and c2. The result is
lengthy and we do not reproduce it here. The only thing that matters
is that c1 and c2 remain as free variables, and this process works at
each point where J 6= 0.

Thus there exists a 2−parameter family of 2−dimensional integral
elements. As a side-remark, one might say that this corresponds to
possible variations of the second derivatives fzz, fzz, fzz at our point.
In retrospect, since f can be replaced by g◦f where g is conformal, and
g′′(z) is arbitrary, thus depending on two real parameters, this makes
sense (we should take g′(z) = 1 so as not to change the chosen pai at
z).

7. Ordinary integral elements

Finally, we put together the information that we have obtained con-
cerning the 1− and 2−dimensional integral elements. We continue to
ignore the variables f 1, f 2 and address this question at the end.

Choose a 1−dimensional integral element E1 according to what we
found above. It is spanned by a vector w as in (8), where we have chosen
specific values for b1, b2, c1, c2 and then determined c3, c4 from (9) and
(10). At least one of b1, b2 is chosen to be non-zero. For simplicity,
since we only need to find one ordinary integral element, take b1 = 1
and b2 = 0.

Then, if w1 and w2 are as in Section 6, and if we make for c1, c2 the
same choices as for w, we see that w1 = w. Now the subspace spanned
by w1 and w2 is a 2−dimensional integral element E2 containing E1.
This gives an integral flag. We now ask whether E2 is an ordinary
integral element.

The only requirement is that E1 should be Kähler-regular. This
means that E1 is Kähler-ordinary and the function r is constant in a
neighborhood of E1 in V o

1 (I).
For E1 to be Kähler-ordinary, there needs to be a 1−form ω with

ω|E1 6= 0 such that E1 is an ordinary zero of the set of functions Fω(I)
(as explained in [3], p. 68, the particular choice of ω (there denoted by
Ω) does not matter). We take ω = dx1. The functions in Fω(I) are the
functions ϕ|ω where ϕ lies in I and has degree 1. When ignoring f 1, f 2,
the possible choices for ϕ are dψ12, dψ22 and their linear combinations.
Thus ϕ|ω = 0 for all such ϕ if, and only if, ϕ|ω = 0 for the two choices
of ϕ given by dψ12, dψ22.

Thus let us write (compare [3], p. 68) the elements in the setG1(TR6, ω)
(the dimension is 6 instead of 8 since we ignore f 1, f 2) in the form

y = ∂x1 + β2∂x2 + β3∂p11 + β4∂p21 + β5∂p12 + β6∂p22 ,
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where the functions βj for 2 ≤ j ≤ 6 form a coordinate system in
G1(TR6, ω). More precisely, each element of G1(TR6, ω) is spanned by
a vector y of this form. Now applying each of dψ12, dψ22 to y and
setting the results equal to zero, we obtain

−αϕ12
,1 − β2αϕ

12
,2 + β3(p1

2− 2ϕ12p1
1) + β4(p2

2− 2ϕ12p2
1) + β5p

1
1 + β6p

2
1 = 0,

−αϕ22
,1 − β2αϕ

22
,2 − 2ϕ22p1

1β3 − 2ϕ22p2
1β4 + 2p1

2β5 + 2p2
2β6 = 0.

The two functions on the left hand side are linearly independent since
J 6= 0 (consider β5, β6) and similarly it is seen that their differentials
are independent, and their common zeros are the zeros of Fω(I). This
shows that E1 is an ordinary zero of Fω(I). Note that we are consid-
ering this in a neighborhood of the point (x1, x2, p1

1, p
1
2, p

2
1, p

2
2) as well

as in a neighborhood of our fixed E1. Of course, E1 was chosen so as
to be itself a zero of the functions in Fω(I).

Let now y vary in a neighborhood of y = w in V o
1 (I), where w spans

E1. Recall that w was obtained by making specific choices for c1 and
c2. Thus y is obtained by making slightly different choices for c1 and c2.
Also x ∈M varies in a neighborhood of our fixed (x1, x2, p1

1, p
1
2, p

2
1, p

2
2).

(This, by itself, will cause y to vary even if we were not to change c1 and
c2.) Then H(E1) consists of those v ∈ TxM such that ϕ(v, y) = 0 for
all ϕ ∈ I of degree 2. We get a different space at each point x and for
each different 1−dimensional integral element E at x, where E must
lie in a small neighborhood of E1. Clearly v can be any multiple of y.
Consider situations where v, y are linearly independent. Then we may
take the ∂x1−component of v to be zero and the ∂x2−component of v
to be 1. Thus y and v are of the same form as w1 and w2 in Section 6.
This determines y uniquely. It follows that H(E) is the span of y and
w2, where w2 is as above. Hence dimH(E) = 2 and so r(E) = 0, hence
constant, in a neighborhood of E1 in V o

1 (I). This shows that E2 is an
ordinary integral element of I.

To take into account the variables f 1, f 2, we use the equations (5).
They immediately tell us how to extend the above tangent spaces,
contained in R6, into tangent spaces contained in R8. For if we were
to have a vector

a1∂f1 + a2∂f2 + b1∂x1 + b2∂x2 + c1∂p11 + c2∂p21 + c3∂p12 + c4∂p22

in such a tangent space, then (5) implies that

a1 − p1
1b1 − p1

2b2 = a2 − p2
1b1 − p2

2b2 = 0.

This can be used to solve for a1 and a2 in terms of the other coefficients
that have already been determined by the other conditions. With this
extension, the above arguments go through without further changes. It
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is just easier not to drag around these extra terms all the time. When
looking for f , we can naturally determine (f 1, f 2) at the given point
z = (x1, x2) in an arbitrary manner, so it is not surprising that the
variables f 1 and f 2 would not cause trouble here; they are not directly
involved in (1).

This completes the proof of the existence part of Theorem 1.1 locally
for real analytic µ, and hence also completes our proof of the existence
part of Theorem 1.1.
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