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Introduction 5.1

Mixed Motives 5.1.1

During the early and mid-eighties, Beilinson [2] and Deligne [24] independently
described a conjectural abelian tensor category of mixed motives over a given
base field k, MMk, which, in analogy to the category of mixed Hodge structures,
should contain Grothendieck’s category of pure (homological) motives as the full
subcategory of semi-simple objects, but should have a rich enough structure of
extensions to allow one to recover the weight-graded pieces of algebraic K-theory.
More specifically, one should have, for each smooth scheme X of finite type over
a given field k, an object h(X) in the derived category Db(MMk), as well as Tate
twists h(X)(n), and natural isomorphisms

HomDb(MMk)(1, h(X)(n)[m]) ⊗Q =̃ K2n−m(X)(n) ,

where Kp(X)(n) is the weight n eigenspace for the Adams operations. The abelian
groups

H
p
M(X,Z(q)) := HomDb(MMk)(1, h(X)(q)[p])

should form the universal Bloch–Ogus cohomology theory on smooth k-schemes
of finite type; as this theory should arise from mixed motives, it is called motivic
cohomology.

This category MMk should on the one hand give a natural framework for
Beilinson’s unified conjectures on the relation of algebraic K-theory to values of
L-functions, and on the other hand, give a direct relation of singular cohomology
and the Chow ring. For this, conjectures of Beilinson, Bloch and Murre [74] suggest
a decomposition (withQ-coefficients)

h(X)Q = ⊕2d
i=0hi(X)[−i]

for X a smooth projective variety of dimension d over k, with the hi(X) semi-simple
objects in MMk ⊗Q. This yields a decomposition

H2n(X,Q(n)) = ⊕2d
i=0Ext2n−i

MMk⊗Q (1, hi(X)(n)) ;

since one expects H2n(X,Q(n)) = K0(X)(n) = CHn(X)Q , this would give an in-
teresting decomposition of the Chow group CHn(X)Q . For instance, the expected
properties of the hi(X) would lead to a proof of Bloch’s conjecture:

1Conjecture 1 Let X be a smooth projective surface overC such that H2(X, OX) = 0.
Let A2(X) be the kernel of the degree map CH2(X) → Z. Then the Albanses map
αX : A2(X) → Alb(X)(C) is an isomorphism.

The relation of the conjectural category of mixed motives to various generalizations
of Bloch’s conjecture and other fascinating conjectures of a geometric nature,
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as well as to values of L-functions, has been widely discussed in the literature
and we will not discuss these topics in any detail in this article. For some more
details on the conjectured properties of MMk and applications, we refer the reader
to [21, 52, 53, 75, 80–82, 103], as well as additional articles in [104] and the article
of Goncharov [35] in this volume.

The category MMk has yet to be constructed. However, in the nineties, progress
was made toward the construction of the derived category Db(MMk), that is,
the construction of a triangulated tensor category DM(k) that has many of the
structural properties expected of Db(MMk). In particular, we now have a very
good candidate for motivic cohomology H

p
M(X,Z(q)), which, roughly speaking,

satisfies all the expected properties which can be deduced from the existence of
a triangulated tensor category of mixed motives, without assuming there is an
underlying abelian category whose derived category is DM(k), or even that DM(k)
has a reasonable t-structure.

In addition to the triangulated candidates for Db(MMk), there are also con-
structions of candidates for MMk; these however are not known to have all the
desired properties, e.g., the correct relation to K-theory.

In this article, we will outline the constructions and basic properties of various
versions of categories of mixed motives which are now available. We will also cover
in some detail the known theory of the subcategory of mixed Tate motives, that
is, the subcategory (either triangulated or abelian) generated by the rational Tate
objectsQ(n).

We will make some mention of the relevance of these construction for the mod
n-theory, the Beilinson–Lichtenbaum conjectures and the Bloch–Kato conjectures,
but as these themes have been amply explained elsewhere (see e.g. [32, 55]), we
will not make more than passing reference to this topic.

The discussion of mixed Tate motivic categories in Sect. 5.5 is based in large part
on a seminar on this topic that ran during the fall of 2002 at the University of Essen
while I was visiting there. I would like to thank the participants of that seminar, and
especially Sviataslav Archava, Najmuddin Fakhruddin, Marco Schlichting, Stefan
Müller-Stach and Helena Verrill, and for their lectures and discussions; a more
detailed discussion of mixed Tate motivic categories arising from this seminar is
now in the process of being written. I would also like to thank the Mathematics
Department at the University of Essen and especially my hosts, Hélène Esnault
and Eckart Viehweg, for their hospitality and support, which helped so much in
the writing of this article.

Notations and Conventions5.1.2

If A(−) is a simplicial abelian group n �→ A(n), we have the associated (homologi-
cal) complex A(∗), with A(∗)n = A(n) and dn : A(n) → A(n−1) the alternating sum

dn :=
n∑

j=0

(−1)jA(δj) ,

where the δj are the standard co-face maps.
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We let C±(Ab) denote the category of cohomological complexes, bounded below
(+) or bounded above (−). We let C±(Ab) denote the category of homological
complexes, bounded below (+) or bounded above (−). In both categories, we have
the suspension operation C �→ C[1], and cone sequences

A
f→ B → Cone(f ) → A[1] .

Thus, in the cohomological category (A[1])n = An+1 and in the homological cate-
gory (A[1])n = An−1. We extend these notations to the respective derived categories.

For a scheme S, we let SchS denote the category of schemes of finite type over S,
SmS the full sub-category of smooth quasi-projective S-schemes. If S = Spec A for
some ring A, we write SchA and SmA for SchSpec A and SmSpec A.

For a noetherian commutative ring R, we let R-mod denote the category of
finitely generated R-modules; for a field F, we let F-Vec be the category of vector
spaces over F (not necessarily of finite dimension). If G is a pro-finite group, we
letQp[G]-mod denote the category of finitely dimensionalQp-vector spaces with
a continuous G-action.

Motivic Complexes 5.2

In this first section, we begin with a discussion of Bloch’s seminal work in the
weight-two case. We then give an overview of the conjectures of Beilinson and
Lichtenbaum on absolute cohomology, as a prelude to our discussion of mixed
motives and motivic cohomology. After this, we describe two constructions of
theories of absolute cohomology: Bloch’s construction of the higher Chow groups,
and the Friedlander–Suslin construction of motivic complexes. For later use, we
also give some details on associated cubical versions of these complexes.

The relation of the Zariski cohomology of Gm to K0 and K1 was well-known
from the very beginning: the Picard group H1(XZar,Gm) appears as a quotient
of the reduced K0 and the group of global units H0(XZar,Gm) is likewise a quo-
tient of K1(X), both via a determinant mapping. Hilbert’s theorem 90 says that
Hi(XZar,Gm) → Hi(Xét,Gm) is an isomorphism for i = 0, 1; the Kummer se-
quence

1 → µn → Gm
×n→ Gm → 1

relates the torsion and cotorsion in H∗(Xét,Gm) to H∗(X, µn). Rationally,
H1(XZar,Gm) and H0(X,Gm) give the weight-one portion of K0(X) and K1(X),
respectively (the weight-zero portion of K0 is similarly given by H0(XZar,Z)).

The idea behind motivic complexes is, rather than arranging K-theory by the
K-theory degree, one can also collect together the pieces of the same weight (for
the Adams operations), and by doing so, one should be able to construct the uni-
versal Bloch–Ogus cohomology theory with integral coefficients. For weight one,
this is given by the cohomology of the single sheaf Gm, but for weight n > 1,
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one would need a complex of length at least n − 1. Later on, the complexes as-
sumed a secondary role as explicit representatives for the total derived functors
R HomDb(MMk)(1, h0(X)(n)), where MMk is the conjectural category of mixed mo-
tives over k, see Sect. 5.3.1.

Our discussion is historically out of order, in that quasi-isomorphism of Bloch’s
complexes with the Friedlander–Suslin construction was only constructed after
Voevodsky introduced the machinery of finite correspondences [100] and showed
how to adapt Quillen’s proof of Gersten’s conjecture to this setting in the course of
his construction of a triangulated category of mixed motives. However, it is now
apparant that one can deduce the Mayer–Vietoris properties of the Friedlander–
Suslin complexes from Bloch’s complexes, and conversely, one can acheive a more
natural functoriality for Bloch’s complexes from the Friedlander–Suslin version,
without giving any direct relation to categories of mixed motives.

Weight-two Complexes5.2.1

Before a general framework emerged in the early ’80’s, there was a lively develop-
ment of the weight-two case, starting with Bloch’s Irvine notes [8], in which he
related:
1. the relations defining K2 of a field F
2. the indecomposable K3 of F
3. the values of the dilogarithm function
4. the Borel regulator on K3 of a number field.

These relations were made more precise by Suslin’s introduction of the 5-term
dilogarithm relation [87,88], uniting Bloch’s work with Dupont and Sah’s study [30]
of the homology of SL2 and the scissors congruence group. Lichtenbaum [68],
building on Bloch’s introduction of the relative K2 of the semi-local ring F[t]t(1−t),
constructed a length-two complex which computed the weight-two portions of
K2 and K3, up to inverting small primes. These constructions formed the basis
for the general picture, as conjectured by Beilinson and Lichtenbaum, as well as
the later constructions of Goncharov [38, 39], Bloch [13] and Voevodsky–Suslin–
Friedlander [100].

Bloch’s Complexes
In [8], Bloch constructs 3 complexes:
(1) Let F be a field. Let R(F) = F[t]t(1−t), i.e., the localization of the polynomial ring
F[t] formed by inverting all polynomials P(t) with P(0)P(1) ≠ 0. Let I(F) = t(1−t)R.
We have the relative K-groups Kn(R; I), which fit into a long exact sequence

· · · → Kn+1(R|I) → Kn(R; I) → Kn(R) → Kn(R|I) → · · · .

Using the localization sequence in K-theory, we have the boundary map

K2(R) → ⊕x∈A 1
F \{0,1},

x closed

k(x)∗ ;
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composing with K2(R; I) → K2(R) gives the length-one complex

K2(R; I)
∂→ ⊕x∈A 1

F \{0,1},
x closed

k(x)∗ . (5.1)

Bloch shows

2Proposition 2 There are canonical isomorphisms

ker ∂ =̃ K ind
3 (F)

coker∂ =̃ K2(F)

Here K ind
3 (F) is the quotient of K3(F) by the image of the cup-product map

K1(F)⊗3 → K3(F).

To make the comparision with the other two complexes, one needs an extension of
Matsumoto’s presentation of K2 of a field to the relative case: For a semi-local PID A
with Jacobson radical J and quotient field L, there is an isomorphism (cf. [101])

K2(A, J) =̃ (1 + J)∗ ⊗Z L∗|〈f ⊗ (1 − f ) | f ∈ 1 + J〉 .

In particular, K2(R, I) contains the subgroup of symbols {1 + I, F∗}; taking the quo-
tient of (5.1) by this subgroup yields the exact sequence (assuming F algebraically
closed)

0 → K ind
3 (F)

Tor1(F∗, F∗)
→ K2(R, I)

{1 + I, F∗} → F∗ ⊗ F∗ → K2(F) → 0 .

(2) Let A(F) be the free abelian group on F \ {0, 1}, and form the complex

A(F)
λ→ F∗ ⊗ F∗

by sending x ∈ F \ {0, 1} to λ := x ⊗ (1 − x) ∈ F∗ ⊗ F∗. By Matsumoto’s theorem,
K2(F) = coker(λ). Let B(F) be the kernel of λ, giving the exact sequence

0 → B(F) → A(F) → F∗ ⊗ F∗ → K2(F) → 0 .

(3) Start with the exponential sequence

0 → Z→ C
exp 2πi→ C∗ → 1 .

Tensor with C∗ (over Z), giving the complex C ⊗ C∗ → C∗ ⊗ C∗ and the exact
sequence

0 → Tor1(C∗,C∗) → C∗ → C⊗ C∗ → C∗ ⊗ C∗ → 1 .
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The image of Tor1(C∗,C∗) inC∗ is the torsion subgroup; let C̃∗ be the torsion-free
quotient, yielding the exact sequence

0 → C̃∗ → C⊗ C∗ → C∗ ⊗ C∗ → 1 .

To relate these three complexes, Bloch defines two maps on A(C). For x ∈
C \ {0, 1}, let ε(x) ∈ C⊗ C∗ be defined by

ε(x) :=
[

1

2πi
log(1 − x) ⊗ x

]

+

[

1 ⊗ exp

(
−1

2πi

∫ x

0
log(1 − t)

dt

t

)]

.

In this formula, define

log(1 − t) := −

∫ t

0

dt

1 − t
,

and use the same path of integration for all the integrals. Bloch shows that ε(x) is
then well-defined and independent of the choice of path from 0 to x. Extending ε
to A(C) by linearity gives the commutative triangle

A(C)

��

ε

vv
vv
vv
vv
v

��

λ

II
II

II
II

I

C⊗ C∗ ��

exp 2πi⊗id

C∗ ⊗ C∗ .

The second map η : A(C) → K2(R(C), I(C)) is defined explicitly by

η(x) :=
{

1 −
xt2

(t − 1)3 − xt2(t − 1)
,

t

t − 1

}6

∈ K2(R(C), I(C)) .

This all yields the commutative diagram

0 �� K3(C )ind

Tor1(C ∗ ,C ∗ )
�� K2(R,I)

{1+I,C ∗} ��
∂

C∗ ⊗ C∗ �� K2(C) �� 0

0 �� B(C) ��

OO
Ψ

��
θ

A(C) ��
λ

��
ε

OO
η

C∗ ⊗ C∗ �� K2(C) �� 0

0 ��
C̃∗ �� C⊗ C∗ ��

exp 2πi⊗id

C∗ ⊗ C∗ �� K2(C) �� 0

where Ψ and θ are the maps induced by ε and η.
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The Dilogarithm
Composing ε with

C⊗ C∗ real part⊗id→ R⊗ C∗ id⊗log |−|→ R⊗ R multiply→ R

yields the map D : A(C) → R. On generators x ∈ C \ {0, 1}, D(x) is the Bloch–
Wigner dilogarithm

D(x) = arg(1 − x) log |x| − Im
(∫ x

0
log(1 − t)

dt

t

)

.

Bloch shows how to relate D to the Borel regulator on K3(C) via the map θ. If F ⊂ C
is a number field and one has explicit elements in B(F) which form a basis for
K3(F)ind, this gives an explict formula for the value of the Borel regulator for K3(F).

Example 3. Let F = Q(ζ), where ζ = exp( 2πi
�

) and � is an odd prime. An easy
calculations shows that �[ζi] is in B(F) for all i; one shows that

�[ζ1], …, �[ζ�−1|2] maps to a basis of K3(F)Q under θ. Using the explicit formula

D(ζi) = Im

( ∞∑

m=1

ζmi

m2

)

,

Bloch computes: the lattice in R�−1)|2 generated by the vectors

(
D(�[ζi)]

)
, …, D

(
�[ζij)]

)
, …, D

(
�[ζi(�−1)|2)]

)
; i = 1, …,

� − 1

2
,

has volume 2−(�−1)|2�3(�−1)|4 ∏

χodd |L(2, χ)|, where χ runs over the odd characters
of (Z|lZ)∗ and L(s, χ) :=

∑
χ(n)n−s is the Dirichlet L-function.

The Bloch–Suslin Complex
Suslin [87] refined Bloch’s construction of the complex A(F) → F∗ ⊗ F∗ by
imposing the five-term relation satisfied by the dilogarithm function:

[x] − [y] + [y|x] −

[
y − 1

x − 1

]

+

[
y(x − 1)

x(y − 1)

]

.

One checks that this element goes to zero in F∗ ∧ F∗, giving the complex

A(F)
λ→ Λ2F∗ (5.2)

with A(F) being the above-mentioned quotient of A(F), and λ(x) = x ∧ (1 − x).
Since {x, y} = {y, x}−1 in K2(F), the cokernel of λ is still K2(F); Suslin shows

4Proposition 4 Let F be an infinite field. There is a natural isomorphism

ker λ =̃ K ind
3 (F)|T̃or1(F∗, F∗) ,

where T̃or1(F∗, F∗) is an extension of Tor1(F∗, F∗) by Z|2.
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Higher Weight
The construction of the Bloch–Suslin complex (5.2) has been generalized by Gon-
charov [38, 39] to give complexes C(n) of the form

AF(n) → AF(n − 1) ⊗ F∗ → AF(n − 2) ⊗ Λ2F∗ → · · ·
→ AF(2) ⊗ Λn−2F∗ → ΛnF∗

These are homological complexes with ΛnF∗ in degree n.
The groups AF(i) are defined inductively: Each AF(i) is a quotient ofZ[F∪{∞}];

denote the generator corresponding to x ∈ F as [x]i. For i > 2, the map

AF(i) ⊗ Λn−iF∗ → AF(i − 1) ⊗ Λn−i+1F∗

sends [x]i⊗η to [x]i−1⊗x∧η for x ≠ 0, ∞ and sends [0]i, and [∞]i to 0. AF(1) = F∗,
with [x]1 mapping to x ∈ F∗ and AF(2) is the Bloch–Suslin construction A(F) (set
[0]i = [1]i = [∞]i = 0 for i = 1, 2). The map

AF(2) ⊗ Λn−2F∗ → ΛnF∗

sends [x]2 ∧ η to x ∧ (1 − x) ∧ η for x ≠ 0, 1, ∞.
To define AF(i) as a quotient of AF(i) := Z[F ∪ {∞}] for i > 2, Goncharov

imposes “all rational relations”: Let BF(i) be the kernel of

AF(i) → AF(i − 1) ⊗ F∗,

[x] �→ [x]i−1 ⊗ x .

For
∑

j nj[xj(t)] in BF(t)(i), t a variable, each xj(t) defines a morphism xj : P1
F → P1

F ,
and so xj(a) ∈ F ∪ {∞} is well-defined for all a ∈ F. Let RF(i) ⊂ AF(i) be the
subgroup generated by [0], [∞] and elements of the form

∑

j

nj[xj(1)] −
∑

j

nj[xj(0)] ,

with
∑

j nj[xj(t)] ∈ BF(t)(i), and set AF(i) := AF(i)|RF(i). One checks that this
does indeed form a complex.

The role of these complexes and their applications to a number of conjectures
is explained in detail in Goncharov’s article [35]. We will only mention that the
homology Hp(C(n)) is conjectured to be the weight n K-group Kp(F)(n) for n ≤
p ≤ 2n − 1.

5 Remark 5 In addition to inspiring later work on the construction of motivic
complexes, Bloch’s introduction of the relative K2 to study K ind

3 was later picked up
by Merkurjev–Suslin [71] and Levine [66] in their computation of the torsion and
co-torsion of K ind

3 of fields.
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Beilinson–Lichtenbaum Complexes 5.2.2

In the early ’80’s Beilinson and Lichtenbaum gave conjectures for versions of
universal cohomology which would arise as hypercohomology (in the Zariski,
resp. étale topology) of certain complexes of sheaves. The conjectures describe
sought-after properties of these representing complexes.

Beilinson’s Conjectures
In [5], Beilinson gives a simultaneous generalization of a number of conjectures on
values of L-functions (see Kahn’s article [56] for details). A major part of this work
involved generalizing the Borel regulator using Deligne cohomology and Gillet’s
Chern classes for higher K-theory. He also states:

“It is thought that for any schemes[sic] there exists a universal cohomology
theory H

j
A(X,Z(i)) satisfying Poincaré duality and related to Quillen’s K-theory in

the same way as in topology the singular cohomology is related to K-theory. H∗
A

must be closely related to the Milnor ring”.
The reader should note that, at this point, Beilinson is speaking of a “univer-

sal” cohomology theory, but not “motivic” cohomology. In particular, one should
expect that the rational version H

j
A(X,Q(i)) is weight-graded K-theory, and the

integral version is related to Milnor K-theory, but there is as yet no direct connec-
tion to motives. In any case, here is a more precise formulation describing absolute
cohomology:

6Conjecture 6: Beilinson [6] For X ∈ Smk there are complexes ΓZar(r), r ≥ 0, in
the derived category of sheaves of abelian groups on XZar, (functorial in X) with
functorial graded product, and
(0) ΓZar(0) =̃ Z, ΓZar(1) =̃ Gm[−1]
(1) ΓZar(r) is acyclic outside [1, r] for r ≥ 1.
(2) ΓZar(r) ⊗L Z|n =̃ τ≤rRαµ⊗r

n if n is invertible on X, where α : Xét → XZar is the
change of topology morphism.

