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Learning Objectives:

3.1 Single-Period Binomial Model: two time points, risk-free asset, risky asset,

constant risk-free interest rate, single-period binomial tree, arbitrage-free,

no-arbitrage condition, discounted expectation under risk-neutral world, real-world

probability, risk-neutral probability, pricing and hedging European options,

replicating portfolio, perfect hedge, cost of replicating portfolio, synthetic call,

synthetic put, discounted expected payoff under risk-neutral world, risk-neutral

valuation formula, volatility, annualized standard derivation, forward binomial tree.

3.2 Multi-Period Binomial Model: N + 1 time points, risk-free asset, risky asset,

constant risk-free interest rate, multi-period binomial tree, arbitrage-free,

no-arbitrage condition, discounted expectation under risk-neutral world, real-world

conditional probability, risk-neutral probability, pricing and hedging European

options, replicating portfolio, perfect hedge, cost of replicating portfolio, synthetic

call, synthetic put, discounted expected price under risk-neutral world, tower

property, risk-neutral valuation formula, volatility, annualized standard derivation,

forward binomial tree, iteration.

3.3 Binomial Models on American Options: early exercise, immediate exercise value,

holding value.

Further Exercises:

SOA Advanced Derivatives Samples Question 4.
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3.1 Single-Period Binomial Model

The financial market.

3.1.1 Consider two time points t = 0 and t = T , where the current time t = 0.

3.1.2 The financial market consists of two financial assets; one is a risk-free asset, while one

is a risky asset.

3.1.3 The prices of the risk-free asset are B0 at time 0 and BT at time T . The risk-free asset

offers a constant continuously compounded risk-free interest rate r; and hence, BT = B0e
rT ,

which is deterministic at time 0.

3.1.4 The prices of the risky asset are S0 at time 0 and ST at time T . While the current

risky asset price S0 is deterministic, the risky asset price ST is random from the perspective

of the current time 0. But, ST will be realized at time T ; the only possible values of ST

are SuT = S0u, with probability pu = P (ST = SuT ) ∈ (0, 1), and SdT = S0d, with probability

pd = P
(
ST = SdT

)
∈ (0, 1), where u is the “up” factor of the risky asset, while d is its “down”

factor, pu + pd = 1, and 0 < d < u. This seemingly simple single-period binomial model for

the evolution of the price of the risky asset can be depicted by a single-period binomial tree:

No-arbitrage condition and risk-neutral probabilities.

3.1.5 Assume that the risky asset pays continuous dividend with a continuously compounded

yield δ. To ensure that the financial market is arbitrage-free, a no-arbitrage condition must

hold:

0 < d < e(r−δ)T < u.

Indeed, assume that d < u ≤ e(r−δ)T . Hence, SdT e
δT < SuT e

δT ≤ S0e
rT . At time 0, construct a

portfolio π consisting of short 1 risky asset and long 1 risk-free asset with price B0 = S0, and

hold this portfolio till T . Then,

V π
0 = −S0 +B0 = 0,

V π
T = −ST eδT +B0e

rT =

S0e
rT − SuT eδT ≥ 0 with pu > 0

S0e
rT − SdT eδT > 0 with pd > 0

.

Hence, π is an arbitrage strategy. Therefore, e(r−δ)T < u. Similar no-arbitrage arguments show

another inequality: d < e(r−δ)T .
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3.1.6 The no-arbitrage condition is equivalent to that, there exist qu, qd ∈ (0, 1) such that

S0 = e−rT
(
SuT e

δT × qu + SdT e
δT × qd

)
= e−rTEQ [ST eδT ] ,

where qu = Q (ST = SuT ), qd = Q
(
ST = SdT

)
, and qu + qd = 1. In words, the discounted

expected risky asset price with dividends at time T equals to the current risky asset

price S0, where the expectation is computed using qu, qd as probabilities, instead of real-world

probabilities pu, pd. These two probabilities qu, qd are called risk-neutral probabilities,

which play a crucial role of pricing and hedging derivative contracts.

3.1.7 The risk-neutral probabilities qu, qd are explicitly given by:

qu =
e(r−δ)T − d
u− d

; qd =
u− e(r−δ)T

u− d
.

Pricing and hedging European options.

3.1.8 Consider an European option with a payoff XT = f(ST ) at the expiration date T . Let

π1 be an investment strategy consisting of long 1 such option, while π2 be another investment

strategy consisting of long 1 risk-free asset with price B0 and long ∆0 units of the risky asset.

Both π1 and π2 are held till the expiration date T . Then, by the law of one-price in 1.2.13,

V π2
T = V π1

T = XT ⇒ V π1
0 = V π2

0 .

In words, in parallel to 1.2.14,

if π2 is a replicating portfolio which provides a perfect hedge of the

European option π1, then the time-0 price of the European option

V π1
0 equals to V π2

0 , which is the time-0 cost of the replicating portfolio.

In particular, if the European option is a call/put option, then π2 is called a synthetic call/put.

3.1.9 Using this principle, consider V π2
T = V π1

T = XT :B0e
rT + ∆0S

u
T e

δT = V π1,u
T = Xu

T

B0e
rT + ∆0S

d
T e

δT = V π1,d
T = Xd

T

.
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Therefore, the pair (B0,∆0) for the replicating portfolio π2 is given by

B0 = e−rT
uXd

T − dXu
T

u− d
; ∆0 = e−δT

Xu
T −Xd

T

SuT − SdT
,

while the time-0 price of the European option is given by

V π1
0 = B0 + ∆0S0.

3.1.10 Substituting the expressions of (B0,∆0) into the time-0 price formula:

V π1
0 = e−rT

(
Xu
T ×

e(r−δ)T − d
u− d

+Xd
T ×

u− e(r−δ)T

u− d

)
= e−rT

(
Xu
T × qu +Xd

T × qd
)

= e−rTEQ [XT ] .

In words,

the time-0 price of the European option is given by the discounted expected,

under risk-neutral probabilities qu, qd, European option payoff XT at time T .

Therefore, this important pricing formula is also known as risk-neutral valuation formula.

Example 1 [Modified from SOA Advanced Derivatives Sample Question Q4]: For a single-

period binomial model, you are given:

(i) The duration of the period is one year.

(ii) The current price for a continuous-dividend-paying stock is 20, with dividend yield 3%.

(iii) u = 1.3, where u is one plus the rate of capital gain on the stock per period if the stock

price goes up.

(iv) d = 0.8, where d is one plus the rate of capital gain on the stock per period if the stock

price goes down.

(v) The continuously compounded risk-free interest rate is 5%.

Price and hedge an European call option on the stock with a strike price of 22.

Solution:
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Exercise 1: For a single-period binomial model, you are given:

(i) The duration of the period is 6 months.

(ii) The current price for a continuous-dividend-paying stock is 50, with dividend yield 2%.

(iii) u = 1.5, where u is one plus the rate of capital gain on the stock per period if the stock

price goes up.

(iv) d = 0.5, where d is one plus the rate of capital gain on the stock per period if the stock

price goes down.

(v) The continuously compounded risk-free interest rate is 4%.

Price and hedge an European put option on the stock with a strike price of 48.

Volatility and forward tree.

3.1.11 The sizes of the up and down factors u, d of the risky asset price naturally depends on

its volatility σ, which is defined as the annualized standard deviation of the continuously

compounded returns of the risky asset price:

σ2T = σ2
T = Var

(
ln

(
ST
S0

))
,

where σT is the T -year volatility of the risk asset price.

3.1.12 A forward binomial tree is constructed by specifying u, d with:

u = e(r−δ)T+σ
√
T ; d = e(r−δ)T−σ

√
T ,
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which satisfy the no-arbitrage condition, with

SuT = F0,T e
σ
√
T ; SdT = F0,T e

−σ
√
T ; qu =

1

1 + eσ
√
T

; qd =
1

1 + e−σ
√
T
.

Example 2 [Modified from SOA Advanced Derivatives Sample Question Q5]: Consider a

9-month dollar-denominated European put option on British pounds. You are given that:

(i) The current exchange rate is 1.43 US dollars per pound.