(3) grr
γKj(X) ⊗Q =̃ H2r−i(XZar, ΓZar(r))Q (or up to small primes)

(4) H r(ΓZar(r)) = KM
r .

Here KM
r is the sheaf of Milnor K-groups, where the stalk KM

r,x for x ∈ X is the
kernel of the symbol map

KM
r (k(X)) → ⊕x∈X(1) KM

r−1(k(x)) .

Lichtenbaum’s Conjectures
Lichtenbaum’s conjectures seem to be motivated more by the search for an integral
cohomology theory that would explain the values of L-functions. As the �-part
of these values was already seen to have a close connection with �-adic étale
cohomology, it is natural that these complexes would be based on the étale topology.
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7 Conjecture 7: Lichtenbaum [67, 69] For X ∈ Smk there are complexes Γét(r),
r ≥ 0, in the derived category of sheaves of abelian groups on Xét, (functorial in X)
with functorial graded product, and
(0) Γét(0) =̃ Z, Γét(1) =̃ Gm[−1]
(1) Γét(r) is acyclic outside [1, r] for r ≥ 1.
(2) Rr+1αΓét(r) = 0
(3) Γét(r) ⊗L Z|n =̃ µ⊗r

n if n is invertible on X.
(4) grr

γK
ét
j =̃ H2r−i(Γ(r)) (up to small primes), where Két

j and H2r−i(Γét(r)) are
the respective Zariski sheaves.

(5) For a field F, Hr(Γét(r)(F)) = KM
r (F).

The two constructions should be related by

τ≤rRα∗Γét(r) = Γ(r) ; Γét(r) = α∗ΓZar(r) .

The relations (2) and (4) in Beilinson’s conjectures and (2), (3) and (5) in Lichten-
baum’s version are generalizations of the Merkujev–Suslin theorem (the case r = 2);
Lichtenbaum’s condition (2) is a direct generalization of the classical Hilbert Theo-
rem 90, and also the generalization for K2 due to Merkurjev and Suslin [72]. These
conjectures, somewhat reinterpreted for motivic cohomology, are now known as
the Beilinson–Lichtenbaum conjectures (see [32] and also Sect. 5.2.4 for additional
details).

Bloch’s Cycle Complexes5.2.3

In [13], Bloch gives a construction for complexes on XZar which satisfy some of
the conjectured properties of Beilinson, and whose étale sheafification satisfies
some of the properties conjectured by Lichtenbaum. The construction and basic
properties of these complexes are discussed in [32]; we will use his notations here,
but restrict ourselves mainly to the case of schemes of finite type over a field.

Cycle Complexes and Higher Chow Groups
Fix a field k. In [13], Bloch constructs, for each k-scheme X of finite type and equi-
dimensional over k, and each integer q ≥ 0, a simplicial abelian group n �→ zq(X, n).
The associated homological complex zq(X, ∗) is called Bloch’s cycle complex and
the higher Chow groups CHq(X, n) are defined by

CHq(X, n) := Hn(zq(X, ∗)) .

We recall some details of this construction here for later use.
The algebraic n-simplex is the scheme

∆n := SpecZ[t0, …, tn]
/

(
n∑

i=0

ti − 1

)

.
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The vertex vn
i of ∆n is the closed subscheme defined by tj = 0, j ≠ i. More generally,

a face of ∆n is a closed subscheme defined by equations of the form ti1 = … = … tis =
0. We let v(n) denote the set of vertices of ∆n; sending i to vn

i defines a bijection
νn : n → v(n). The choice of an index i ∈ n determines an isomorphism ∆n =̃ An

via the coordinates t0, …, ti−1, ti+1, …, tn. Note that each face F ⊂ ∆n is isomorphic
to ∆m for some m ≤ n, we set dim F := m. Let Rn denote the coordinate ring
Z[t0, …, tn]|

(∑n
i=0 ti − 1

)
.

If g : n → m is a map of sets, let g∗ : Rm → Rn be the map defined by
g∗(ti) =

∑

j∈g−1(i) tj (so g∗(ti) = 0 if i is not in the image of g). We thus have the
map ∆(g) : ∆n → ∆m, and this forms the cosimplicial scheme ∆∗ : ∆ → Sch. More
generally, if X is a k-scheme, we have the cosimplicial k-scheme X × ∆∗.

8Definition 8 For a finite type k-scheme X and integer n, let zp(X, n) ⊂ zp+n(X ×∆n)
be the subgroup generated by integral closed subscheme W of X × ∆n with

dimk

(
W ∩ (X × F)

) ≤ dim F + p

for each face F of ∆n.
If X is locally equi-dimensional over k, let zp(X, n) ⊂ zp(X×∆n) be the subgroup

generated by integral closed subscheme W of X × ∆n with

codimX×F

(
W ∩ (X × F)

) ≥ p

for each face F of ∆n.
For g : n → m a map in ∆, we let g∗ : zp(X, m) → zp(X, n) be the map induced

by

g∗(w) := (id × g)∗ : zp+m(X × ∆m)id×g → zp+n(X × ∆n) .

If X is locally equi-dimensional over k, the map g∗ : zp(X, m) → zp(X, n) is defined
similarly.

The assignment

n �→ zp(X, n) ,

(g : n → m) �→ (
g∗ : zp(X, m) → zp(X, n)

)

forms the simplicial abelian group zp(X, −). We let zp(X, ∗) denote the associated
complex of abelian groups. If X is locally equi-dimensional over k, we have the sim-
plicial abelian group zp(X, −) and the complex zp(X, ∗); if X has pure dimension d
over k, then zp(X, −) = zd−p(X, −).

9Definition 9 Let X be a k-scheme of finite type. Set

CHp(X, n) := πn(zp(X, −)) = Hn(zp(X, ∗)) .
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If X is locally equi-dimenisonal over k, we set

CHp(X, n) := πn(zp(X, −)) = Hn(zp(X, ∗)) .

Elementary Functorialities
The complexes zp(X, ∗) and groups CHp(X, n) satisfy the following functorialities:
1. Let f : Y → X be a proper map in Schk. Then the maps (f × id∆n )∗ give rise to

the map of complexes

f∗ : zp(Y , ∗) → zp(X, ∗)

yielding f∗ : CHp(X, n) → CHp(Y , n). The maps f∗ satisfy the functoriality
(gf )∗ = g∗ ◦ f∗ for composable proper maps f , g.

2. Let f : Y → X be an equi-dimensional l.c.i. map in Schk with fiber dimension
d. Then the maps (f × id∆n )∗ give rise to the map of complexes

f ∗ : zp(X, −) → zp+d(Y , −) ,

yielding f ∗ : CHp(X, n) → CHp+d(Y , n). The maps f ∗ satisfy the functoriality
(gf )∗ = g∗ ◦ f ∗ for composable equi-dimensional l.c.i. maps f , g.

Classical Chow Groups
The groups CHp(X, 0) are by definition the cokernel of the map

δ∗
0 − δ∗

1 : zp+1(X, 1) → zp(X, 0) = zp(X) .

From this, one has the identity CHp(X, 0) = CHp(X).

10 Remark 10 All the above extends to schemes essentially of finite type over k by
taking the evident direct limit over finite-type models. One can also extend the
definitions to scheme ove finite type over a regular base B of Krull dimension one:
for X → B finite type and locally equi-dimensional, the definition of zp(X, ∗) is
word-for-word the same. The definition of zp(X, −) for X a finite-type B-scheme
requires only a reasonable notion of dimension to replace dimk. The choice made
in [62] is as follows: Suppose that B is integral with generic point η. Let p : W →
B be of finite type, with W integral. If the generic fiber Wη is non-empty, set
dim W := dimk(η) Wη + 1; if on the other hand p(W) = x is a closed point of B, set
dim W := dimk(x) W . In particular, one has a good definition of the higher Chow
groups CHp(X, n) for X of finite type over the ring of integers OF in a number
field F.

Fundamental Properties and their Consequences
We now list the fundamental properties of the complexes zp(X, ∗).
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11Theorem 11: Homotopy property [13] Let X be in Schk and let π : X × A1 → X
be the projection. Then the map π∗ : zp(X, ∗) → zp+1(X × A1, ∗) is a quasi-
isomorphism, i.e., the map π∗ : CHp(X, n) → CHp+1(X×A1, n) is an isomorphisms
for n = 0, 1, ….

12Theorem 12: Localization [10] Let X be in Schk, let i : W → X be a closed
subscheme and j : U → X the open complement X \ W . Then the sequence

zp(W , ∗)
i∗→ zp(X, ∗)

j∗→ zp(U, ∗)

induces a quasi-isomorphism

zp(W , ∗) → Cone(zp(X, ∗)
j∗→ zp(U, ∗))[−1] .

13Definition 13 Let f : Y → X be a morphism in Schk, with Y and X locally
equi-dimensional over k. Let zp(X, n)f ⊂ zp(X, n) be the subgroup generated by
irreducible W ⊂ X × ∆n with 1 · W ∈ zp(X, n) and 1 · Z ∈ zp(Y , n) for each
irreducible component Z of (id × f )−1(W). This forms a subcomplex zp(X, ∗)f of
zp(X, ∗).

14Theorem 14: Moving Lemma [63, part I, chapt. II, §3.5] Let f : Y → X be a mor-
phism in Schk with X in Smk. Suppose X is either affine or projective over k. Then
the inclusion zp(X, ∗)f → zp(X, ∗) is a quasi-isomorphism.

These results have the following consequences.

Mayer–Vietoris
Let X be in Schk, U, V ⊂ X open subschemes with X = U ∪ V . Then the sequence
(the maps are the evident restriction maps)

zp(X, ∗) → zp(U, ∗) ⊕ zp(V , ∗) → zp(U ∩ V , ∗)

gives a quasi-isomorphism

zp(X, ∗) → Cone
(
zp(U, ∗) ⊕ zp(V , ∗) → zp(U ∩ V , ∗)

)
[−1] .

This yields a long exact Mayer–Vietoris sequence for the higher Chow groups.

Functoriality
Let f : Y → X be a morphism in Schk with X ∈ Smk and Y locally equi-dimensional
over k. Take an affine cover U = {U1, …, Um} of X, and let V := {V1, …, Vm} be the



444 Marc Levine

cover Vj := f −1(Uj) of Y . For I ⊂ {1, …, m} let UI = ∩i∈IUi, define VI similarly, and
let fI : UI → VI be the morphism induced by f .

Form the Čech complex zp(U, ∗) as the total complex of the evident double
complex

⊕iz
p(Ui, ∗) → ⊕i<jz

p(Ui ∩ Uj, ∗) → · · · → zp(∩m
i=1Ui, ∗)

and define zp(V, ∗) similarly. Replacing zp(UI , ∗) with zp(UI , ∗)fI yields the sub-
complex zp(U, ∗)f of zp(U, ∗); the pull-backs f ∗

I yield the map of complexes

f ∗ : zp(U, ∗)f → zp(V, ∗) .

By the moving lemma (Theorem 14), the inclusion zp(U, ∗)f → zp(U, ∗) is a quasi-
isomorphism. We thus have the morphism f ∗ : zp(X, ∗) → zp(Y , ∗) in D−(Ab)
defined by the zig-zag diagram

zp(X, ∗) → zp(U, ∗) ← zp(U, ∗)f
f ∗
→ zp(V, ∗) ← zp(Y , ∗) .

One shows that this makes the assignment X �→ zp(X, ∗) ∈ D−(Ab) into a func-
tor zp(−, ∗) : Smop

k → D−(Ab). In particular, X �→ CHp(X, n) becomes a functor

CHp(−, n) : Smop
k → Ab .

Products
The cycle complexes admit natural associative and commutative external products

∪X,Y : zp(X, ∗) ⊗ zq(Y , ∗) → zp+q(X × Y , ∗)

in D−(Ab); for X smooth over k, one has natural cup products in D−(Ab)

∪X := δ∗ ◦ ∪X,X :: zp(X, ∗) ⊗ zq(X, ∗) → zp+q(X, ∗) ,

where δ : X → X ×k X is the diagonal. The cup products make ⊕pzp(X, ∗) an
associative commutative ring in the derived category, with unit the fundamental
class 1 · X ∈ z0(X, 0). In particular, this makes ⊕p,q CHp(X, q) into a bigraded ring
(commutative in the p-grading, graded-commutative in the q-grading), functorial
in X.

One easily verifies the projection formula

p∗(p∗α ∪ β) = α ∪ p∗β

for a proper map p : Y → X in Smk.
The external products are essentially given by the usual external product of

cycles. However, as the external product of cycle on X × ∆n and a cycle on Y × ∆m

yields a cycle on X×Y×∆n×∆m, not a cycle on X×Y×∆n+m, the natural target of the
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external product is the total complex of the double complex zp+q(X×kY , ∗, ∗), where
zp(X×Y , n, m) is the subgroup of zp(X×Y×∆n×∆m) of cycles in good position with
respect to “bi-faces” X × Y × F × F′. One then needs to map Tot zp+q(X ×k Y , ∗, ∗)
back to zp+q(X ×k Y , ∗), in the derived category. There are two techniques for doing
this:
1. Use the standard triangulation of ∆n × ∆m into n + m-simplices
2. Show that the inclusion

zp+q(X ×k Y , ∗) = zp+q(X ×k Y , ∗, 0) ⊂ Tot zp+q(X ×k Y , ∗, ∗)

is a quasi-isomorphism

Both these techniques work and give the same product structure, see e.g. [64]
or [33] for details.

Projective Bundle Formula
For an invertible sheaf L on X ∈ Smk, we may choose a Cartier divisor D on
X with OX(D) =̃ L. Sending L to the class of D in CH1(X, 0) = CH1(X) gives
a homomorphism

c1 : Pic(X) → CH1(X, 0) .

If E → X is a locally free sheaf of rank n + 1, and q : P(E) → X the associated
Pn-bundle ProjOX

(Sym∗ E), we have the tautological invertible (quotient) sheaf
O(1) onP(E); let ξ := c1(O(1)). CH∗(P(E), ∗) is a CH∗(X, ∗)-module via q∗; in fact,
CH∗(P(E), ∗) is a free CH∗(X, ∗)-module with basis 1, ξ, …, ξn.

Relation with K-Theory
Once one has the projective bundle fomula, one can apply the technique of
Gillet [34] to give natural Chern class maps

cp,q : K2q−p(X) → CHq(X, 2q − p)

and a multiplicative Chern character

ch∗ : K∗(X)Q → ⊕p,q CHp(X, q)Q

We let Kn(X)(p) denote the weight p subspace of Kn(X)Q , i.e.

Kn(X)(p) =
{

x ∈ Kn(X)Q )
∣
∣ ψk(x) = kp · x for all k ≥ 2

}
,

where ψk is the kth Adams operation on Kn(X).

15Theorem 15: [10,64] Let X be in Smk. The Chern character gives a isomorphism

Kn(X)(p) → CHp(X, n)Q .
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Milnor K-Theory
As a special case of Theorem 15, we have the isomorphism

CHn(F, n)Q =̃ Kn(F)(n)

for F a field. From work of Suslin [89], we know that the canonical map of Milnor
K-theory to Quillen K theory identifies KM

n (F)Q with Kn(F)(n). In fact, one has

16 Theorem 16: Nestorenko–Suslin [76], Totaro [92] Let F be a field. There is a nat-
ural isomorphism

KM
n (F) =̃ CHn(F, n) .

The case n = 1 is a special case of the result in [13]:

17 Proposition 17 Let X be in Smk. Sending a unit u ∈ H0(X, O∗
X) to the subscheme

(u − 1)t1 = u of X × ∆1 defines an isomorphism H0(X, O∗
X) =̃ CH1(X, 1). For n ≠ 1,

CH1(X, n) = 0.

Suslin Homology and Friedlander–Suslin Cohomology5.2.4

We describe Suslin’s construction of “abstract homology” for algebraic varieties,
and various modifications. For further details on this construction, we refer the
reader to the article [42] in this volume.

Finite Cycles and Quasi-finite Cycles

18 Definition 18 Take Y in Smk and X in Schk.
(1) Let zfin(X)(Y) be the subgroup of z∗(Y ×k X) generated by integral closed

subschemes W ⊂ Y ×k X such that p1 : W → Y is finite and dominant over an
irreducible component of Y .

(2) Let zq.fin(X)(Y) be the subgroup of z∗(Y ×k X) generated by integral closed
subschemes W ⊂ Y ×k X such that p1 : W → Y is quasi-finite and dominant
over an irreducible component of Y .

For a morphism f : Y ′ → Y in Smk, the morphism f × id : Y ′ ×k X → Y ×k X
is an l.c.i.-morphism; the finiteness, resp., quasi-finiteness conditions imply that
cycle-pull-back gives well-defined homomorphisms

f ∗ : zfin(X)(Y) → zfin(X)(Y ′) ; f ∗ : zq.fin(X)(Y) → zq.fin(X)(Y) ,

making zfin(X) and zq.fin(X) into presheaves of abelian groups on Smk. It is easy to
see that these are in fact sheaves for the étale topology on Smk.

Let F be a presheaf of abelian groups on Smk. For Y ∈ Smk, we may apply F to
the cosimplicial scheme Y × ∆∗, giving the simplicial abelian group F (Y × ∆∗).
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19Definition 19 Let F be a presheaf of abelian groups on Smk.
(1) The Suslin complex CSus∗ (F ) is the complex of presheaves

Y �→ CSus
∗ (F )(Y) ,

where CSus∗ (F )(Y) is the complex associated to the simplicial abelian group
F (Y × ∆∗).

(2) For Y ∈ Smk, writeZFS,Y (q) for the (cohomological) complex of sheaves on YZar

U �→ C2q−∗(zq.fin(Aq))(U) .

and ZFS(q) for the corresponding complex of sheaves on SmNis
k .

(3) For X ∈ Schk, and abelian group A, the Suslin homology of X, HSus∗ (X, A) is
defined by

HSus
n (X, A) := Hn

(
CSus

∗ (zfin(X)(k) ⊗ A)
)

.

(4) For Y ∈ Smk, the Friedlander–Suslin cohomology H
p
FS(Y , A(q)) is defined by

H
p
FS(Y , A(q)) := Hp

(
YZar,ZFS,Y (q) ⊗ A

)
.

20Remark 20 Let F be a presheaf on Smk. The homology presheaf on Smk

Y �→ Hn(CSus
∗ (F )(Y))

is homotopy invariant, i.e., the natural map

p∗ : Hn(CSus
∗ (F )(Y)) → Hn

(
CSus

∗ (F )(Y × A1)
)

is an isomorphism. See e.g. [100, chapt. 3, prop. 3.6] for a proof.

Comparison with the Higher Chow Groups
For

W ∈ zq.fin(Aq)(Y × ∆n) ⊂ zq(Y × Aq × ∆n) ,

and F ⊂ ∆n a face, the intersection W ∩ (Y × Aq × F) is quasi-finite over Y × F,
hence

codimY×A q×F W ∩ (Y × Aq × F) ≥ q .

Thus, we have inclusions

zq.fin(Aq)(Y × ∆n) ⊂ zq(Y × Aq, n) ⊂ zq(Y × Aq × ∆n) ,

giving the inclusion of complexes

αq
Y : C∗(zq.fin(Aq))(Y) → zq(Y × Aq, ∗) .
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LetZBl,Y (q) be the sheaf of (cohomological) complexes on YZar associated to the
presheaf

U �→ zq(U × Aq, 2q − ∗) .