(ii) The strike price of the put is 1.56 US dollars per pound.

(iii) The volatility of the exchange rate is σ = 0.3.

(iv) The US dollar continuously compounded risk-free interest rate is 8%.

(v) The British pound continuously compounded risk-free interest rate is 9%.

Using a single-period binomial model, calculate the price of the put.

Solution:

Exercise 2: Consider a 9-month dollar-denominated European call option on British pounds.

You are given that:

(i) The current exchange rate is 1.43 US dollars per pound.

(ii) The strike price of the put is 1.56 US dollars per pound.

(iii) The volatility of the exchange rate is σ = 0.3.

(iv) The US dollar continuously compounded risk-free interest rate is 8%.

(v) The British pound continuously compounded risk-free interest rate is 9%.

Using a single-period binomial model, calculate the price of the call.
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3.2 Multi-Period Binomial Model

The financial market.

3.2.1 Consider N + 1 time points t = 0, T
N
, 2 T

N
, . . . , (N −1) T

N
, T , where the current time t = 0.

For notation simplicity, denote h = T
N

, so the time points are t = 0, h, 2h, . . . , (N − 1)h, T .

3.2.2 Again, the financial market consists of two financial assets; one is a risk-free asset, while

one is a risky asset.

3.2.3 The prices of the risk-free asset are B0, Bh, B2h . . . , BT . The risk-free asset offers a con-

stant continuously compounded risk-free interest rate r; and hence, Bh = B0e
rh, B2h =

B0e
r2h, . . . , BT = B0e

rT , which are deterministic at time 0.

3.2.4 The prices of the risky asset are S0, Sh, S2h . . . , ST . From the perspective of the current

time 0, only S0 is deterministic, while Sh, S2h . . . , ST are random. But, Sh, S2h . . . , ST will be re-

spectively realized at time h, 2h, . . . , T . In each period, say [t, t+h] where t = 0, h, . . . , (N − 1)h,

after observing the value of St, the only possible values of St+h are
(
Sut+h|St

)
= Stu, with con-

ditional probability pu = P
(
St+h = Sut+h|St

)
∈ (0, 1), and

(
Sdt+h|St

)
= Std, with conditional

probability pd = P
(
St+h = Sdt+h|St

)
∈ (0, 1), where pu + pd = 1 and 0 < d < u. This multi-

period binomial model for the evolution of the price of the risky asset can be depicted by a

multi-period binomial tree:

No-arbitrage condition and risk-neutral probabilities.

3.2.5 Assume that the risky asset pays continuous dividend with a continuously compounded

yield δ. Similarly, a no-arbitrage condition must hold:

0 < d < e(r−δ)h < u.

3.2.6 The no-arbitrage condition is equivalent to that, there exist qu, qd ∈ (0, 1) such that, for

any t = 0, h, . . . , (N − 1)h,

St = e−rh
((
Sut+h|St

)
eδh × qu +

(
Sut+h|St

)
eδh × qd

)
= e−rhEQ [St+heδh|St] ,

where qu = Q
(
St+h = Sut+h|St

)
, qd = Q

(
St+h = Sdt+h|St

)
, and qu + qd = 1. In words, in each

period, say [t, t+h] where t = 0, h, . . . , (N − 1)h, after observing the value of St, the discounted
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expected risky asset price with dividends at time t+ h equals to the observed risky

asset price St, where the expectation is computed using qu, qd as conditional probabilities,

instead of real-world conditional probabilities pu, pd. These two conditional probabilities

qu, qd are called risk-neutral probabilities.

3.2.7 The risk-neutral probabilities qu, qd are explicitly given by:

qu =
e(r−δ)h − d
u− d

; qd =
u− e(r−δ)h

u− d
.

Pricing and hedging European options.