The maps αq
U thus give the map of sheaves of complexes

αq : ZFS,Y (q) → ZBl,Y (q)

The main result of this section is

21 Theorem 21: Suslin [100, chapt. 6] The map αq : ZFS,Y (q) → ZBl,Y (q) is a quasi-
isomorphism for all Y ∈ Smk.

22 Corollary 22 Let Y be in Smk. Then αq induces an isomophism

H
p
FS(Y ,Z(q)) → CHq(Y , 2q − p) .

Proof of the corollary
By the Mayer–Vietoris property for the complexes zq(U × Aq, ∗), the natural

map

H2q−n

(
zq(Y × Aq, ∗)

) → Hn(YZar,ZBl,Y (q))

is an isomorphism for all n. By the homotopy property (Theorem 11), the pull-back
map

p∗ : zq(Aq, ∗) → zq(Y × Aq, ∗)

is a quasi-isomorphism, so we have the isomorphisms

CHq(Y , 2q − n) = H2q−n(zq(Y , ∗)) =̃ H2q−n

(
zq(Y × Aq, ∗)

)
.

Thus, we have isomorphisms

H
p
FS(Y ,Z(q)) = Hp(YZar,ZFS,Y (q)) =̃ CHq(Y , 2q − p) .

The proof of Theorem 21 goes in two steps: First one uses Suslin’s technique [100,
chapt. 6, thm. 2.1] to show that C∗(zq.fin(Aq)(Spec F)) → zq(A

q
F , ∗) is a quasi-

isomorphism for F a field. One may then use any one of several versions of a result
of Voevodsky, that for F a homotopy invariant presheaf with transfers, O the local
ring of a smooth point on a scheme of finite type over k with quotient field F, the
map

F (O) → F (F)
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is injective. One particular nice way to do this is the version due to Ojanguran–
Panin [79], which allows one to use a fairly restricted form of transfers, namely:
1. For f : X → Y a finite separable morphism in Smk, there is a homomorphism

f∗ : F (X) → F (Y).
2. Let f : X → Y be as in (1), let iD : D → Y be the inclusion of a smooth divisor,

and suppose that f : E := X ×Y D → D is étale. Let iE : E → X be the inclusion.
Then f ∗ ◦ i∗E = i∗D ◦ f∗.

It is not hard, using the moving lemma (Theorem 14) to show that the presheaf

Y �→ Hn(Cone(αq
Y ))

has the structure of a presheaf on Smk with Ojanguran–Panin transfers; as this
presheaf vanishes on fields, it follows that αq is a quasi-isomorphism.

23Remark 23 Via Proposition 17 and Theorem 21, we have an isomorphism

u : Gm[−1] → ZFS(1)

in D−(ShNis(Smk)).

The mod-n Theory
Suslin and Voevodsky show in [86] that, for an algebraically closed field k and n
prime to the characteristic of k, and for A a regular Henselian local k algebra with
residue field k, there is a natural isomorphism of complexes

ZFS(q)(Spec A) ⊗L Z|n =̃ µ⊗q
n (Spec A)

(actually, this is only shown for k of characteristic zero, but using de Jong’s theory
of alterations, the same argument works in positive characteristics). This verifies
part (3) of Lichtenbaum’s conjectures 7.

The analogous conjecture, part (2) of Beilinson’s conjectures 6, which essentially
asserts the existence of a natural isomorphism

Hp(F,Z|n(q)) =̃ H
p
ét(F, µ⊗q

n )

for fields F finitely generated over a chosen base-field k (not necessarily alge-
braically closed) was shown in [90] and later in [33] to be equivalent to the Bloch–
Kato conjecture:

24Conjecture 24: [17] Let F be a field, n an integer prime to the characteristic of
F. Then the Galois symbol

θ : KM
q (F)|n → H

p
Gal(F, µ⊗q

n )

is an isomorphism.
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Here, the Galois symbol is the map sending a symbol {a1, …, aq} ∈ KM
q (F) to the

cup product l(a1)∪…∪ l(aq), where l(a) ∈ H1
Gal(F, µn) is the image of a ∈ F∗ under

the Kummer sequence

H0
Gal(F,Gm)

×n→ H0
Gal(F,Gm) → H1

Gal(F, µn) .

One reduces directly to the case n = �ν, � a prime. The case � = 2 is also known as
part of the Milnor conjecture [73] proven by Voevodsky [98, 99]. The case of odd �

has been recently reduced by Voevodsky [93] to results of Rost (as yet unpublished)
on the construction and properties of so-called “generic splitting varieties”.

Cubical Versions5.2.5

One can also use cubes instead of simplices to define the various versions of
the cycle complexes. The major advantage is that the product structure for the
cubical complexes is easier to define, and with Q-coefficients, one can construct
cycle complexes which have a strictly commutative and associative product. This
approach is used by Hanamura in his construction of a category of mixed motives,
as well as in the construction of categories of Tate motives by Bloch, Bloch–Kriz
and Kriz–May.

Cubical Complexes
Let (�1, ∂�1) denote the pair (A1, {0, 1}), and (�n, ∂�n) the n-fold product of
(�1, ∂�1). Explicitly,�n = An, and ∂�n is the divisor

∑n
i=1(xi = 0) +

∑n
i=1(xi = 1),

where x1, …, xn are the standard coordinates on An. A face of �n is a face of the
normal crossing divisor ∂�n, i.e., a subscheme defined by equations of the form
ti1 = ε1, …, tis = εs, with the εj in {0, 1}. If a face F has codimension m in �n, we
write dim F = n − m.

For ε ∈ {0, 1} and j ∈ {1, …, n} we let ιj,ε : �n−1 → �n be the closed embedding
defined by inserting an ε in the jth coordinate. We let πj : �n → �n−1 be the
projection which omits the jth factor.

25 Definition 25 Let X be in Schk. Let ẑp(X, n)cb be the subgroup of zp+n(X × �n)
generated by integral subschemes W ⊂ X ×�n such that

dimk W ∩ (X × F) ≤ p + dim F .

If X is equi-dimensional over k of dimension d, we write ẑ p(X, n)cb for ẑd−p(X, n)cb

and extend to locally equi-dimensional X by taking direct sums over the connected
components of X.

Clearly the pull-back of cycles ι∗j,ε : ẑp(X, n)cb → ẑp(X, n − 1)cb and π∗
j :

ẑp(X, n − 1)cb → ẑp(X, n)cb are defined. We let zp(X, n)cb be the quotient

zp(X, n)cb := ẑp(X, n)cb
/ n∑

j=1

π∗
j

(
ẑp(X, n − 1)cb) .
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One easily checks that

n∑

j=1

(−1)j−1ι∗j,1 −
n∑

j=1

(−1)j−1ι∗j,0 : ẑp(X, n)cb → ẑp(X, n − 1)cb

descends to

dn : zp(X, n)cb → zp(X, n − 1)cb

and that dn−1 ◦ dn = 0. Thus, we have the complex zp(X, ∗)cb, and for X locally
equi-dimensional over k the complex zp(X, ∗)cb.

We let ZBl,X(p)cb denote the sheafification of the presheaf on XZar, U �→ zp(U ×
Ap, ∗)cb.

Replacing zp(X, n)cb with zq.fin(Ap)(X × �n)|
∑n

j=1 π∗
j zq.fin(Ap)(X × �n−1) and

using the similarly defined differential, we have the cubical version of Suslin’s
complex, Ccb∗ (zq.fin(Ap)(X)) and the sheaf of complexes ZFS,X(p)cb on XZar.

Cubes and Simplices
The main comparison results are

26Theorem 26 Let X be in Schk.
(1) There is an isomorphism in D−(Ab)

zp(X, ∗)cb =̃ zp(X, ∗) ,

natural with respect to flat pull-back and proper push-forward.
(2) There is a natural (in the same sense as above) isomorphism in D−(Ab)

Ccb
∗ (zq.fin(Ap))(X) =̃ C∗(zq.fin(Ap)(X)) .

The proof of (1) is given in, e.g., [64, thm. 4.7]; the same argument (in fact somewhat
easier) also proves (2).

This has as immediate corollary:

27Corollary 27 For X ∈ Smk, there is an isomorphism in the derived category of
sheaves on XZar

ZBl,X(p)cb =̃ ZFS,X(p)cb ,

natural with respect to pull-back by maps in Smk.

28Remark 28 Let f : Y → X be a morphism in Schk, with X and Y locally equi-
dimensional over k. One can define the subcomplex zp(X, ∗)cb

f ⊂ zp(X, ∗)cb as
the cubical version of the subcomplex zp(X, ∗)f ⊂ zp(X, ∗). The argument of [64,
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thm. 4.7] mentioned above shows in addition that the isomorphism zp(X, ∗)cb =̃
zp(X, ∗) induces an isomorphism zp(X, ∗)cb

f =̃ zp(X, ∗)f , and thus, in case X is in
Smk and is affine, the inclusion zp(X, ∗)cb

f → zp(X, ∗)cb is a quasi-isomorphism.
Thus, sending X to zp(X, ∗)cb extends to a functor

zp(−, ∗)cb : Smop
k → D−(Ab) .

This explains the naturality assertion in the above corollary.

Products
As already mentioned, the cubical complexes are convenient for defining products.
Indeed, the simple external product of cycles (after rearranging the terms in the
product) defines the map of complexes

∪X,Y : zp(X, ∗)cb ⊗ zq(Y , ∗)cb → zp+q(X ×k Y , ∗)cb

Thus, we have a cup product

∪X := δ∗
X ◦ ∪X,X : zp(X, ∗)cb ⊗ zq(X, ∗)cb → zp+q(X, ∗)cb

in D−(Ab), and the isomorphism of Theorem 26 respects the two products.

Alternating Complexes
The symmetric group Σn acts on zp(X, n)cb be permuting the factors of �n. Ex-
tending coefficients to Q, we let zp(X, n)Alt be the subspace of zp(X, n)cb

Q on which
Σn acts by the sign representation, and letπAlt

n : zp(X, n)cb
Q → zp(X, n)Alt be the

(Σ-equivariant) projection on this summand. One checks (see [11, lemma 1.1])
that the differential on zp(X, ∗)cb

Q descends to give a map

dAlt
n : zp(X, n)Alt → zp(X, n − 1)Alt

forming the subcomplex zp(X, ∗)Alt of zp(X, ∗)cb
Q .

29 Lemma 29: [64, thm. 4.11] The inclusion zp(X, ∗)Alt → zp(X, ∗)cb
Q is a quasi-

isomorphism, with inverse the alternating projection πAlt : zp(X, ∗)cb
Q → zp(X, ∗)Alt.

We may define an external product on the alternating complexes by

∪Alt
X,Y := πAlt

p+q ◦ ∪X,Y : zp(X, ∗)Alt ⊗ zq(Y , ∗)Alt → zp+q(X ×k Y , ∗)Alt .

This agrees (up to homotopy) with the product on z∗(−, ∗)cb
Q .

In particular, for X = Spec k, we have the commutative, associative product

∪Alt : zp(k, ∗)Alt ⊗Q zq(k, ∗)Alt → zp+q(k, ∗)Alt ,
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satisfying the Leibniz rule

d(a ∪Alt b) = da ∪Alt b + (−1)deg aa ∪Alt b .

We will see in Sect. 5.5.2 how the complexes zq(k, ∗)Alt form a (graded) com-
mutative differential graded algebra overQ, which may be used to give a concrete
description of the category of mixed Tate motives over k.

Abelian Categories of Mixed Motives 5.3

We will now proceed to examine the framework proposed by Beilinson and Deligne
for a category of mixed motives in somewhat more detail. Before doing so, how-
ever, we will fix some ideas concerning Bloch–Ogus cohomology and Tannakian
categories. Having done this, we give a formulation of some of the hoped-for
properties of the abelian category of mixed motives, and then describe two very
different approaches to a construction. The first, following Jannsen and Deligne,
attempts to define a “mixed motive” by its singular/étale/de Rham realizations.
The second, due to Nori, first considers the ring of natural endomorphisms of
the singular cohomology functor on pairs of schemes, and then defines a mixed
motive as a module over this ring (roughly speaking). As we mentioned in the
introduction, it is not at all clear what relation K-theory has to the cohomology
theory arising from these constructions.

We will not discuss the theory of “pure” motives here at all. As a reference, we
refer the reader to the relevant articles in [104], as well as [56, sect. 3] in this volume,
where in addition some of the material in this section is handled in shorter form.

Background and Conjectures 5.3.1

We formulate a version of Bloch–Ogus cohomology, somewhat modified from the
original definition in [19] to fit our purposes. We recall some notions from the
theory of Tannakian categories, and then give a version of the properties one would
like in an abelian category of mixed motives.

Bloch–Ogus Cohomology
Let ShZar(k) be the category of sheaves of abelian groups on the big Zariski site
Smk. Let Γ(∗) := ⊕nΓ(n) be a graded object in C(ShZar(k)) (with Γ(n) in graded
degree 2n), together with a graded product µ : Γ(∗)⊗L Γ(∗) → Γ(∗) in D(ShZar(k)).
For X ∈ Smk, we set

Hn
Γ(X, m) := Hn(XZar, Γ(m))

and for W ⊂ X a closed subset, set

Hn
Γ,W (X, m) := Hn

W (XZar, Γ(m)) .
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We note that, if W ⊂ W ′ ⊂ X are closed subsets of X ∈ Smk, we have the natural
map

Hn
Γ,W (X, m) → Hn

Γ,W ′(X, m) .

30 Definition 30 We say that Γ(∗) defines a Bloch–Ogus cohomology theory if
1. The product µ is associative and commutative in D(ShZar(k)).
2. Γ(∗) is homotopy invariant: p∗ : H∗

Γ(X, m) → H∗
Γ(X × A1, m) is an isomor-

phism for all m.
3. Γ(∗) satisfies purity: Let W ⊂ X be a closed subset, with X ∈ Smk. If

codimX W ≥ q for some integer q, then H
p
Γ,W (X, q) = 0 for p < 2q.

4. Γ(∗) admits natural cycle classes: Let W ⊂ X be an irreducible closed codi-
mension q subset with X in Smk. Then there is a fundamental class [W] ∈
H

2q
Γ,W (X, q) satisfying:

a) Naturality: Let z :=
∑

i niWi be in zq(X), let W be the support of z, and set
cl(z) =

∑

i ni[Wi] ∈ H
2q
Γ,W (X, q). Let f : Y → X be a morphism in Smk such

that f −1(W) has codimension q on Y . Then

f ∗(cl(z)) = cl(f ∗(z)) ∈ H
2q
Γ,f −1(W)

(Y , q) .

b) Gysin isomorphism: Suppose that W ⊂ X is a pure codimension q closed
subset, with X and W in Smk. Suppose that the inclusion i : W → X is split
by a smooth morphism p : X → W . Then the composition

Hn
Γ(W , m)

p∗
→ Hn

Γ(X, m)
∪[W]→ H

n+2q
Γ,W (X, m + q)

is an isomorphism.
c) Products: For Xi ∈ Smk, zi ∈ zqi (Xi) with support Wi, i = 1, 2, we have

cl(z1 × z2) = p∗
1 cl(z1) ∪ p∗

2 cl(z2)

in H
2q1+2q2
Γ,W1×W2

(X1 ×k X2, q1 + q2).

5. Coefficients: For p : X → Spec k in Smk, X irreducible, the map

p∗ : H0
Γ(Spec k, 0) → H0

Γ(X, 0)

is an isomorphism.

The functor X �→ ⊕p,qH
p
Γ(X, q) is called the Bloch–Ogus theory on Smk represented

by Γ(∗). The ring H0
Γ(Spec k, 0) is called the coefficient ring of the theory Γ.

31 Remark 31 This notion of a Bloch–Ogus cohomology theory is somewhat more
general than that considered by Gillet in [34], in that Gillet requires
1. A structure mapGm[−1] → Γ(1) in D(ShZar(Smk)).
2. The complexes Γ(n) should be in C+(ShZar(k)).
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The existence of the structure map (1) follows from the cycle class map discussed
in Sect. 5.6.1; see Remark 119 for a precise statement. Allowing the Γ(q) to be
unbounded forces one to take a bit more care in the definition of the universal
Chern classes on the simplicial ind-scheme BGL, in that one needs to use the
extended total complex to define Γ(n)(BGLN):

Γ(n)(BGLN )m :=
∏

p≥0

Γ(n)m−p(BGLN)p ,

and then take

Γ(n)(BGL) := lim
N

Γ(n)(BGLN) .

Having made this definition, Gillet’s argument extends word-for-word to allow for
Γ(n) ∈ C(ShZar(k)), giving a good theory of Chern classes

c
q,p
Γ : K2q−p(X) → H

p
Γ(X, q)

for a Bloch–Ogus theory in our sense.

Example 32. The standard cohomology theories: singular cohomology, �-adic
étale cohomology, de Rham cohomology and Deligne cohomology,

are all examples which can be fit into the framework of the above. Also, motivic
cohomology, represented by Γ(n) := ZFS(n) (see Sect. 5.2.4), is an example.

Tannakian Formalism
We use [22, 28, 83] as references for this section.

Let F be a field. An F-linear abelian tensor category A is called rigid if there
exists internal Homs in A, i.e., for each pair of objects A, B of A, there is an object
Hom(A, B) and a natural isomorphism of functors

(
C �→ HomA(A ⊗ C, B)

)
=̃

(
C �→ HomA(C, Hom(A, B))

)
.

For example, the abelian tensor category of finite-dimensional F-vector spaces,
F-mod, has the internal Hom Hom(V , W) := V∨ ⊗ W .

An F-linear rigid abelian tensor categoryA is a Tannakian category if there exists
an exact faithful F-linear tensor functor to F′-mod for some field extension F′ of F;
such a functor is called a fiber functor. If a fiber functor to F-mod exists, we call A
a neutral Tannakian category.

The primary example of a neutral Tannakian category is the category RepF(G)
of representations of an affine group scheme G over F in finite dimensional
F-vector spaces; the forgetful functor RepF(G) → F-mod is the evident fiber
functor. Note that, if A is the Hopf algebra Γ(G, OG), so that G = Spec A, then
RepF(G) is isomorphic to the category of co-representations of A in F-mod,
co-repF(A).
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Neutral Tannakian categories are of interest because they are all given as cate-
gories of representations: If A is a Tannakian category over F with fiber functor
ω : A → F-mod, then there is an affine group scheme G over F with a canonical
isomorphism

G(F) =̃ Aut(ω)

and an equivalence of A with RepF(G) with ω going over to the forgetful functor. G
is canonically determined byAand ω, and different choices of ω lead to isomorphic
G’s. G is called the Galois group of A.

The Category of Mixed Motives
In [2] and [24], a framework for a category of mixed motives over a base field k is
proposed. There are many articles describing the consequences of such a theory,
e.g., [21, 53, 75]. We give here a quick description of the properties one should
expect in this category, derived from [2] and [24].

33 Conjecture 33 Let k be a field. There is a rigid tensor category MMk containing
“Tate objects” Z(n), n ∈ Z, and a functor

h : Smop
k → Db(MMk)

such that
1. Setting H

p
M(X,Z(q)) := Extp

MMk
(1, h(X) ⊗ Z(q)), the functor X �→

⊕p,qH
p
M(X,Z(q)) is the universal Bloch–Ogus cohomology theory on Smk.

2. Let Γ be a Bloch–Ogus theory on Smk, and RΓ : Smop
k → D(Ab) the functor

X �→ Γ̃(q)(X), where Γ̃(q)(X) is as in Sect. 5.3.1 the global sections on X of
a functorial flasque model for Γ(q). Then there is a “realization functor”

�Γ : MMk → D(Ab)

such that the induced map Db�Γ : Db(MMk) → D(Ab) yields a factorization
of RΓ as Db�Γ ◦ R. Applying Hp yields the canonical natural transformation

H
p
M(X,Z(q)) → H

p
Γ(X, q)

given by (1).
3. In the Q-extension MMk ⊗ Q, the full subcategory of semi-simple objects is

equivalent to the category Mk of homological motives over k, and for each
X ∈ Smk, the object hi(X)(q) := Hi(h(X)) ⊗Q(q) is in Mk.

4. For X smooth and projective over k, there is a decomposition (not necessarily
unique) in Db(MMk ⊗Q)

h(X)Q = ⊕2 dimk X
i=0 hi(X)[−i] .
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5. Let σ : k → C, and let �sing,σ be the realization functor corresponding to sin-
gular cohomology H∗

sing(Xσ(C),Z(2πi)j), where Xσ(C) is the analytic manifold
of C-points of X ×k C. Then the functor

H0 ◦ �sing,σ : MMk ⊗Q→ Q-mod

is a fiber functor, making MMk ⊗Q a neutral Tannakian category overQ. Also,
if �ét,� is the realization functor corresponding to X �→ H∗

ét(X ×k k,Ql(∗)),
then

H0 ◦ �ét,� : MMk ⊗Q� → Q�-mod

is a fiber functor, making MMk ⊗Q� a neutral Tannakian category overQ�.
6. For each object M in MMk, there is a natural finite weight filtration

0 = Wn−1M ⊂ WnM ⊂ … ⊂ WmM = M .

The graded quotients gr∗
W M are in Mk (after passing to theQ-extension). For

M = hi(X), the weight filtration is sent to the weight filtration for singular
cohomology, respectively étale cohomology, under the respective realization
functor.

7. There are natural isomorphisms

H
p
M(X,Z(q)) ⊗Q =̃ K2q−p(X)(q) .

These should arise from a natural spectral sequence of Atiyah–Hirzebruch
type

E
p,q
2 = H

p−q
M (X,Z(−q)) ⇒ K−p−q(X) ,

which degenerates at E2 after tensoring withQ.

34Remark 34 Rather than limiting oneself to motives over a field k, Beilinson suggests
in [2] that one should look for a theory of “mixed motivic sheaves” MM|S over
a base-scheme S, analogous to the category of say sheaves of abelian groups or
perverse sheaves or constructible étale sheaves, or mixed Hodge modules. In any
case, one would want to have the Grothendieck–Verdier formalism of four functors
f∗, f ∗, f! and f !, as well as a relation with K-theory and the realization properties
analogous to Db(MMk). However, as suggested by Deligne [21], one might ask
rather for a triangulated tensor category D(S) with a t-structure whose heart is the
abelian category MM|S, but without necesarily requiring that Db(MM|S) = D(S).
Voevodsky [95] has axiomatized the situation in his theory of “crossed functors”,
and has announced a construction of a category of mixed motives over S which
satisfies the necessary conditions. As the theory is still in its beginning stages, we
will not discuss these results further.
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The Motivic Galois Groups
Suppose k admits an embedding σ : k → C, giving us the fiber functor Fσ :=
H0 ◦�sing overQ corresponding to singular cohomology. Let MotGalk be the Galois
group of the Tannakian category MMk ⊗Q, and let MotGalss

k be the Galois group
for the semi-simple subcategory Mk. Taking the associated graded for the weight
filtration defines a functor MMk → Mk, and hence a homomorphism MotGalss

k →
MotGalk splitting the map induced by the restriction functor MotGalk → MotGalss

k .
The map MotGalss

k → MotGalk is thought of as an analog of the map on the
algebraic π1:

π1(X, ∗) → π1(X, ∗)

corresponding to the projection X := X ×k k → X for a scheme X over k. The split
surjection MotGalk → MotGalss

k yields the exact sequence

1 → Ûk → MotGalk → MotGalss
k → 1 ;

Ûk is a connected pro-unipotent algebraic group scheme over Q, encoding the
extension information in MMk.

One can restrict to the category of mixed Tate motives TMk, i.e., the full abelian
subcategory (of MMk ⊗ Q) closed under extensions and generated by the Tate
objectsQ(n), n ∈ Z. The abelian subcategory TMk of TMk generated by theQ(n)’s
is equivalent to the category of graded finite dimensional Q-vector spaces, i.e.,
the category of representations of Gm in Q-mod. As taking the associated graded
for the weight filtration defines an exact tensor functor TMk → TMk splitting the
inclusion, we have the split surjection

Gal TMk → Gm → 1

with kernel Uk a pro-unipotent algebraic group with Gm-action. Since the action
ofGm just gives the information of a grading, we thus have an equivalence of TMk

with the category of graded representations of Uk on finite dimensional Q-vector
spaces. More about this in Sect. 5.5 on Tate motives.

Motives by Compatible Realizations5.3.2

Building on Deligne’s theory of absolute Hodge cycles [28], Jannsen [54] constructs
an abelian category of “simultaneous realizations”, as an attempt to capture the idea
of a mixed motive by looking at structures modeled on singular, de Rham and étale
cohomology, together with comparison isomorphisms between these structures.
The known comparisons between singular, de Rham and étale cohomology of
a scheme X yields objects Hn(X) in this category, and a reasonable approximation
to a good catgory of motives is the sub-abelian category generated by these and
their duals. Deligne has also given a construction from this point of view in [23],
adding a crystalline component to the collection of realizations. The viewpoint of
compatible realizations has also been used in the setting of triangulated categories
by Huber [48], see Sect. 5.4.2 for some details of this construction.
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The Category of Realizations
Let k be a field finitely generated over Q, k the algebraic closure of k. Let Gk =
Gal(k.k). Form the category of mixed realizations MRk, with objects tuples of the
form H := (HDR, H�, Hσ , I∞,σ, I�,σ), with � running over prime numbers, σ over
embeddings k → C and σ over embeddings k → C, where
(a) HDR is a finite dimensional k-vector space with an exhaustive decreasing filtra-

tion FnHDR, and an exhaustive increasing filtration WnHDR.
(b) H� is a finite-dimensional Q�-vector space with a continuous Gk-action, and

an exhaustive increasing Gk-stable filtration WnH�.
(c) Hσ is a Q-mixed Hodge structure: Hσ is a finite dimensional Q-vector space

with an exhaustive decreasing filtration Fn on Hσ ⊗ C, and an exhaustive
increasing filtration Wn on Hσ inducing a pureQ-Hodge structure of weight m
on grW

n Hσ , i.e., there is a direct sum decomposition

(grW
n Hσ) ⊗ C = ⊕p+q=mHp,q

with Hq,p = Hp,q and with

grW
n FaHσ ⊗ C = ⊕p≥aHp,q .

(d) I∞,σ : Hσ ⊗Q C → HDR ⊗k C is an isomorphism, identifying the F- and
W-filtrations.

(e) I�,σ : Hσ ⊗Q Q� → H� is an isomorphism identifying the W-filtrations. In
addition, for each ρ ∈ Gk, the diagram

H�

Hσ ⊗Q�

��I�,σ wwwwwwwww

��I�,σρ
GG

GG
GG

GG
G

H�

OO

ρ

commutes.

The various W-filtrations (resp. F-filtrations) are called weight filtrations (resp.
Hodge filtrations) and the isomorphisms I are called comparison isomorphisms.

Morphisms H → H′ in MRk are (k,Q�,Q)-linear maps

(HDR, H�, Hσ) → (H′
DR, H′

�, H′
σ)

respecting the various filtrations and comparison isomorphisms. Defining the
operations componentwise, one has a tensor product, dual and internal Hom.
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In addition, for H = (HDR, H�, Hσ), the weight-filtrations on HDR, H�, Hσ are all
compatible via the comparison isomorphisms, so we have the functor

Wn : MRk → MRk

Wn((HDR, H�, Hσ)) := (WnHDR, WnH�, WnHσ) .

From the exactness of Wn in the category ofQ-mixed Hodge structures, it follows
that Wn is exact.

Tannakian Structure
The main structural result for MRk is

35 Theorem 35: [54, theorem 2.13] MRk is a neutral Tannakian category overQ.

In fact, the functor H �→ Hσ for a single choice of σ gives the fiber functor.

The Category of Mixed Motives
Let (X, Y) be a pair consisting of a finite type k-scheme X and a closed subscheme Y .
For an embedding σ : k → C, let (Xσ , Yσ) be the pair of topological spaces given
by the C-points of (X ×k C, Y ×k C), with the C-topology. Let Hn(Xσ, Yσ ;Q) be
the singular cohomology of the pair (Xσ, Yσ). Let Hn

ét(X, Y ;Q�) be the Q�-étale
cohomology of the pair and let HDR(X, Y) be the deRham cohomology.

Let X be a smooth quasi-projective k-scheme and take Y = ∅. Give Hn(Xσ, ;Q)
the mixed Hodge structure of Deligne [26]. Give Hn

DR(X) the analogous weight and
Hodge filtration: Take a smooth projective variety X containing X as a dense open
subscheme with normal crossing divisor D := X \ X at infinity. One then has

Hn
DR(X) = Hn

(
X, Ω∗

X|k(log D)
)

.

The stupid filtration on the deRham complex Ω∗
X|k(log D) gives the Hodge filtration

on Hn
DR(X) and the weight-filtration on Ω∗

X|k(log D) by number of components in
the polar locus of a form induces (after shift by n) the weight-filtration on Hn

DR(X).
Similarly, we identify the dual of the relative cohomology H2 dim X−n

ét (Xk, Dk,Q�)
with Hn

ét(Xk;Q�); the skeletal filtration on D induces the weight-filtration on
H2 dim X−n

ét (Xk, Dk,Q�) and thus on Hn
ét(Xk;Q�).

The classical deRham theorem gives comparison isomorphisms

I∞,σ : Hn(Xσ,Q) ⊗ C→ Hn
DR(X) ⊗k C

and Artin’s comparison isomorphism yields

I�,σ :: Hn(Xσ ,Q) ⊗Q� → Hn
ét(Xk,Q�) .
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Jannsen shows that setting

Hσ := Hn(Xσ , Q)

HDR := Hn
DR(X)

H� := Hn
ét(Xk;Q�)

with the above filtrations and comparison isomorphisms defines an object Hn(X)
in MRk, functorial in X, giving the functor

Hn : Smop
k → MRk

36Definition 36 Jannsen’s category of mixed motives by realizations over k, JMMk, is
the smallest full Tannakian subcategory of MRk containing all the objects Hn(X)
for X smooth and quasi-projective over k. The objects of JMMk are called mixed
motives. The smallest Tannakian subcategory Mk of JMMk containing all objects
Hn(X) for X smooth and projective over k, and closed under taking direct sum-
mands is called the subcategory of pure motives.

37Remark 37 As mentioned above, Deligne [23] has also described a category of
motives over Q by compatible realizations, adding a crystalline component to
the list of possible realizations. This yields a category analogous to the category
MRQ . However, Deligne gives no precise definition of the subcategory analogous to
JMMQ , saying that the objects should be those systems of compatible realizations
of geometric origin but explicitly leaving the definition of this term open.

38Remark 38
(1) Jannsen shows that the objects of JMMk are exactly the subquotients of Hn(U)⊗

Hm(V)∨ for smooth, quasi-projective U and V over k. In addition, JMMk is
stable under the functors Wn and grW

n .
(2) For each M ∈ JMMk, the weight-filtration W∗M is finite and exhaustive, and the

graded pieces grW
n M are all pure motives. Thus each mixed motive is a successive

extension of pure motives. The category of pure motives is semi-simple.
(3) The method of cubical hyperresolutions of Guillen and Navarro–Aznar [41]

extends Hn to a functor on arbitrary pairs of finite type k-schemes sending
(X, Y) to the deRham/étale/singular cohomology

Hn(X, Y) :=
(
Hn

DR(X, Y), Hn
ét

(
X, Y ,Q�

)
, Hn

σ
(
Xσ , Yσ ,Q

))

with the canonical mixed Hodge over Q/weight filtration/Q-mixed Hodge
structure gives an object in JMMk. Also, for a triple (X, Y , Z), the connect-
ing morphism Hn(X, Y) → Hn+1(Y , Z) is a morphism in JMMk.
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Motives by Tannakian Formalism5.3.3

Let k be a subfield ofC. For a pair consisting of a finite type k-scheme X and a closed
subscheme Y , one has the singular homology H∗(X(C), Y(C);Z), which we denote
by H∗(X, Y). Nori constructs an abelian category of mixed motives by considering
the ring of all natural endomorphisms α of the functor (X, Y) �→ H∗(X, Y), with
the additional requirement that α should commute with all boundary maps ∂i :
Hi(X, Y) → Hi−1(Y , Z) for all triples X ⊃ Y ⊃ Z. The external products in
homology make this ring into a bi-algebra; dualizing and inverting the resulting
character corresponding to the Tate object H2(P1,Z) yields a Hopf algebra χmot. The
category of co-modules of χmot in finitely generated abelian groups is then Nori’s
abelian category of mixed motives. In this section, we give some details regarding
this construction. Some of these results involve relations with the triangulated
categories of motives constructed by Voevodsky; for the notations involved, we
refer the reader to Sect. 5.4.5.

39 Remark 39 Unfortunately, there are at present no public manuscripts detail-
ing Nori’s construction. We have relied mainly on [31], with some additional
detail coming from [77]. Hopefully, one of these will soon be available to the
public.

A Universal Construction
A small diagram D consists of a set of objects O(D) and for each pair of objects
(p, q) a set of morphisms M(p, q) (but no composition law). If C is a category,
a representation of D in C, F : D → C is given by assigning an object Fp of C
for each p ∈ O(D), and a morphism Fm : Fp → Fq in C for each m ∈ M(p, q).
For a noetherian commutative ring R, we let R-mod denote the abelian category of
finite R-modules.

Example 40. Let H∗Schk be the diagram with objects the triples (X, Y , i), where
X is a k-scheme of finite type, Y a closed subscheme of X and i an

integer. There are two types of morphisms: for f : X → X′ a morphism of k-schemes
which restricts to a morphism of closed subschemes Y → Y ′ (i.e. a morphism of
pairs f : (X, Y) → (X′, Y ′)), we have the morphism f∗ : (X, Y , i) → (X′, Y ′, i).
For a triple (X, Y , Z) of closed subschemes X ⊃ Y ⊃ Z, we have the morphism
d : (X, Y , i) → (Y , Z, i − 1).

Sending (X, Y , i) to Hi(X, Y) := Hi(X(C), Y(C);Z), f∗ : (X, Y , i) → (X′, Y ′, i)
to f∗ : Hi(X, Y) → Hi(X′, Y ′) and d : (X, Y , i) → (Y , Z, i − 1) to the boundary
map ∂i : Hi(X, Y) → Hi−1(Y , Z) in the long exact homology sequence of the triple
(X(C), Y(C), Z(C)) defines a represention

H∗ : H∗Schk → Ab .
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Reversing the arrow f∗ to f ∗ : (X′, Y ′, i) → (X, Y , i) and changing d to d :
(X, Y , i) → (Y , Z, i + 1) gives the cohomological version H∗Schk and the represen-
tation

H∗ : H∗Schk → Ab ,

H∗((X, Y , i)) = Hi(X, Y) := Hi(X(C), Y(C);Z).

The main theorem regarding representations of diagrams is

41Theorem 41 Let T : D → R-mod be a representation of a small diagram D.
Then there is an R-linear abelian category C(T), a faithful exact R-linear functor
ffT : C(T) → R-mod and a representation T̃ : D → C(T) such that
1. ffT ◦ T̃ = T
2. T̃ is universal: if A is an R-linear abelian category with a faithful exact R-

linear functor f : A → R-mod and F : D → A is a representation such that
f ◦ F = T, then there is a unique R-linear functor L(F) : C(T) → A such that
the diagram

C(T)

��

ffT

GG
GG

GG
GG

G

��

L(F)D

��T̃ ��������

��F CC
CC

CC
CC

C
R-mod

A

��

f

vvvvvvvvv

commutes.

The construction of T̃ : D → C(T) follows the Tannakian pattern: Suppose first
that D is a finite set. Let End(T) be ring of (left) endomorphisms of T, that is,
the subset of

∏

p∈O(D) EndR(Tp) consisting of all tuples e =
∏

p ep such that, for all
m ∈ M(p, q), the diagram

Tp ��
Tm

��
ep

Tq

��
eq

Tp ��

Tm

Tq
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commutes. It is clear that End(T) is a sub-R-algebra of the product algebra
∏

p∈O(D) EndR(Tp); since each Tp is a finite R-module and D is finite, End(T) is an
R-algebra, finite as an R-module. We let C(T) be the category of finitely generated
End(T)-modules, and ffT : C(T) → R-mod the forgetful functor. By construction,
each Tp is a left End(T)-module by the projection End(T) → EndR(Tp), and each
map Tm : Tp → Tq is End(T)-linear. This yields the lifting T̃ : D → C(T).

In general, we apply the above construction to all finite subsets O(F) of O(D), i.e.,
to all “finite, full” subdiagrams F of D (where we use the same sets of morphisms
M(p, q) for all F). If F ⊂ F′ ⊂ D are two such finite full subdiagrams, the projection

∏

p∈O(F′)
EndR(Tp) →

∏

p∈O(F)

EndR(Tp)

yields a homomorphism End(T|F′) → End(T|F), and hence an exact faithful func-
tor C(T|F) → C(T|F′). Define

C(T) := lim→
finite F⊂D

C(T|F) ;

the forgetful functors C(T|F) → R-mod and the liftings T̃|F fit together to give
ffT : C(T) → R-mod and T̃ : D → C(T).

To prove the universality, it suffices to consider the case of a small abelian
category A with a faithful exact functor f : A → R-mod. Let D(A) be the diagram
associated to A, i.e., the objects and morphisms are the same as A, just forget the
composition law. The above construction is obviously natural in D, so we have the
commutative diagram

D ��
D(F)

��
T̃

D(A)

��
F̃

��
id

A

�� F̂xx
xx
xx
xx
x

C(T) ��

C(D(F))

C(D(A))

with F̂ an exact R-linear functor. Nori shows that F̂ is an equivalence; an inverse to
F̂ yields the desired functor C(T) → A.

Abelian Categories of Effective Motives
We apply the universal construction to the representations H∗ and H∗.

42 Definition 42 Let k be a subfield ofC. Let EHM(k) = C(H∗) and ECM(k) = C(H∗).

Nori shows that these categories are independent of the choice of embedding
k ⊂ C. The universal property of the C-construction yields faithful exact functors
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ECM(k) → MHS (5.3)

ECM(k) → Gal(k)-Rep

ECM(k) → Period(k)

Here MHS is the category of mixed Hodge structures, Gal(k)-Rep is the category
of representations of Gal(k|k) on finitely generated abelian groups, and Period(k)
is the category of tuples (L, V , φ, ∇), where L is a finitely generated abelian group,
V a finite-dimensional k-vector space, φ : L ⊗ C → V ⊗k C an isomorphism of
C-vector spaces and ∇ : V → Ω1

k ⊗ V the Gauß-Manin connection, i.e. aQ-linear
connection with ∇2 = 0 and with regular singular points at infinity. Similarly,
using Remark 38(3), the universal property yields an exact faithful functor

ECM(k) → JMMk

The Basic Lemma and Applications
We have the functors Hi from pairs of finite-type k-schemes to EHM(k); in order
to define the total derived functor

m : Schk → Db(EHM(k)) ,

Nori shows that affine finite type k-schemes have a type of “cellular decomposition”
which, from the point of cohomology, looks like the usual cellular decomposition
of a CW-complex. Specifically, the basic result is

43Theorem 43: [78] Let X be a finite type affine k-scheme of dimension n over
k ⊂ C. Let Z ⊂ X be a closed subset with dim Z ≤ n − 1. Then there exists a closed
subset Y of X containing Z such that
1. dim Y ≤ n − 1
2. Hi(X, Y) = 0 for i ≠ n
3. Hn(X, Y) is a finitely generated abelian group.

44Remark 44 Nori has mentioned to me that at the time of his proof of Theorem 43, he
was unaware that Beilinson had already proven this result (actually, a stronger re-
sult, as Beilinson proves the above in characteristic p > 0 as well) in [3, lemma 3.3],
by a different argument. He has also remarked that the same method was used by
Kari Vilonen in his Harvard University Masters’ thesis to prove Artin’s comparison
theorem.