3.2.8 Consider an European option with a payoff XT = f(ST ) at the expiration date T . Let π1

be an investment strategy consisting of long 1 such option at time 0 and is held till the expiration

date T . Let π2 be another investment strategy consisting of long 1 risk-free asset with price Bt

and long ∆t units of the risky asset in the period [t, t+ h), where t = 0, h, . . . , (N − 1)h. Then,

by the law of one-price in 1.2.13, for any t = 0, h, . . . , (N − 1)h,

V π2
t+h = V π1

t+h ⇒ V π1
t = V π2

t .

In words, in parallel to 1.2.14,

if π2 is a replicating portfolio which provides a perfect hedge of the

European option π1, then the time-t price of the European option

V π1
t equals to V π2

t , which is the time-t cost of the replicating portfolio.

In particular, if the European option is a call/put option, then π2 is called a synthetic call/put.

3.2.9 Using this principle, in each period, say [t, t + h] where t = 0, h, . . . , (N − 1)h, after

observing the value of St, consider V π2
t+h = V π1

t+h:Bte
rh + ∆t

(
Sut+h|St

)
eδh =

(
V π1,u
t+h |St

)
Bte

rh + ∆t

(
Sdt+h|St

)
eδh =

(
V π1,d
t+h |St

) .

Therefore, the pair (Bt,∆t), which obviously depends on the realization of St, for the replicating
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portfolio π2 is given by

Bt = e−rh
uV π1,d

t+h − dV
π1,u
t+h

u− d

∣∣∣∣St; ∆t = e−δh
V π1,u
t+h − V

π1,d
t+h

Sut+h − Sdt+h

∣∣∣∣St,
while the time-t price of the European option, which also obviously depends on the realization

of St, is given by

V π1
t = Bt + ∆tSt.

3.2.10 In each period, say [t, t + h] where t = 0, h, . . . , (N − 1)h, substituting the expressions

of (Bt,∆t) into the time-t price formula:

V π1
t = e−rh

((
V π1,u
t+h |St

)
× e(r−δ)h − d

u− d
+
(
V π1,d
t+h |St

)
× u− e(r−δ)h

u− d

)
= e−rh

((
V π1,u
t+h |St

)
× qu +

(
V π1,d
t+h |St

)
× qd

)
= e−rhEQ [V π1

t+h|St
]
.

In words,

the time-t price of the European option is given by the discounted expected,

under risk-neutral probabilities qu, qd, time-(t+ h) price of the European option.

3.2.11 Using the fact that V π1
T = XT and tower property of conditional expectation, for

any t = 0, h, 2h, . . . , (N − 1)h, T ,

V π1
t = e−r(T−t)EQ [XT |St] .

In words,

the time-t price of the European option is given by the discounted expected,

under risk-neutral measure Q, European option payoff XT at time T .

Therefore, this important pricing formula is also known as risk-neutral valuation formula.
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Volatility and forward tree.

3.2.12 A forward binomial tree is constructed by specifying u, d with:

u = e(r−δ)h+σ
√
h; d = e(r−δ)h−σ

√
h,

which satisfy the no-arbitrage condition, with, for any t = 0, h, . . . , (N − 1)h,

(
Sut+h|St

)
= Ft,t+he

σ
√
h;

(
Sdt+h|St

)
= Ft,t+he

−σ
√
h; qu =

1

1 + eσ
√
h

; qd =
1

1 + e−σ
√
h
,

where volatility σ is the annualized standard deviation of the continuously compounded

returns of the risky asset price.

Example 3 [Modified from SOA Advanced Derivatives Sample Question Q4]: For a two-period

binomial model, you are given:

(i) The duration of the period is 6 months.

(ii) The current price for a continuous-dividend-paying stock is 20, with dividend yield 3%.

(iii) u = 1.3, where u is one plus the rate of capital gain on the stock per period if the stock

price goes up.

(iv) d = 0.8, where d is one plus the rate of capital gain on the stock per period if the stock

price goes down.

(v) The continuously compounded risk-free interest rate is 5%.

Price and hedge an European call option on the stock with a strike price of 22, which expires

after 1 year.

Solution:
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Exercise 3: For a two-period binomial model, you are given:

(i) The duration of the period is 3 months.