To construct m, let X be an affine k-scheme of finite type. Applying Theorem 43
repeatedly, there is a filtration X∗ of X by closed subsets

∅ = X−1 ⊂ X0 ⊂ … ⊂ Xn−1 ⊂ Xn = X
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such that Hi(Xj, Xj−1) = 0 for i ≠ j and Hj(Xj, Xj−1) is a finitely generated abelian
group for all j. Call such a filtration a good filtration of X. Form the complex C∗(X∗)
with Cj = Hj(Xj, Xj−1) and with differential the boundary map Hj(Xj, Xj−1) →
Hj−1(Xj−1, Xj−2). This is clearly a complex in EHM(k), and is natural in EHM(k)
with respect to morphisms f : X → X′ which are compatible with the chosen
filtrations X∗ and X′∗.

Let lim→ EHM(k) be the category of ind-systems in EHM(k), and let
Ch(lim→ EHM(k)) be the category of chain complexes in lim→ EHM(k) which
have bounded homology in EHM(k). Taking the system of good filtrations X∗ of X
(or equivalently, all filtrations) yields the functor

C∗ : Aff(k) → Ch(lim→ EHM(k)) .

Here Aff(k) is the category of affine k-schemes of finite type.
Passing to the derived categories

D(Ch(lim→ EHM(k))) ∼ Db(EHM(k))

and using a Čech construction yields the functor

m : Schk → Db(EHM(k)) .

As a second application, replace the diagram category H∗Schk with the diagram
category H∗Sch′

k of “good triples” (X, Y , i), i.e., those having Hj(X, Y) = 0 for j ≠ i,
and let EHM(k)′ = C(H′∗), where H′∗ : H∗Sch′

k → Ab is the restriction of H∗. Nori
shows

45 Proposition 45 The natural map EHM(k)′ → EHM(k) is an equivalence of abelian
categories.

As applications of this result, Nori defines a tensor structure on EHM(k) by con-
sidering the map of diagrams:

× : H∗Sch′
k × H∗Sch′

k → H∗Sch′
k

(X, Y) × (X′, Y ′) = (X ×k X′, X ×k Y ′ ∪ Y ×k X′) .

and the representation H∗ × H∗ : H∗Sch′
k × H∗Sch′

k → Ab × Ab. This gives the
commutative diagram

H∗Sch′
k × H∗Sch′

k

��
H∗×H∗

��
×

H∗Sch′
k

��
H∗

Ab × Ab ��

⊗
Ab
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Noting that C(H∗ × H∗) = EHM(k)′ × EHM(k)′, the universal property of C yields
the exact functor

⊗ : EHM(k)′ × EHM(k)′ → EHM(k)′ ;

via Proposition 45, this gives the tensor product operation

⊗ : EHM(k) × EHM(k) → EHM(k) .

Nori constructs a duality functor

∨ : EHM(k)′ → ECM(k)op

respecting the representations H∗ and H∗ via the usual duality

Hom(−,Z) : Ab → Ab ,

by sending a good pair (X, Y , n) to (X, Y , n), noting that

Hn(X, Y) = Hn(X, Y)∨

for a good pair (X, Y). This induces an equivalence on the derived categories

∨ : Db(EHM(k)) → Db(ECM(k))op .

Finally, using Theorem 43, Nori shows that the restriction of C∗ to Smk factors
through the embedding Γ : Smk → Cor(k) (see Sect. 5.4.5 for the notation):

46Proposition 46 Let W ⊂ X ×k Y be an effective finite correspondence, X, Y in Smk

and affine. Then there is a map W∗ : C∗(X) → C∗(Y), satisfying
1. For a morphism f : X → Y with graph Γ, f∗ = Γ∗.
2. (W ◦ W ′)∗ = W∗ ◦ W ′∗.

Using this result, Nori shows that the restriction of m to Smk extends to a functor

Π : DMeff
gm(k) → Db(EHM(k)) .

making

DMeff
gm(k)

��

ΠCor(k)

��nnnnnnn

		QQ
QQ

QQ

Db(EHM(k))

commute.
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Motives
For a finite subdiagram F of H∗Schk, let A(F) be the dual of End(H∗|F):

A(F) := Hom(End(H∗|F),Z) .

Let A be the limit

A := lim→
F

A(F) .

The ring structure on End(H∗|F) makes A(F) and A into a co-algebra (overZ). Nori
shows

47 Lemma 47 EHM(k)′ is equivalent to the category of left comodules M over A, which
are finitely generated as abelian groups.

The tensor product on EHM(k)′ induces a comultiplication

End(H∗|F) ⊗ End(H∗|F′) → End(H∗|F·F′) ,

where O(F ·F′) is the set of triples of the form (X, Y , i)× (X′, Y ′, i′) for (X, Y , i) ∈ F,
(X′, Y ′, i′) ∈ F′. This yields a commutative, associative multiplication A ⊗ A → A,
making A into a bi-algebra over Z.

Let Z(1) = H1(Gm), as an object of EHM(k)′. As a Z-module, Z(1) = Z. If F is
a finite diagram containing (Gm, ∅, 1), then Z(1) is an End(H∗|F)-module; sending
a ∈ End(H∗|F) to a · 1 ∈ Z(1) = Z determines an element

χF ∈ A(F) = Hom(End(H∗|F),Z) .

The image of χF in A is independent of the choice of F, giving the element χ ∈ A.
Let Aχ be the localization of A by inverting χ.

48 Theorem 48 Aχ is a Hopf algebra.

Let Gmot(k) be the corresponding affine group-scheme Spec Aχ.

49 Definition 49 Nori’s category of mixed motives over k, NMM(k), is the category
of representations of Gmot(k) in finitely generated Z-modules, i.e., the category of
co-modules over Aχ which are finitely generated as an abelian group.

Since ⊗Z(1) : NMM(k) → NMM(k) is invertible, the functor Π : DMeff
gm(k) →

Db(EHM(k)) extends to

Π : DMgm(k) → Db(NMM(k)) . (5.4)

Similarly, the functors (5.3) and the functor ECM(k) → JMMk extend to functors
on NMMk.
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There are a number of classical conjectures one can restate or generalize using
this formalism. For example, Beilinson’s conjectures on the existence of an abelian
category of mixed motives over k with the desired properties can be restated
as

50Conjecture 50 The functor ΠQ : DMeff
gm(k)Q → Db(EHM(k)Q ) is fully faithful.

The Hodge conjecture can be generalized as

51Conjecture 51 The functor hs : ECM(k) → MHS induces a fully faithful functor
NMM(k)Q → MHSQ . Equivalently, the map from the Mumford–Tate group MT to
Gmot(k) corresponding to hs gives a surjective map MT → Gmot(k)Q . Equivalently,
for all V in NMM(k), the map

HomNMM(k)(1, V)Q → HomMHSQ (1, hs(V))

is surjective.

Suppose that k is finitely generated overQ. Using the universal property of NMM(k)
with respect to p-adic étale cohomology, one has an exact functor

NMM(k) → Qp[Gal(k|k)]-mod ,

equivalently, a homomorphism of Gal(k|k) to the Qp-points of Gmot(k). The Tate
conjecture generalizes to

52Conjecture 52 The image of Gal(k|k) → Gmot(k)(Qp) is Zariski dense in Gmot(k)Q p .
Equivalently, let NMM(k)Q p be theQp-extension of NMM(k). Then the functor

NMM(k)Q p → Qp[Gal(k|k)]-mod

induced by NMM(k) → Qp[Gal(k|k)]-mod is fully faithful.

Triangulated Categories of Motives 5.4

One can attempt a construction of a triangulated category of motives, which should
ideally have the properties expected by the derived category of Beilinson’s conjec-
tural abelian category of mixed motives. In this direction there are two essentially
different approaches: One, due to Huber, is via simultaneous realizations, and the
second (the approach used by Hanamura, Levine and Voevodsky) builds a category
out of some form of algebraic cycles or correspondences.

The main problem in the second approach is that the composition of arbitrary
correspondences is not defined, unless one passes to a suitable equivalence relation.
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If however, one imposes the equivalence relation first (as in Grothendieck’s con-
struction) one would lose most of the extension data that the category of motives is
supposed to capture. Thus, one is forced to modify the notion of correspondence in
some way so that all compositions are defined. Hanamura, Levine and Voevodsky
all use different approaches to solving this problem. The constructions of Levine
and Voevodsky both lead to equivalent categories; while it is not at present clear
that Hanamura’s construction is also equivalent to the other two (at least with Q-
coefficients) the resulting Q-motivic cohomology is the same, and so one expects
that this category is equivalent as well.

The Structure of Motivic Categories5.4.1

All the constructions of triangulated categories of motives enjoy some basic struc-
tural properties, which we formulate in this section. We give both a cohomological
as well as a homological formulation.

Let A be a subring of R which is a Dedekind domain. By a cohomological
triangulated category of motives over a field k with A-coefficients, we mean an
A-linear triangulated tensor category D , equipped with a functor

h : Smop
k → D

and Tate objects A(n), n ∈ Z, with the following properties (we write f ∗ for h(f )):
1. Additivity. h(X � Y) = h(X) ⊕ h(Y).
2. Homotopy. The map p∗ : h(X) → h(X × A1) is an isomorphism.
3. Mayer–Vietoris. Let U∪V be a Zariski open cover of X ∈ Smk, iU : U∩V → U ,

iV : U∩V → V , jU : U → X and jV : V → X the inclusions. Then the sequence

h(X)
(j∗U ,j∗V )→ h(U) ⊕ h(V)

(i∗U ,−i∗V )→ h(U ∩ V)

extends canonically and functorially to a distinguished triangle.
4. Künneth isomorphism. For α ∈ D , write α(n) for α ⊗ A(n). There are associa-

tive, commutative external products

∪X,Y : h(X)(n) ⊗ h(Y)(m) → h(X ×k Y)(n + m)

which are isomorphisms. A(0) is the unit for the tensor structure. We let

∪X : h(X) ⊗ h(X) → h(X)

be the composition δ∗
X ◦ ∪X,X , where δX : X → X ×k X is the diagonal.

53 Remark 53 For the definition of an A-linear triangulated tensor category, we refer
the reader to [70, chapt. 8A]
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5. Gysin distinguished triangle. For each closed codimension q embedding in
Smk, i : W → X, there is a distinguished triangle

h(W)(−d)[−2d]
i∗→ h(X)

j∗→ h(X \ W) → h(W)(−d)[1 − 2d]

which is natural in the pair (W , X). Here j : X \ W → X is the inclusion, and
“natural” means with respect to both to morphisms of pairs f : (W ′, X′) →
(W , X) such that W ′ is the pull-back of W , as well as the functoriality (i1 ◦i2)∗ =
i1∗ ◦ i2∗ for a composition of closed embeddings in Smk. Also, if i : W → X
is an open component of X, then i∗ is the inclusion of the summand h(W) of
h(X) = h(W) ⊕ h(X \ W).

6. Cycle classes. For X ∈ Smk, there are homomorphisms

clq : CHq(X) → HomD(A(0), h(X)(q)[2q]) .

The maps clq are compatible with external products, and pull-back morphisms.
If i : W → X is a codimension d closed embedding in Smk, and Z is in
CHq−d(W), then clq(i∗(Z)) = i∗ ◦ clq−d(Z).

7. Unit. The map cl0([Spec k]) : A(0) → h(Spec k) is an isomorphism.
8. Motivic cohomology. For X ∈ Smk, set

Hp(X, A(q)) := HomD(A(0), h(X)(q)[p]) .

As a consequence of the above axioms, the bi-graded group ⊕p,qHp(X, A(q))
becomes a bi-graded commutative ring (with product ∪X), with Hp(X, A(q))
in bi-degree (p, 2q). The element cl0(1 · X) is the unit.

9. Projective bundle formula. Let E be a rank n + 1 locally free sheaf on X ∈ Smk

with associated Pn-bundle P(E) → X and invertible quotient tautological
sheaf O(1). Let c1(O(1)) ∈ CH1(P(E)) be the 1st Chern class of O(1), and set

ξ := cl1(c1(O(1)) ∈ H2(P(E), A(1)) .

Letting αi : h(X)(−i)[−2i] → h(P(E)) be the map (− ∪P(E) ξi) ◦ q∗, the sum

n∑

i=0

αi : ⊕n
i=0h(X)(−i)[−2i] → h(P(E))

is an isomorphism.

54Remark 54 It follows from (4) and (7) that A(n) ⊗ A(m) is canonically isomorphic
to A(n + m), and thus we have isomorphisms

HomD(α, β) =̃ HomD(α(n), β(n))

for all α, β in D and all n ∈ Z.
All the properties of h(X) induce related properties for H∗(X, A(∗)) by taking

long exact sequences associated to HomD(A(0), −).
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Using (5) and (9), one can define a push-forward map

f∗ : h(Y)(−d)[−2d] → h(X)

for a projective morphism f : Y → X of relative dimension d. For this, one factors f
as q◦i, with i : Y → Pn ×X a closed embedding and q : Pn ×X → X the projection.
We use (5) to define i∗ and let

q∗ : h(Pn × X) → h(X)(−n)[−2n]

be the inverse of the isomorphism
∑n

i=0 αi of (9) (with E = On+1
X ) followed by the

projection onto h(X)(−n)[−2n]. One sets f∗ := q∗ ◦ i∗, shows that f∗ is independent
of the choices made and that (fg)∗ = f∗g∗. For details on this construction, see,
e.g., [63, part 1, chapt. III, §2].

55 Remark 55 To define a homological triangulated category D of motives over a field
k with A-coefficients, one replaces the functor h with an additive functor

m : Smk → D

and denote m(f ) by f∗. The properties (1)-(4) remain the same, reversing the arrows
in (2) and (3). The Gysin map i∗ in (5) becomes i∗ : m(X) → m(W)(d)[2d].

We define Hp(X, A(q)) := HomD(m(X)(−q)[−p], A(0)). The cycle classes in (6)
become maps clq : CHq(X) → H2q(X, A(q)), with the same functoriality and
properties as in (6) and (8). The projective bundle formula (9) becomes the iso-
morphism

n∑

i=0

αi : ⊕n
i=0m(X)(i)[2i] → m(P(E)) .

One uses the projective bundle formula to define a pull-back map

q∗ : m(X)(n)[2n] → m(P(E))

by setting q∗ := αn. This allows one to define a functorial Gysin map f ∗ :
m(X)(d)[2d] → m(Y), for f : Y → X projective of relative dimension d, as
we defined f∗ in the cohomological setting.

In short, the opposite of a cohomological category of motives is a homological
category of motives, after changing the signs in the Tate objects.

56 Definition 56 Let D be a cohomological triangulated category of motives over k
with A-coefficients. A duality on D is an exact pseudo-tensor functor ∨ : D →
Dop, together with maps δα : A(0) → α∨ ⊗ α, εα : α ⊗ α∨ → A(0) for each α in
D , such that
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1. For each α in D , (εα ⊗ idα)◦(idα ⊗δα) = idα and (idα ⊗εα)◦(δα ⊗ idα) = idα∨ .
2. For each smooth projective X of dimension d over k, h(X)∨ = h(X)(d)[2d] and

δh(X) and εh(X) are the compositions of pull-back and push-forward for

Spec (k) ← X
∆X→ X ×k X

In the homological case, we just change (2) to

m(X)∨ = m(X)(−d)[−2d] .

57Remark 57 A duality on D is a duality in the usual sense of tensor categories, that
is, for each α, β in D , α∨ ⊗ β is an internal Hom object in D . In fact, the map

HomD(α ⊗ γ, β) → HomD(γ, α∨ ⊗ β)

induced by sending f : α ⊗ γ → β to the composition

γ =̃ A(0) ⊗ γ δ⊗id→ α∨ ⊗ α ⊗ γ
id⊗f→ α∨ ⊗ β

is an isomorphism for all α, β and γ, with inverse similarly constructed using εα
instead of δα. For details, see [63, part 1, chapt. IV, §1]

58Definition 58 Let D be a (co)homological triangulated category of motives over
k, with coefficients in A. We say that D is a fine category of motives if, for each
X ∈ Smk there are homomorphisms

clp,q : CHq(X, 2q − p) → Hp(X, A(q))

satisfying:
1. cl2q,q = clq

2. The maps clp,q are functorial with respect to pull-back, products and push-
forward for closed embeddings in Smk.

3. The maps cl∗,q commute with the boundary maps in the Mayer–Vietoris se-
quences for H∗(−, A(q)) and CHq(−, 2q − ∗).

4. The A-linear extension of clp.q,

clp,q
A : CHq(X, 2q − p) ⊗ A → Hp(X, A(q))

is an isomorphism for all X ∈ Smk and all p, q.

An Overview
We give below sketches of four constructions of triangulated categories of motives,
due to Huber, Hanamura, Levine and Voevodsky. Huber’s construction yields a co-
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homological triangulated category of motives over k withQ-coefficients, with dual-
ity. Hanamura’s construction, assuming k admits resolution of singularties, yields
a fine cohomological triangulated category of motives over k with Q-coefficients,
with duality. Levine’s construction yields a fine cohomological triangulated cat-
egory of motives over k with Z-coefficients; the category has duality if k admits
resolution of singularities. Voevodsky’s construction yields a fine homological
triangulated category of motives over k with Z-coefficients; the category has du-
ality if k admits resolution of singularties. In addition, if if k admits resolution of
singularties, Levine’s category is equivalent to Voevodsky’s category.

Huber’s Construction5.4.2

Let k be a field finitely generated over Q. Huber’s construction of a triangulated
category of mixed motives over k [48] is, roughly speaking, a combination of
Jannsen’s abelian category MRk of compatible realizations, and Beilinson’s cate-
gory of mixed Hodge complexes [4]. In somewhat more detail, Huber considers
compatible systems of bounded below complexes and comparison maps

(
(CDR, W∗, F∗)(C�, W∗), (Cσ, W∗), (C′

σ, W∗), (C′
�, W∗)

)

Iσ : CDR ⊗k C→ C′
σ

I′
σ : Cσ ⊗Q C→ C′

σ

I′
�,σ : Cσ ⊗Q Q� → C′

�

I�,σ : C� → C′
�

where
1. σ runs over embedding k → C and � runs over prime numbers.
2. CDR is a bounded below complex of finite dimensional bi-filtered k-vector

spaces, with strict differentials. W∗ is an increasing filtration and F∗ is a de-
creasing filtration

3. Cσ (resp. C′
σ) is a bounded below complex of finite dimensionQ-vector spaces

(resp.C-vector spaces), with decreasing filtration W∗ and with strict differen-
tials.

4. C′
� (resp. C�) is a bounded below complex of finite dimensionQ�-vector spaces

(resp. with continuous Gk-action), with decreasing filtration W∗ and with strict
differentials.

5. Iσ , I′
σ I′

�,σ and I�,σ are filtered quasi-isomorphisms of complexes (with respect
to the W-filtrations).

6. For each n, the tuple of cohomologies (Hn(CDR), Hn(C�), Hn(Cσ)) with the
induced filtrations is an object in MRk, where we give Hn(Cσ) ⊗ C the Hodge
filtration induced from the F-filtration on Hn(CDR).

7. The Gk-module Hn(C�) is mixed (we don’t define this term here, see [48,
definition 9.1.4] for a precise definition. Roughly speaking, the Gk-action
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should arise from an inverse system of actions on finitely generated Z|�ν-
modules and grm

W Hn(C�)) should be pure of weight m for almost all Frobenius
elements in Gk).

Inverting quasi-isomorphisms of tuples yields Huber’s triangulated tensor cate-
gory of mixed motives, DMR(k).

The category DMR(k) has the structural properties given in Sect. 5.4.1 for a co-
homological triangulated category of motives over k withQ-coefficients, and with
duality. In addition, the functor h : Smo

k p → DMR(k) extends to smooth simplicial
schemes over k. This extension is important in the applications given by Huber
and Wildeshaus [51] to the Tamagawa number conjecture of Bloch and Kato.

Hanamura’s Construction 5.4.3

We give a sketch of Hanamura’s construction of the category D(k) as the pseudo-
abelianization of a subcategoryDfin(k); in [46]D(k) is constructed as a subcategory
of a larger category Dinf (k), which we will not describe here.

The basic object is a higher correspondence: Let X and Y be irreducible smooth
projective varieties over k. Let

HCor((X, n), (Y , m))a := zm−n+dimk X(X × Y , −a)Alt .

For irreducible W ∈ HCor((X, n), (Y , m))a, W ′ ∈ HCor((Y , m), (Z, l))b we say that
W ′ ◦ W is defined if the external product W ∪X×Y ,Y×Z W ′ is in the subcomplex

zl−n+dimk X+dimk Y (X × Y × Y × Z, ∗)Alt
idX×δY ×idZ

⊂ zl−n+dimk X+dimk Y (X × Y × Y × Z, ∗)Alt .

In general, if W =
∑

i niWi, W ′ =
∑

i mjW ′
j , we say W ′ ◦ W is defined if W ′

j ◦ Wi is
defined for all i, j.

If W ′ ◦ W is defined, we set

W ′ ◦ W := pX×Z∗
(
(idX × δY × idZ)∗(W ∪X×Y ,Y×Z W ′)

)
.

The definition of the complex HCor is extended to formal symbols, i.e. finite
formal sums ⊕α(Xα, nα), by the formula

HCor(⊕α(Xα, nα), ⊕β(Yβ, mβ)) :=
∏

α

⊕βHCor((Xα, nα), (Yβ, mβ)) .

0 is the empty sum. We let 1 denote the formal symbol (Spec k, 0).
If K = ⊕α(Xα, nα) is a formal symbol, we set z0(K) := HCor(1, K). Thus,

z0((X, n))∗ = zn(X, −∗). We set (X, n)∨ := (X, dimk X − n) and extend to formal
symbols by linearity. Similarly, we define a tensor product operation K ⊗ L as the
bilinear extension of (X, n) ⊗ (Y , m) := (X ×k Y , n + m).

59Definition 59 A diagram K := (Km, f m,n) consists of formal symbols Km, m ∈ Z,
together with elements f m,n ∈ HCor(Kn, Km)n−m+1, n < m such that:
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1. For all but finitely many m, Km = 0.
2. For all sequences m1 < … < ms the composition f ms,ms−1 ◦…◦ f m2,m1 is defined.
3. For all n < m we have the identity

(−1)m∂f m,n +
∑

l

f m,l ◦ f l,n = 0 .

Here ∂ is the differential in the complex HCor(Kn, Km)∗.

The yoga of duals and tensor products of usual complexes in an additive category
extend to give operations K �→ K∨ and (K, L) �→ K ⊗ L for diagrams; we refer the
reader to [63, part 2, chapt. II, §1] or [46] for detailed formulas.

The diagrams (resp. finite diagrams) are objects in a triangulated category
Dfin(k). In order to describe the morphisms HomDfin(k)(K, L), we need the notion
of a distinguished subcomplex of zp(X, ∗)Alt.

60 Definition 60 Let X be a smooth projective variety. A distinguished subcomplex
of zp(X, ∗)Alt is a subcomplex of the form zp(X, ∗)Alt

f for some projective map
f : Y → X in Schk, with Y locally equi-dimensional over k. If K = ⊕α(Xα, nα) is
a formal symbol, a distinguished subcomplex of z0(K) is a subcomplex of the form
⊕αznα (Xα, −∗)fα , with fα : Yα → Xα as above.

For f : (X, n) → (Y , m) in HCor((X, n), (Y , m))∗, we say that f is defined on
a distinguished subcomplex z0((X, n))′ := zn(X, −∗)′ if f ◦ η is defined for all
η ∈ zn(X, −∗)′ (where we identify zn(X, −∗) with HCor(1, (X, n)). This notion
extends in the evident manner to f ∈ HCor(K, K ′) for formal symbols K and K ′.

Let K = (Km, f m,n) be a diagram. A collection of distinguished subcomplexes
m �→ z0(Km)′ is admissible for K if, for each sequence m1 < … < ms, the corre-
spondence f ms,ms−1∗ ◦…◦f m2,m1∗ is defined on z0(Km1 )′ and maps z0(Km1 )′ to z0(Kms )′.
If a collection m �→ z0(Km)′ is admissible for K, we define the corresponding cycle
complex for K, z0(K)′, by

z0(K)′j := ⊕iz
0(Ki)′j+i

with differential dj : z0(K)′j → z0(K)′j+1 given by

dj :=
∑

i

(−1)i∂i +
∑

i,i′
f i′,i
∗ .

Here ∂i is the differential in z0(Ki)∗.

61 Lemma 61 For each formal symbol K, there is an admissible collection of dis-
tinguished complexes, and two different choices of such admissible collections,
m �→ z0(Km)′ and m �→ z0(Km)′′, result in canonically quasi-isomorphic cycle
complexes z0(K)′ and z0(K)′′.
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Thus, we may denote by z0(K) the image of a z0(K)′ in D(Ab).

62Definition 62 Let K and L be diagrams. Set

HomDfin(k)(K, L) := H0(z0(K∨ ⊗ L)) .

Unwinding this definition, we see that the complex z0(K∨ ⊗ L) is built out of the
complexes HCor(Km, Ln), and so a morphism φ : K → L is built out of higher
correspondences φn,m : Km → Ln, which satisfy some additional compatibility
conditions. In particular, the composition of higher correspondences induces an
associative composition

HomDfin(k)(L, M) ⊗ HomDfin(k)(K, L) → HomDfin(k)(K, M) .

One mimics the definition of the translation operator and cone operator of
complexes (this type of extension was first considered by Kapranov in the con-
struction of the category of complexes over a DG-category, see [58, 63] or [46] for
details).

63Theorem 63: Hanamura, [46,47] The category Dfin(k) with the above structures
of shift, cone sequence, dual and tensor product is a rigid triangulated tensor
category.

“Rigid” means that, setting Hom(K, L) := K∨ ⊗ L, the objects Hom(K, L) form an
internal Hom object in Dfin(k).

64Definition 64 The triangulated tensor category D(k) is the pseudo-abelian hull
of Dfin(k).

By the results of [1], D(k) has a canonical structure of a triangulated tensor
category.

For X a smooth projective k-scheme, set QX(n) := (X, n)[−2n]; we write Q(n)
forQSpec k(n). More or less by construction we have

HomD(k)(Q(0),QX(n)[m]) = H2n−m(zn(X, ∗)Alt) = CHn(X, 2n − m)Q . (5.5)

Sending X toQX(0) := h(X) defines a functor

h : SmProjop
k → D(k) ,

where SmProjk is the full subcategory of Schk with objects the smooth projective
k-schemes.
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65 Remark 65 Suppose that k admits resolution of singularities, and let X be a smooth
irreducible quasi-projective k-scheme of dimension n. Let X ⊃ X be a smooth
projective k-scheme containing X as a dense open subscheme, such that the com-
plement D := X \ X is a strict normal crossing divisor.

Write D =
∑m

i=1 Di, with the Di irreducible. For I ⊂ {1, …, m} let DI := ∩i∈IDi,
and let D(i) =

∐

|I|=i DI (so D(0) = X).
Consider the diagram (X, X) :=

(D(n), −n) → (D(n−1), −n + 1) → · · · → (D(1), −1)) → (D(0), 0) ,

where the correspondence (D(i), −i) → (D(i−1), −i + 1) is the signed sum of in-
clusions iI,j : DI∪{j} → DI , |I| = i − 1, j �∈ I, and the sign is (−1)r if there are
exactly r elements i ∈ I with i < j. Hanamura [44] shows that (X, X) in D(k) is
independent of the choice of X (up to canonical isomorphism) and that sending X
toQX(0) := (X, X) extends the functor h on SmProjk to

h : Smop
k → D(k) .

The identification (5.5) extends to a canonical isomorphism

HomD(k)(Q(0), h(X)(n)[m]) =̃ CHn(X, 2n − m)

for X ∈ Smk.
Using the method of cubical hyperresolutions [41], Hanamura [44] extends h

further to a functor

h : Schop
k → D(k) .

In any case, assuming resolution of singularities for k, the category D(k) is a fine
cohomological triangulated category of motives over k, with Q coefficients and
with duality.

66 Remark 66 In [45], Hanamura shows that, assuming the standard conjectures
of Grothendieck along with extensions by Murre and Soulé–Beilinson, there is
t-structure on D(k) whose heart H is a good candidate for MMk. It is not clear
what relation H has to say Nori’s category NMMk.

Levine’s Construction5.4.4

Rather than using the moving lemma for the complexes zp(X, ∗) as above, Levine
adds extra data to the category Smk so that pull-back of cycles becomes a well-
defined operation.
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The Category L(k)

67Definition 67 Let L(k) be the category of pairs (X, f : X′ → X) where
1. f is a morphism in Smk.
2. f admits a section s : X → X′, with s a smooth morphism.

The choice of the section s is not part of the data. For (X, f : X′ → X) and
(Y , g : Y ′ → Y) in L(k), HomL(k)((X, f ), (Y , g)) is the subset of HomSmk (X, Y)
consisting of those maps h : X → Y such that there exists a smooth morphism
q : X′ → Y ′ making

X′ ��
q

��
f

Y ′

��
g

X ��

h

Y

commute. Composition is induced by the composition in Smk.

The condition that f : X′ → X admit a smooth section is just saying that X′ admits
a decomposition as a disjoint union X′ = X′

0

∐
X′

1 where f restricted to X′
0 is an

isomorphism X′
0 =̃ X.

68Definition 68 For (X, f : X′ → X) ∈ Smk, let zq(X)f be the subgroup of zq(X)
generated by integral codimension q closed subschemes W ⊂ X such that

codimX′ f −1(W) ≥ q .

The basic fact that makes things work is

69Lemma 69 Let h : (X, f ) → (Y , g) be a morphism in L(k). Then
1. h∗ is defined on zq(X)f , i.e. for all W ∈ zq(X)f ,

codimY h−1(supp (W)) ≥ q .

2. h∗ maps zq(X)f to zq(Y)g .

The proof is elementary.

The Category Amot(k)
We use the cycle groups zq(X)f to construct a graded tensor category Amot(k) in
a series of steps.



480 Marc Levine

(i) A1(k) has objects ZX(n)f [m] for (X, f ) ∈ L(k), X irreducible, and n, m ∈ Z.
The morphism-groups are given by

HomA1(k)

(
ZX(n)f [m],ZY (n′)g[m′]

)

=






Z[HomL(k)((Y , g), (X, f ))] if n = n′, m = m′

0 otherwise .

We also allow finite formal direct sums, with the Hom-groups defined for
such sums in the evident manner. The composition is induced from the com-
position in L(k). We write ZX(n)f for ZX(n)f [0], ZX(n) for ZX(n)id and Z(n)
for ZSpec k(n). For p : (Y , m) → (X, n) in L(k), we write the corresponding
morphism in A1(k) as p∗ : ZX(n)f → ZY (m)g .
Setting ZX(n)f ⊗ ZY (m)g := ZX×kY (n + m)f ×g extends to give A1(k) the
structure of a tensor category, graded with respect to the shift operator
ZX(n)f [m] �→ ZX(n)f [m + 1].

(ii) A2(k) is formed from A1(k) by adjoining (as a graded tensor category) an
object ∗ and morphisms

[Z] : ∗ → ZX(n)f [2n]

for each Z ∈ zn(X)f , with the relations:
1. [aZ + bW] = a[Z] + b[W]; Z, W ∈ zn(X)f , a, b ∈ Z.
2. p∗ ◦ [Z] = [p∗(Z)] for p : (Y , g) → (X, f ) in L(k) and Z ∈ zn(X)f .
3. The exchange involution τ∗,∗ : ∗ ⊗ ∗ → ∗ ⊗ ∗ is the identity.
4. For Z ∈ zn(X)f , W ∈ zm(Y)g , [Z] ⊗ [W] = [Spec k] ⊗ [Z × W] =

[Z × W] ⊗ [Spec k] as maps ∗ ⊗ ∗ → ZX×kY (n + m)f ×g[2n + 2m].

(iii) Amot(k) is the full additive subcategory of A2(k) with objects sums of ∗⊗m ⊗
ZX(n)f , m ≥ 0.

The Categories Db
mot(k) and DM(k)

Let Cb(Amot(k)) be the category of bounded complexes over Amot(k), and Kb
mot(k)

the homotopy category Kb(Amot(k)). Kb
mot(k) is a triangulated tensor category,

where the shift operator and distinguished triangles are the usual ones. Note that
one needs to modify the definition of morphisms in Cb(Amot(k)) slightly to allow
one to identify the shift in Amot(k) with the usual shift of complexes (see [63,
part 2, chapt. II, §1.2] for details). The tensor product in Amot(k) makes Kb

mot(k)
a triangulated tensor category.

To form Db
mot(k), we localize Kb

mot(k); we first need to introduce some notation.
Let (X, f : X′ → X) be in L(k), let W ⊂ X be a closed subset, and j : U → X be

the open complement. Define ZW
X (n)f by

ZW
X (n)f := Cone(j∗ : ZX(n)f → ZU (n)fU )[−1] ,



Mixed Motives 481

where fU : U ′ → U is the projection U×X X′ → U . If Z is in zn(X)f and is supported
in W , then j∗Z = 0, so the morphism [Z] : ∗ → ZX(n)f [2n] lifts canonically to the
morphism

[Z]W : ∗ → ZW
X (n)f [2n]

(in Cb(A2(k))).
If C is a triangulated category, and S a collection of morphisms, we let C[S−1]

be the localization of C with respect to the thick subcategory generated by objects
Cone(f ), f ∈ S. IfC is a triangulated tensor category, letC[S−1]⊗ be the triangulated
tensor category formed by localizing C with respect to the small thick subcategory
containing the object Cone(f ), f ∈ S, and closed under ⊗X for X in C; C[S−1]⊗
is a triangulated tensor category, called the triangulated tensor category formed
from C by inverting the morphisms in S. We can extend these notions to inverting
finite zig-zag diagrams by taking the cone of the direct sum of the sources mapping
to the direct sum of the targets.

70Definition 70 Let Db
mot(k) be the triangulated tensor category formed from Kb

mot(k)
by localizing as a triangulated tensor category:
1. Homotopy. For all X in Smk, invert the map p∗ : ZX(n) → ZX×A 1 (n).
2. Nisnevich excision. Let (X, f : X′ → X) be in L(k), and let p : Y → X be an

étale map, W ⊂ X a closed subset such that p : p−1(W) → W is a isomorphism.

Then invert the map p∗ : ZW
X (n) → Z

p−1(W)
Y (n).

3. Unit. Invert the map [Spec k] ⊗ id∗ : ∗ ⊗ 1 → 1 ⊗ 1 = 1.
4. Moving lemma. For all (X, f ) in L(k), invert the map id∗ : ZX(n)f → ZX(n).
5. Gysin isomorphism. Let q : P → X be a smooth morphism in Smk with section

s and let W = s(X) ⊂ P. Let d = dimX P. Invert the zig-zag diagram:

ZX(−d)[−2d]
q∗
→ ZP(−d)[−2d] = 1 ⊗ ZP(−d)[−2d]

[Spec k]⊗id← ∗ ⊗ ZP(−d)[−2d]
[W]W ⊗id→ ZW

P (d)[2d] ⊗ ZP(−d)[−2d]

= ZW×P
P×P (0)

id∗← ZW×P
P×P (0)δP

δ∗
P→ ZW

P (0) ,

where δP : P → P × P is the diagonal.

71Remark 71 Our description of Db
mot(k) is slightly different than that given in [63],

but yields an equivalent triangulated tensor category Db
mot(k). The categroy Amot(k)

described here is denoted A0
mot(V)∗ in [63].

The categoryDM(k) is now defined as the pseudo-abelianization of Db
mot(k). By [1],

DM(k) inherits the structure of a triangulated tensor category from Db
mot(k).



482 Marc Levine

Gysin Isomorphism
Let i : W → X be a codimension d closed embedding in Smk. If i is split by a smooth
morphism p : X → W , one uses the Gysin isomorphism of Definition 70(5) to
define i∗ : ZW (−d)[−2d] → ZX(0); in general one uses the standard method of
deformation to the normal bundle to reduce to this case.

Duality
Assuming that k admits resolution of singularities, the category DM(k) has a an
exact pseudo-tensor duality involution ∨ : DM(k) → DM(k)op; for smooth
projective X of dimension d over k one has

(ZX(n))∨ = ZX(d − n)[2d] .

To construct ∨, the method of [63] is to note that, in a tensor category C, the
dual of an object X can be viewed as a triple (X∨, δ, ε) with δ : 1 → X ⊗ X∨,
ε : X∨ ⊗ X → 1, and with

(ε ⊗ idX) ◦ (idX ⊗ δ) = idX .

In DM(k), for X smooth and projective of dimension d over k, the diagonal [∆] :
1 → ZX×X(d)[2d] gives δ, and ε is the composition pX∗ ◦δ∗

X , where δX : X → X ×X
is the diagonal inclusion and pX : X → Spec k is the structure morphism. One
then shows

72 Lemma 72: [63, part 1, chapt. IV, lemma 1.2.3] Let D be a triangulated tensor
category, S a collection of objects of D. Suppose that
1. There is a tensor category C such that D is the localization of Kb(C) (as

a triangulated tensor category.
2. Each X ∈ S admits a dual (X∨, δ, ε).

Then the smallest triangulated tensor subcategory of D containing S, D(S), admits
a duality involution ∨ : D(S) → D(S)op, extending the given duality on S.

If k satisfies resolution of singularities, the motivesZX (n), X smooth and projective
over k, n ∈ Z, generate Db

mot(k) as a tensor triangulated category, so the given
duality extends to Db

mot(k), and then to the pseudo-abelianization DM(k). As for
Hanamura’s category, the functor h : Smop

k → DM(k), h(X) := ZX(0), extends to

h : Schop
k → DM(k) ,

assuming k satisfies resolution of singularities.
Summing up, the category DM(k) is fine cohomological triangulated category

of motives over k with Z-coefficients. DM(k) has duality if k admits resolution of
singularities.
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Voevodsky’s Construction 5.4.5

Voevodsky constructs a number of categories: the category of geometric motives
DMgm(k) with its effective subcategory DMeff

gm(k), as well as a sheaf-theoretic con-
struction DMeff

− , containing DMeff
gm(k) as a full dense subcategory. In contrast to

almost all other constructions, these are based on homology rather than coho-
mology as the starting point, in particular, the motives functor from Smk to these
categories is covariant.

To solve the problem of the partially defined composition of correspondences,
Voevodsky introduces the notion of finite correspondences, for which all compo-
sitions are defined.

Finite Correspondences and Geometric Motives

73Definition 73 Let X and Y be in Smk. The group c(X, Y) is the subgroup of
zdimk X(X ×k Y) generated by integral closed subschemes W ⊂ X ×k Y such that
1. the projection p1 : W → X is finite
2. the image p1(W) ⊂ X is an irreducible component of X.

The elements of c(X, Y) are called the finite correspondences from X to Y .

The following basic lemma is easy to prove:

74Lemma 74 Let X, Y and Z be in Smk, W ∈ c(X, Y), W ′ ∈ c(Y , Z). Suppose that X
and Y are irreducible. Then each irreducible component C of |W | × Z ∩ X × |W ′|
is finite over X (via the projection p1) and p1(C) = X.

It follows from this lemma that, for W ∈ c(X, Y), W ′ ∈ c(Y , Z), we may define the
composition W ′ ◦ W ∈ c(X, Z) by

W ′ ◦ W := p∗(p∗
3(W) · p∗

1(W ′)) ,

where p1 : X ×k Y ×k Z → X and p3 : X ×k Y ×k Z → Z are the projections,
and p : |W | × Z ∩ X × |W ′| → X ×k Z is the map induced by the projection
p13 : X ×k Y ×k Z → X ×k Z. The associativity of cycle-intersection implies that
this operation yields an associative bilinear composition law

◦ : c(Y , Z) × c(X, Y) → c(X, Z) .