(ii) The current price for a continuous-dividend-paying stock is 50, with dividend yield 2%.

(iii) u = 1.5, where u is one plus the rate of capital gain on the stock per period if the stock

price goes up.

(iv) d = 0.5, where d is one plus the rate of capital gain on the stock per period if the stock

price goes down.

(v) The continuously compounded risk-free interest rate is 4%.

Price and hedge an European put option on the stock with a strike price of 48, which expires

after 6 months.

Example 4 [Modified from SOA Advanced Derivatives Sample Question Q5]: Consider a

9-month dollar-denominated European put option on British pounds. You are given that:

(i) The current exchange rate is 1.43 US dollars per pound.

(ii) The strike price of the put is 1.56 US dollars per pound.

(iii) The volatility of the exchange rate is σ = 0.3.

(iv) The US dollar continuously compounded risk-free interest rate is 8%.

(v) The British pound continuously compounded risk-free interest rate is 9%.

Using a three-period binomial model, calculate the price of the put.

Solution:
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Exercise 4: Consider a 9-month dollar-denominated European call option on British pounds.

You are given that:

(i) The current exchange rate is 1.43 US dollars per pound.

(ii) The strike price of the put is 1.56 US dollars per pound.

(iii) The volatility of the exchange rate is σ = 0.3.

(iv) The US dollar continuously compounded risk-free interest rate is 8%.

(v) The British pound continuously compounded risk-free interest rate is 9%.

Using a three-period binomial model, calculate the price of the call.
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3.3 Binomial Models on American Options

3.3.1 Both single-period and multi-period binomial models can be implemented for American

options. The only difference is that:

early exercise at τ = 0, h, . . . , (N − 1)h when

immediate exercise value at τ > holding value V π1
τ .

For an American call option, its immediate exercise value at τ = (Sτ −K)+; for an American

put option, its immediate exercise value at τ = (K − Sτ )+.

Example 5 [SOA Advanced Derivatives Sample Question Q49]: You use the usual method in

McDonald and the following information to construct a one-period binomial tree for modeling

the price movements of a non-dividend-paying stock. (The tree is sometimes called a forward

tree.)

(i) The period is 3 months.

(ii) The initial stock price is $100.

(iii) The stock’s volatility is 30%.

(iv) The continuously compounded risk-free interest rate is 4%.

At the beginning of the period, an investor owns an American put option on the stock. The

option expires at the end of the period. Determine the smallest integer-valued strike price

for which an investor will exercise the put option at the beginning of the period.

Solution:
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Exercise 5 [SOA Advanced Derivatives Sample Question Q44]: Consider the following three-

period binomial tree model for a stock that pays dividends continuously at a rate proportional

to its price. The length of each period is 1 year, the continuously compounded risk-free interest

rate is 10%, and the continuous dividend yield on the stock is 6.5%.

Calculate the price of a 3-year at-the-money American put option on the stock.

Example 6 [SOA Advanced Derivatives Sample Question Q46]: You are to price options on

a futures contract. The movements of the futures price are modeled by a binomial tree. You

are given:

(i) Each period is 6 months.

(ii) u/d = 4/3, where u is one plus the rate of gain on the futures price if it goes up, and d

is one plus the rate of loss if it goes down.

(iii) The risk-neutral probability of an up move is 1/3.

(iv) The initial futures price is 80.

(v) The continuously compounded risk-free interest rate is 5%.

Let CI be the price of a 1-year 85-strike European call option on the futres contract, and CII

be the price of an otherwise identical American call option. Determine CII − CI .

Solution:
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Exercise 6 [SOA Advanced Derivatives Sample Question Q5]: Consider a 9-month dollar-

denominated American put option on British pounds. You are given that:

(i) The current exchange rate is 1.43 US dollars per pound.

(ii) The strike price of the put is 1.56 US dollars per pound.

(iii) The volatility of the exchange rate is σ = 0.3.

(iv) The US dollar continuously compounded risk-free interest rate is 8%.

(v) The British pound continuously compounded risk-free interest rate is 9%.

Using a three-period binomial model, calculate the price of the put.
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