75Definition 75 The category Cor(k) is the category with the same objects as Smk,
with

HomCor(k)(X, Y) := c(X, Y) ,

and with the composition as defined above.
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For a morphism f : X → Y in Smk, the graph Γf ⊂ X ×k Y is in c(X, Y), so sending
f to Γf defines a faithful functor

Smk → Cor(k) .

We write the morphism corresponding to Γf as f∗, and the object corresonding to
X ∈ Smk as [X].

The operation ×k (on smooth k-schemes and on cycles) makes Cor(k) a tensor
category. Thus, the bounded homotopy category Kb(Cor(k)) is a triangulated tensor
category.

76 Definition 76 The category DMeff
gm(k) of effective geometric motives is the localiza-

tion of Kb(Cor(k)), as a triangulated tensor category, by
1. Homotopy. For X ∈ Smk, invert p∗ : X × A1 → X
2. Mayer–Vietoris. Let X be in Smk, with Zariski open subschemes U, V such that

X = U ∪V . Let iU : U ∩V → U , iV : U ∩V → V , jU : U → X and jV : V → X
be the inclusions. Since (jU∗ + jV∗)◦ (iU∗, −iV∗) = 0, we have the canonical map

Cone
(
[U ∩ V]

(iU∗,−iV∗)→ [U] ⊕ [V]
) (jU∗+jV∗)→ [X] .

Invert this map.

To define the category of geometric motives, DMgm(k), we invert the Lefschetz
motive. For X ∈ Smk, the reduced motive [̃X] is defined as

[̃X] := Cone
(
p∗ : [X] → [Spec k]

)
.

Set Z(1) := [̃P1][2], and set Z(n) := Z(1)⊗n for n ≥ 0.

77 Definition 77 The category DMgm(k) is defined by inverting the functor ⊗Z(1) on
DMeff

gm(k), i.e.,

HomDMgm(k)(X, Y) := lim
n

HomDMeff
gm(k)(X ⊗ Z(n), Y ⊗ Z(n)) .

78 Remark 78 In order that DMgm(k) be again a triangulated category, it suffices that
the commutativity involution Z(1) ⊗ Z(1) → Z(1) ⊗ Z(1) be the identity, which
is in fact the case.

Of course, there arises the question of the behavior of the evident functor
DMeff

gm(k) → DMgm(k). Here we have

79 Theorem 79: Voevodsky [97] The functor DMeff
gm(k) → DMgm(k) is a fully faithful

embedding.
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The first proof of this result (in [100]) used resolution of singularities, but the later
proof in [97] does not, and is valid in all characteristics.

Sheaves with Transfer
The sheaf-theoretic construction of mixed motives is based on the notion of a Nis-
nevich sheaf with transfer.

Let X be a k-scheme of finite type. A Nisnevich cover U → X is an étale
morphism of finite type such that, for each finitely generated field extension F of
k, the map on F-valued points U(F) → X(F) is surjective. The small Nisnevich
site of X, XNis has underlying category finite type étale X-schemes with covering
families finite families Ui → X such that �iUi → X is a Nisnevich cover The
big Nisnevich site over k, with underlying category Smk, is defined similarly. We
let ShNis(k) denote the categories of Nisnevich sheaves of abelian groups on Smk,
and ShNis(X) the category of Nisnevich sheaves on X. For a presheaf F on Smk

or XNis, we let FNis denote the associated sheaf. We often denote H∗(XNis, FNis) by
H∗(XNis, F ).

For a category C with finite coproducts, we have the category of presheaves of
abelian groups on C, i.e., the category of additive functors Cop → Ab.

80Definition 80
(1) The category PST(k) of presheaves with transfer is the category of presheaves

of abelian groups on Cor(k). The category of Nisnevich sheaves with transfer
on Smk, ShNis(Cor(k)), is the full subcategory of PST(k) with objects those F
such that, for each X ∈ Smk, the restriction of F to XNis is a sheaf.

(2) Let F be a presheaf of abelian groups on Smk. We call F homotopy invariant if
for all X ∈ Smk, the map

p∗ : F(X) → F(X × A1)

is an isomorphism.
(3) Let F be a presheaf of abelian groups on Smk. We call F strictly homotopy

invariant if for all q ≥ 0, the cohomology presheaf X �→ Hq(XNis, FNis) is
homotopy invariant.

The category ShNis(Cor(k)) is an abelian category with enough injectives, and we
have the derived category D−(ShNis(Cor(k))). For

F∗ ∈ D−(ShNis(Cor(k))) ,

we have the cohomology sheaf, Hq(F∗), i.e., the Nisnevich sheaf with transfer
associated to the presheaf

X �→ (
ker dq : Fq(X) → Fq+1(X)

)
|dq−1(Fq−1(X)) .
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81 Definition 81 The category DMeff
− (k) is the full subcategory of

D−(ShNis(Cor(k)))

consisting of those F∗ whose cohomology sheaves are strictly homotopy invariant.

The Localization Theorem
The category DMeff

− (k) is a localization of D−(ShNis(Cor(k))). To show this, one uses
the Suslin complex of a sheaf with transfers.

82 Definition 82 Let F be in ShNis(Cor(k)). Define CSus(F) to be the sheafification of
the complex of presheaves

X �→ (· · · → F(X × ∆n) → F(X × ∆n−1) → · · · → F(X)
)

,

where the differentials are the usual alternating sum of restriction maps,
and F(X × ∆n) is in degree −n. For F∗ ∈ D−(ShNis(Cor(k))), define LA 1 (F∗) in
D−(ShNis(Cor(k))) as the total derived functor of F �→ CSus(F) .

For F ∈ C−(ShNis(Cor(k))), we let FA 1
be the sheafification of the complex of

presheaves X �→ F(X × A1); the projection X × A1 → X defines the natural map
p∗ : F → FA 1

.

83 Definition 83 Let D−
A 1 (ShNis(Cor(k))) be the localization of the triangulated cat-

egory D−(ShNis(Cor(k))) with respect to the localizing subcategory generated by
objects of the form Cone(p∗ : F → FA 1

).

84 Theorem 84: [100, chapt. 5, prop. 3.2.3]
(1) For each F ∈ D−(ShNis(Cor(k))), LA 1 (F) is in DMeff

− (k). The resulting functor

LA 1 : D−(ShNis(Cor(k))) → DMeff
− (k)

is exact and is left-adjoint to the inclusion

DMeff
− (k) → D−(ShNis(Cor(k))) .

(2) The functor LA 1 descends to an equivalence of triangulated categories

LA 1 : D−
A 1 (ShNis(Cor(k))) → DMeff

− (k) .

This result enables one to make DMeff
− (k) into a tensor category as follows. Let

Ztr(X) denote the representable Nisnevich sheaf with transfers Y �→ c(Y , X).
Define Ztr(X) ⊗ Ztr(Y) := Ztr(X ×k Y). One shows that this operation extends
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to give D−(ShNis(Cor(k))) the structure of a triangulated tensor category; the
localizing functor LA 1 then induces a tensor operation on D−

A 1 (ShNis(Cor(k))),
making D−

A 1 (ShNis(Cor(k))) a triangulated tensor category.
Explicity, in DMeff

− (k), this gives us the functor

m : Smk → DMeff
− (k) ,

defined by m(X) := CSus(Ztr(X)), and the formula

m(X ×k Y) = m(X) ⊗ m(Y) .

The Embedding Theorem
We now have the two functors

Smk

��m FF
FF

FF
FF

F

��
[−]

DMeff
gm(k)

DMeff
− (k).

(5.6)

85Theorem 85 There is a unique exact functor i : DMeff
gm(k) → DMeff

− (k) filling in
the diagram (5.6). i is a fully faithful embedding and a tensor functor. In addition,
DMeff

gm is dense in DMeff
− (k).

Here “dense” means that every object X in DMeff
− (k) fits in a distinguished triangle

⊕αi(Aα) → ⊕βi(Bβ) → X → ⊕αi(Aα)[1] ,

where the Aα and the Bβ are in DMeff
gm(k), and the direct sums exist in DMeff

− (k).

Applications of the Embedding Theorem
The embedding theorem allows one to apply sheaf-theoretic constructions to
DMgm(k), with some restrictions. As an example, the bi-functor RHom(−, −) on
D−(ShNis(Cor(k)) induces an internal Hom in DMeff

− (k) by restriction. One then
gets an internal Hom in DMgm(k) (assuming resolution of singularities) by setting

HomDMgm(k)(A, B) := HomDMeff
− (k)(A ⊗ Z(n), B ⊗ Z(n + m)) ⊗ Z(−m)

for n, m sufficiently large. Also, using the embedding theorem, one has

86Theorem 86 For X ∈ Smk, there is a natural isomorphism

HomDMeff
gm(k)(m(X),Z(q)[p]) =̃ H

p
FS(X,Z(q)) := Hp(XNis,ZFS(q)) .
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From this, Theorem 79 and Corollary 22, we have

87 Corollary 87 For X ∈ Smk, there is a natural isomorphism

HomDMgm(k)(m(X),Z(q)[p]) =̃ CHq(X, 2q − p) .

Once one has this description of the morphisms in DMgm(k), it follows easily that
DMgm(k) is a fine homological triangulated category of motives over k with Z-
coefficients, and that DMgm(k) has duality if k admits resolution of singularities.

Comparison Results
We state the main comparison theorem relating Levine’s DM(k) and Voevodsky’s
DMgm(k). We note that replacing the functor m : Smk → DMgm(k) with

h : Smop
k → DMgm(k)

h(X) := HomDMgm(k)(m(X),Z)

changes DMgm(k) from a homological category of motives to a cohomological
category of motives.

88 Theorem 88: [63, part 1, chapt. VI, theorem 2.5.5] Let k be a field admitting res-
olution of singularities. Sending ZX(n) in DM(k) to

HomDMgm(k)(m(X),Z(n))

in DMgm(k), for X ∈ Smk, extends to a pseudo-tensor equivalence of cohomological
categories over motives over k

DM(k) → DMgm(k) ,

i.e., an equivalence of the underlying triangulated tensor categories, compatible
with the respective functors h on Smop

k .

Mixed Tate Motives5.5

Let G = Gal(k|k) for some field k, and let � be a prime not dividing the charac-
teristic. In the category of continuous representations of G in finite dimensional
Q�-vector spaces, one has the Tate objects Q�(n); the subcategory formed by the
successive extension of the Tate objects turns out to contain a surprising amount
of information. Analogously, one has the Tate Hodge structureQ(n) and the sub-
category of the category of admissible variations of mixed Hodge structures over
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a base-scheme B consisting of successive extensions of the Q(n); this subcategory
gives rise, for example, to all the multiple polylogarithm functions. In this section,
we consider the motivic version of these constructions, looking at categories of
mixed motives generated by Tate objects.

We begin with an abstract approach by considering the triangulated subcategory
of DMgm(k) ⊗Q generated by the Tate objectsQ(n). Via the Tannakian formalism,
this quickly leads to the search for a concrete description of this category as a cat-
egory of representations of the motivic Lie algebra or dually, co-representations
of the motivic co-Lie algebra. We outline constructions in this direction due to
Bloch [11], Bloch–Kriz [18] and Kriz–May [61], in which the motivic cycle algebra,
built out of the alternating version of Bloch cycle complex described in Sect. 5.2.5,
plays a central role. The work of Kriz and May shows how all the representation-
theoretic constructions are related and a theorem of Spitzweck [85] allows us to
relate all these to the abstract construction inside DMgm.

The Triangulated Category of Mixed Tate Motives 5.5.1

Since we now have a reasonable definition of “the” triangulated category of mixed
motives over a field k, especially with Q-coefficients, it makes sense to define the
triangulated category of mixed Tate motives as the full triangulated subcategory
generated by the (rational) Tate objects Q(n), n ∈ Z. Since the cohomological
formulation has been used most often in the literature, we will do so as well. We
will assume in this section that the base field k admits resolution of singularities,
for simplicity.

Concretely, this means we replace the functor m : Smk → DMgm(k) with the
functor h : Smop

k → DMgm(k),

h(X) := Hom(m(X),Z) .

To give an example to fix ideas, the projective bundle formula gives the isomor-
phism

h(Pn) =̃ ⊕n
j=0Z(−j)[−2j] .

89Definition 89 Let k be a field. The triangulated category of Tate motives, DTM(k),
is the full triangulated subcategory of DMgm(k)op ⊗Q generated by the Tate objects
Q(n), n ∈ Z.

As the duality involution ∨ : DMgm(k) → DMgm(k)op is an equivalence of trian-
gulated tensor categories, and Q(n)∨ = Q(−n), we have a duality involution on
DTM(k), giving an equivalence

∨ : DTM(k) → DTM(k)∨ .
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The Weight-structure
The category DTM(k) admits a natural weight-filtration: Let DTM(k)≤n be the full
triangulated subcategory of DTM(k) generated by the Tate objects Z(−m) with
m ≤ n. This gives the tower of subcategories

… ⊂ DTM(k)≤n ⊂ DTM(k)≤n+1 ⊂ … ⊂ DTM(k)

Dually, let DTM(k)>n be the full triangulated subcategory of DTM(k) generated by
the Tate objects Z(−m) with m > n.

The basic fact upon which the subsequenct construction rests is:

90 Lemma 90 For X ∈ DTM(k)≤n, Y ∈ DTM(k)>n, we have

HomDTM(k)(X, Y) = 0 .

Proof For generators X = Q(−a)[s], Y = Q(−b)[t], a ≤ n < b, this follows from

HomDTM(k)(Q(−a)[s],Q(−b)[t]) = HomDTM(k)(Q,Q(a − b)[t − s])

= CHa−b(Spec k, 2(a − b) − t + s) ⊗Q
which is zero since a − b < 0. The general result follows easily from this.

By various methods (see, e.g., [65] or [57]), one can use the lemma to show that
the inclusion in : DTM(k)≤n → DTM(k) admits a right adjoint rn : DTM(k) →
DTM(k)≤n. This gives us the functor

Wn : DTM(k) → DTM(k) ,

Wn := in ◦ rn, and the canonical map ιn : WnX → X for X in DTM(k). One shows
as well that Cone(ιn) is in DTM(k)>n, giving the canonical distinguished triangle

WnX → X → W>nX → WnX[1] ,

where W>nX := Cone(ιn).

91 Remark 91 As pointed out in [57], one can perfectly well define an integral version
DTM(k)Z of DTM(k) as the triangulated subcategory of DMgm(k) generated by the
Tate objects Z(n). The argument for weight filtration in DTM(k) works perfectly
well to give a weight filtration in DTM(k)Z .
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The t-structure and Vanishing Conjecture
One can ask if the Beilinson formulation for mixed motives holds at least for
mixed Tate motives. The first obstruction is the so-called Beilinson–Soulé vanishing
conjecture (see [84]):

92Conjecture 92 Let F be a field. Then Kp(F)(q) = 0 if 2q ≤ p and p > 0.

Thus, the Beilinson–Soulé vanishing conjecture is just the rational version of the
acyclicity portion of the Beilinson–Lichtenbaum conjectures.
Translating to motivic cohomology, this says

93Conjecture 93 Let F be a field. Then Hp(F,Q(q)) = 0 if p ≤ 0 and q > 0.

Since we have

HomDTM(k)(Q,Q(q)[p]) = Hp(k,Q(q)) ,

we find a relation between the vanishing conjecture and the structure of the
triangulated Tate category.

For example, if there were an abelian category TM(k) with DTM(k) equivalent
to the derived category Db(TM(k)), in such a way that the Tate objects Q(n) were
all in TM(k), then we would have

HomDTM(k)(Q,Q(q)[p]) = Extp
TM(k)(Q,Q(q)) ,

which would thus be zero for p < 0.
Suppose further that TM(k) is a rigid tensor category, inducing the tensor

and duality on DTM(k), with functorial exact weight filtration W∗, inducing the
functors Wn on DTM(k), and that taking the associated graded with respect to W∗
induces a faithful exact functor toQ-vector-spaces

grW
∗ : TM(k) → VecQ .

Then, as each map f : Q→ Q(a), a ≠ 0 has gr∗f = 0, it follows that

HomTM(k)(Q,Q(q)) = 0

for q ≠ 0 as well.
In short, the existence of an abelian category of mixed Tate motives TM(k) with

good properties implies the vanishing conjectures of Beilinson and Soulé.
There is a partial converse to this, namely,

94Theorem 94: [65] Let k be a field, and suppose that the Beilinson–Soulé vanishing
conjectures hold for k. Then there is a t-structure on DTM(k) with heart TM(k)
satisfying:
1. TM(k) contains all the Tate objects Q(n). The Q(n) generate TM(k) as an

abelian category, closed under extensions in DTM(k).
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2. The tensor operation and duality on DTM(k) restrict to TM(k), making TM(k)
a rigid tensor category

3. The funtors Wn map TM(k) into itself, giving each object X of TM(k) a func-
torial finite weight-filtration

0 = WM+1X ⊂ WM(X) ⊂ … ⊂ WN (X) = X .

4. Taking associated graded for the weight-filtration gives a faithful exact tensor
functor

⊕ngrW
n : TM(k) → Q-mod

to finite dimensional Q-vector spaces, making TM(k) a neutral Q-Tannakian
category.

5. There are canonical natural maps

φp(X, Y) : Extp
TM(k)(X, Y) → HomDTM(k)(X, Y[p])

for X, Y in TM(k). φp(X, Y) is an isomorphism for p = 0, 1, and an injection
for p = 2.

We will describe below a criterion for DTM(k) to be the derived category Db(TM(k)).
Looking at part (4) above, the Tannakian formalism as explained in Sect. 5.3.1

gives an identification of TM(k) with the category of graded representations of
a graded pro-unipotent affine algebraic group over Q, or what amounts to the
same thing, a graded pro-nilpotent Lie algebra over Q, called the motivic Lie
algebra. There have been a number of constructions of candidates for the motivic
Lie algebra, or the associated Hopf algebra, which we will discuss below.

95 Remark 95 The works of Terasoma [91], Deligne–Goncharov [27], Goncharov [36,
37], Goncharov–Manin [40] and others has drawn a close connection between the
mixed Tate category and values of the Riemann zeta function, polylogarithms and
multi-zeta functions; due to lack of space, we will not discuss these works here.
See the article [35] in this volume for further details.

The Bloch Cycle Algebra and Lie Algebra5.5.2

96 Definition 96
(1) Let F be a field. A cdga (A∗, d, ·) over F consists of a unital, graded-commutative

F-algebra (A∗ := ⊕n∈Z An, ·) together with a graded homomorphism d = ⊕ndn,
dn : An → An+1, such that
1. dn+1 ◦ dn = 0.
2. dn+m(a · b) = dna · b + (−1)na · dmb; a ∈ An, b ∈ Am.
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A∗ is called connected if An = 0 for n < 0 and A0 = F · 1, cohomologically
connected if Hn(A∗) = 0 for n < 0 and H0(A∗) = F · 1.

(2) An Adams-graded cdga is a cdga A together with a direct sum decomposition
into subcomplexes A∗ := ⊕r≥0A∗(r) such that A∗(r) · A∗(s) ⊂ A∗(r + s). An
Adams-graded cdga is (cohomologically) connected if the underlying cdga is
(cohomologically) connected.

For x ∈ An(r), we called n the cohomological degree of x, n := deg x, and r the
Adams degree of x, r := |x|.

Example 97. Let k be a field. Recall from Sect. 5.2.5 the alternating cycle complexes
zp(k, ∗)Alt with commutative associative product

∪Alt : zp(k, ∗) ⊗ zq(k, ∗) → zp+q(k, ∗) .

Bloch [11] has defined the motivic cdga over k, N ∗
k (∗), as the Adams-graded cdga

overQ with

N m
k (r) :=






zr(k, 2r − m)Alt for r > 0

z0(k, 0)Alt(= Q · [Spec k]) for r = 0 .

and product

· : N m
k (r) ⊗ N n

k (s) → N m+n
k (r + s)

given by ∪Alt. The unit is 1 · [Spec k] ∈ N 0(0).

98Remark 98 The Beilinson–Soulé vanishing conjecture for the field k is exactly the
statement that N ∗

k (∗) is cohomologically connected.

Bloch defines a graded co-Lie algebra M(∗) = ⊕r>0M(r) as follows: Start with
the cycle cdga N . Let N 0

+ := ⊕r≥0N 0(r), and let J ⊂ N be the differential ideal
generated by ⊕n<0,rN

n(r) ⊕ N 0
+ . Let N be the quotient cdga N |J. Bloch shows

99Lemma 99

(1) The product Λ2N
1 → N

2
is injective

(2) Let Mk = {x ∈ N
1 | dx is in Λ2N

1 ⊂ N
2}. Then

dMk ⊂ Λ2Mk ⊂ Λ2N
1 ⊂ N

2
.

(3) The map d : Mk → Λ2Mk makes Mk into an Adams graded co-Lie algebra
overQ.
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100 Definition 100 The category of Bloch–Tate mixed motives over k, BTMk, is the
category of graded co-representations of Mk in Q-mod, that is, the category of
finite-dimensional gradedQ-vector spaces V(∗) = ⊕rV(r) together with a graded,
degree zeroQ-linear map

ρ : V(∗) → Mk ⊗Q V(∗)

satisfying the co-associativity condition (id ∧ ρ) ◦ ρ = (∂ ⊗ id) ◦ ρ as maps
V(∗) → Λ2Mk ⊗ V(∗).

BTMk contains the Tate-objects Q(n), n ∈ Z, where Q(n) is the vector space Q
supported in degree −n, with zero co-action ρ. There is a map H1(N ∗(r)) →
Ext1

BTMk
(Q(0),Q(r)) by sending η ∈ Z1(N ∗(r)) to the class of the extension

0 → Q(r) → Vη → Q(0) → 0 ,

where Vη = Q(0) ⊕Q(r) as a gradedQ-vector space, with co-action ρ given by

ρ(a, b) = η ⊗ (0, a) .

One checks that changing η by a co-boundary does not affect the extension class.

Categories Arising from a cdga5.5.3

As we will see below, the construction of mixed Tate motives via co-representations
of the Bloch co-Lie algebra Mk is reasonable only under the so-called 1-minimal
conjecture. Bloch and Kriz [18] have given another construction of a co-Lie algebra,
and at the same time the associated Hopf algebra, by using the bar construction of
Nk. Kriz and May [61] have given a construction of a triangulated category, which
derives more directly from the cdga Nk; in case Nk is cohomologically connected,
this triangulated category has a heart which turns out to be equivalent to the
category of graded co-modules over the Bloch–Kriz co-Lie algebra.

Before we go into this, we discuss some of the general theory of the bar construc-
tion of a cdga and related constructions. We have taken this material from [61].

The Bar Construction
We recall the definition of the reduced bar construction of an augmented cdga
ε : A∗ → k over a field F of characteristic zero. Let A

∗ be the kernel of ε, and form
the tensor algebra

T∗
k A

∗ = ⊕(n1,…,nm)A
n1 ⊗F … ⊗F A

nm

with A
n1 ⊗F … ⊗F A

nm in total degree
∑

j nj − m, together with a copy of F in
degree 0, corresponding to the empty tensor product, which we write as F · 1.
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Denote a decomposable element of A
n1 ⊗F … ⊗F A

nm in T∗
k A

∗ as [x1| … |xm],
xj ∈ Anj , and define the map d by

d([x1| … |xm]) =
∑

j

(−1)
∑j−1

i=1 deg(xi)[x1| … |dxj| … |xm]

+
∑

j

(−1)j[x1| … |xjxj+1| … |xm] .

Set d(F · 1) = 0. This forms the complex (B(A), d).
The shuffle product

[x1| … |xm] ∪ [xn+1| … |xm+n] :=
m!n!

(m + n)!

∑

σ

sgn(σ)[xσ(1)| … |xσ(n+m)] ,

where σ ∈ Σn+m ranges over all permutations with σ(1) < … < σ(n) and σ(n+1) <
… < σ(n + m), defines a product on B(A), satisfying the Leibniz rule with respect
to d. The map

δ : B(A) → B(A) ⊗ B(A)

δ([x1| … |xm]) :=
m∑

i=0

[x1| … |xi] ⊗ [xi+1| … |xm]

(the empty tensor being 1) defines a coproduct on B(A).
This all makes (B(A), d, ∪, δ) into a differential graded Hopf algebra over k, which

is graded-commutative with respect to the product ∪. The cohomology H∗(B(A))
is thus a graded Hopf algebra over k, in particular H0(B(A)) is a commutative Hopf
algebra over k.

Let I(A) be the kernel of the augmentation H0(B(A)) → k. The coproduct δ on
H0(B(A)) induces the structure of a co-Lie algebra on γA := I(A)|I(A)2.

Suppose A = ⊕r≥0A∗(r) is an Adams-graded cdga over k. We give B(A) the
Adams grading B(A) = ⊕r≥0B(A)(r) where the Adams degree of [x1| … |xm] is

|[x1| … |xm]| :=
∑

j

|xj| .

Thus H0(B(A)) = ⊕r≥0H0(B(A)(r)) becomes a graded Hopf algebra over k, commu-
tative as a k-algebra. We also have the Adams-graded co-Lie algebra γA = ⊕r>0γA(r).

101Remark 101 Let A be an Adams-graded cdga over a field F of characteristic
zero. The Adams grading makes G := Spec H0(B(A)) into a graded pro-unipotent
affine group-scheme (i.e., G comes equipped with an action of Gm). Thus γA is
a graded nilpotent co-Lie algebra, and there is an equivalence of categories be-
tween the graded co-representations of H0(B(A)) in finite dimensional graded
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F-vector spaces, co-repF(H0(B(A))), and the graded co-representations of γA in
finite dimensional graded F-vector spaces, co-repF(γA).

Weight Filtrations and Tate Objects
Let A be an Adams-graded cdga over a field F of characteristic zero, and let
M = ⊕rM(r) be a graded co-module for γA, finite dimensional as an F-vector space.
Let WnM = ⊕r≤nM(r). As γA is positively graded, WnM is a γA-sub-comodule of
M. Thus, each M has a finite functorial weight filtration, and the functor grn

W is
exact. We say that M has pure weight n if WnM = M and Wn−1M = 0.

We have the Tate object F(n), being the 1-dimensional F-vector space, concen-
trated in Adams degree −n, and with trivial (i.e. 0) co-action F(n) → γA ⊗ F(n).
Clearly gr−n

W M =̃ F(n)a for some a, so all objects in co-repF(γA) are successive
extensions of Tate objects. The full subcategory of objects of pure weight n is
equivalent to F-mod.

Sending M to gr∗
W M := ⊕ngrn

W M defines a fiber functor

gr∗
W : co-repF(γA) → F-mod

making co-repF(γA) a neutral F-Tannakian category.

The Category of Cell-modules
The approach of Kriz and May [61] is to define a triangulated category directly
from the Adams graded cdga N without passing to the bar construction or using
a co-Lie algebra, by considering a certain type of dg-modules over N . We recall
some of their work here.

Let A∗ be a graded algebra over a field F. We let A[n] be the left A∗-module
which is Am+n in degree m, with the A∗-action given by left multiplication. If
A∗(∗) = ⊕n,rAn(r) is a bi-graded F-algebra, we let A〈r〉[n] be the left A∗(∗)-module
which is Am+n(r + s) in bi-degree (m, s), with action given by left multiplication.

102 Definition 102 Let A be a cdga over a field F of characteristic zero.
(1) A dg-A-module (M∗, d) consists of a complex M∗ = ⊕nMn with differential d,

together with a graded, degree zero map ρ : A∗ ⊗F M∗ → M∗ which makes M∗
into a graded A∗-module, and satisfies the Leibniz rule

d(a · m) = da · m + (−1)deg aa · m ; a ∈ A∗, m ∈ M∗ ,

where we write a · m for ρ(a ⊗ m).
(2) If A = ⊕r≥0A∗(r) is an Adams-graded cdga, an Adams-graded dg-A-module

is a dg-A-module M∗ together with a decomposition into subcomplexes M∗ =
⊕sM∗(s) such that A∗(r) · M∗(s) ⊂ M∗(r + s).

(3) An Adams-graded dg-A-module M is a cell module if M is free and finitely
generated as a bi-graded A-module, where we forget the differential structure.
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That is, there are elements bj ∈ Mnj (rj), j = 1, …, s, such that the maps a �→ a ·bj

induces an isomorphism of bi-graded A-modules

⊕s
j=0A〈rj〉[nj] → M .

The Derived Category
Let A be an Adams-graded cdga over a field F, and let M and N be Adams-
graded dg-A-modules. Let Hom(M, N) be the Adams-graded dg-A-module with
Hom(M, N)n(r) the A-module maps f : M → N with f (Ma(s)) ⊂ Na+n(r + s), and
differential d defined by df (m) = d(f (m)) + (−1)n+1f (dm) for f ∈ Hom(M, N)n(r).
Similarly, let M ⊗ N be the Adams-graded dg-A-module

(M ⊗ N)n(r) = ⊕a+b=n, s+t=rM
a(s) ⊗F Nb(t) ,

with differential d(m ⊗ n) = dm ⊗ n + (−1)deg mm ⊗ dn.
For f : M → N a morphism of Adams-graded dg-A-modules, we let Cone(f )

be the Adams-graded dg-A-module with

Cone(f )n(r) := Nn(r) ⊕ Mn+1(r)

and differential d(n, m) = (dn + f (m), −dm). Let M[1] be the Adams-graded dg-A-
module with M[1]n(r) := Mn+1(r) and differential −d, where d is the differential of
M. A sequence of the form

M
f→ N

i→ Cone(f )
j→ M[1] ,

where i and j are the evident inclusion and projection, is called a cone sequence.

103Definition 103
(1) The category KCM(A) is the F-linear triangulated category with objects the

cell-A-modules M, morphisms

HomK (M, N) := H0(Hom(M, N))

with evident composition law, translation M �→ M[1] and distinguished tri-
angles those sequences isomorphic to a cone sequence.

(2) The category DCM(A) is the localization of KCM(A) with respect to quasi-
isomorphisms, that is, invert the maps f : M → N which induce an isomor-
phism on cohomology H∗(M) → H∗(N).

We note that the tensor product and internal Hom of cell modules gives KCM(A)
and DCM(A) the structure of rigid triangulated tensor categories.

The following is a useful result (see [61, proposition 4.2]):
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104 Proposition 104 Let φ : A → A′ be a quasi-isomorphism of Adams graded cdgas.
Then φ induces an equivalence of triangulated tensor categories DCM(A) →
DCM(A′).

The Weight and t-structures
It is easy to describe the weight filtration in DCM(A). Indeed, let M = ⊕jA〈rj〉[nj]
be a cell A-module with basis {bj}. The differential d is determined by

dbj =
∑

i

aijbi .

As A∗(r) = 0 if r < 0, and d is of weight 0 with respect to the Adams grading, it
follows that |bi| ≤ |bj| if aij ≠ 0. We may thus set

WnM := ⊕rj≤nA〈rj〉[nj] ⊂ M ,

with differential the restriction of d. One shows that this gives a well-defined exact
functor Wn : DCM(A) → DCM(A), and a natural finite weight filtration

0 = Wn−1 → WnM → · · · → Wm−1M → WmM = M

for M in DCM(A). Let F(n) be the “Tate object” A〈−n〉.
For the t-structure, one needs to assume that A is cohomologically connected;

by Proposition 104 we may assume that A is connected. Let ε : A → k be the
augmentation given by projection on A0(0), and define

DCM(A)≤0 :=
{

M | Hn(M ⊗A k) = 0 for n > 0
}

DCM(A)≥0 :=
{

M | Hn(M ⊗A k) = 0 for n < 0
}

H(A) :=
{

M | Hn(M ⊗A k) = 0 for n ≠ 0
}

One shows that this defines a t-structure (DCM(A)≤0, DCM(A)≥0) on DCM(A)
with heart H(A). Also, the F(n) are in H(A) and these generate H(A), oin that the
smallest full abelian subcategory of H(A) containing all the F(n) and closed under
subquotients and extensions is all of H(A).

The subcategory of H(A) consisting of objects of pure weight n is equivalent to
F-mod with generator the Tate object F(−n), giving us the fiber functor

gr∗
W : H(A) → F-mod

which makes H(A) a neutral F-Tannakian category.

Minimal Models
A cdga A over a field F of characteristic zero is said to be generalized nilpotent if
1. As a graded F-algebra, A = Sym∗ E for some Z-graded F-vector space E, i.e.,

A = Λ∗Eodd ⊗ Sym∗ Eev. In addition, En = 0 for n ≤ 0.
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2. E is an increasing union of graded subspaces

0 = E−1 ⊂ E0 ⊂ … ⊂ En ⊂ … ⊂ E

with dEn ⊂ Sym∗ En−1.

Note that a generalized nilpotent cdga is automatically connected.
Let A be a cohomologically connected cdga. An n-minimal model of A is a map

of cdgas

s : M{n} → A ,

with M{n} generalized nilpotent and generated (as an algebra) in degrees ≤ n,
such that s induces an isomorphism on Hm for m ≤ n and an injection on Hn+1.
One shows that this characterizes s : M{n} → A, up to unique isomorphism, so
we may speak of the n-minimal model of A. Similarly, the minimal model of A
is a quasi-isomorphism M{∞} → A with M{∞} generalized nilpotent; we can
recover M{n} as the sub-cdga of M{∞} generated by ⊕0≤i≤nM{∞}i. We call A
n-minimal if M{n} = M{∞}. With the obvious changes, we have all these notions
in the Adams-graded setting.

105Remark 105 In rational homotopy theory, the rational homotopy type correspond-
ing to a cdga A is a K(π, 1) if and only if A is 1-minimal, so a 1-minimal cdga is
often called a K(π, 1).

Let A be a cohomologically connected cdga with 1-minimal model M{1}, let QA =
M{1}1 with map ∂ : QA → Λ2QA the differential d : M{1}1 → Λ2M{1}1 = M{1}2.
Then (QA, ∂) is a co-Lie algebra over F. If A is an Adams-graded cdga, then QA
becomes an Adams-graded co-Lie algebra. We can also form the co-Lie algebra γA

as in §5.5.3.

Putting it all Together
In [61] the relations between the various constructions we have presented above
are discussed. We recall the main points here.

106Theorem 106 Let A be an Adams graded cdga over a field F of characteristic zero.
Suppose the A is cohomologically connected.
(1) There is a functor ρ : Db(co-repF(H0(B(A)))) → DCM(A). ρ respects the

weight filtrations and sends Tate objects to Tate objects. ρ induces a functor on
the hearts

H(ρ) : co-repF(H0(B(A))) → H(A)

which is an equivalence of filtered Tannakian categories, respecting the fiber
functors gr∗

W .
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(2) Let MA{1} be the 1-minimal model of A. Then there are isomorphisms of graded
Hopf algebras H0(B(A)) =̃ H0(B(MA{1})) and graded co-Lie algebras

QA =̃ γMA{1} =̃ γA .

(3) The functor ρ is an equivalence of triangulated categories if and only if A is a
K(π, 1) (i.e., A is 1-minimal).

Categories of Mixed Tate Motives5.5.4

We are now ready to apply the machinery of Sect. 5.5.3.

Tate Motives as Modules

107 Definition 107 Let k be a field.
(1) The Bloch–Kriz category of mixed Tate motives over k, BKTMk, is the cat-

egory co-repQ (H0(B(Nk))) of graded co-representations of the Hopf algebra
H0(B(Nk)) in finite dimensional gradedQ-vector spaces, equivalently, the cat-
egory co-repQ (γNk ) of graded co-representations of the co-Lie algebra γNk in
finite dimensional gradedQ-vector spaces.

(2) The Kriz–May triangulated category of mixed Tate motives over k, DTk, is the
derived category DCM(Nk) of cell modules over Nk.

108 Remark 108 One can show that, assuming Nk is 1-minimal, the co-Lie algebra Mk

is QN k. In general, there is a map of co-Lie algebras

φ : γNk → Mk ,

and hence a functor

φ∗ : BKTMk = co-rep(γNk ) → co-rep(Mk) = BTMk .

Applying Theorem 106 to the situation at hand, we have

109 Theorem 109 Let k be a field. Suppose Nk is cohomologically connected, i.e., the
Beilinson–Soulé vanishing conjecture holds for k.
1. There is an exact tensor functor ρ : Db(BKTMk) → DTk, preserving the

weight-filtrations and sending Tate objects to Tate objects.
2. The functor ρ induces an equivalence of filtered Q-Tannakian categories

BKTMk → H(Nk), respecting the fiber functors gr∗
W .
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3. The functor ρ is an equivalence of triangulated categories if and only if Nk is
a K(π, 1). In particular, if Nk is a K(π, 1), then

Extp
BKTMk

(Q,Q(q)) = Hp(k,Q(q)) = K2q−p(k)(q)

for all p and q.

The very last assertion follows from the identities (assuming ρ an equivalence)

Extp
BKTMk

(Q,Q(q)) = HomDTk (Q,Q(q)[p])

= Hp(N ∗(q))

= Hp(k,Q(q)) .

110Remark 110 If the Beilinson–Soulé vanishing conjecture fails to hold for k, then
there is no hope of an equivalence of triangulated categories Db(BKTMk) →
DTk, as the lack of cohomological connectness for Nk is equivalent to having
HomDTk (Q,Q(q)[p]) ≠ 0 for some q > 0 and p < 0.

It is not clear if the lack of cohomological connectness of Nk gives an obstruc-
tion to the existence of a reasonable functor ρ : Db(BKTMk) → DTk (say, with
ρ(Q(n)) = Q(n)).

Tate Motives as Voevodsky Motives
The following result, extracted from [85, theorem 2], shows how the Kriz–May
triangulated category serves as a bridge between the Bloch–Kriz category of co-
modules, and the more natural, but also more abstract, category of Tate motives
sitting inside of Voevodsky’s category DMgm.

111Theorem 111 Let k be a field. There is a natural exact tensor functor

φ : DTk → DMgm(k)

which induces an equivalence of triangulated tensor categories DTk → DTM(k).
The functor φ is compatible with the weight filtrations in DTk and DTM(k). If Nk

is cohomologically connected, then φ induces an equivalence of abelian categories

H(Nk) → TM(k) .

Note that this gives a module-theoretic description of DTM(k) for all fields k,
without assuming any conjectures. This result also gives a context for the K(π, 1)-
conjecture:
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112 Conjecture 112 Let k be a field. Then the cycle cdga Nk is a K(π, 1).

Indeed the conjecture would imply that all the different candidates for an abelian
category of mixed Tate motives over k agree: If Nk is 1-minimal, the Nk is cohomo-
logically connected. By Theorem 111, the abelian categories H(Nk) and TM(k) are
equivalent, as well as the triangulated categories DTk = DCM(Nk) and DTM(k). By
Theorem 109, we have an equivalence of triangulated categories Db(H(Nk)) and
DTk, and H(Nk) is equivalent to the Bloch–Kriz category BKTMk. By Remark 108,
the graded co-Lie algebras QN k and Mk agree, so we have equivalences of abelian
categories

BTM(k) ∼ BKTM(k) ∼ TM(k) ∼ HDTk

and triangulated categories

Db(TM(k)) ∼ DTM(k) .

All these equivalences respect the tensor structure, the weight filtrations and
duality.

Spitzweck’s Representation Theorem5.5.5

We sketch a proof of Thereom 111.

Cubical Complexes in DMeff
− (k)

To give a representation of DTk into DMgm, it is convenient to use a cubical version
of the Suslin-complex C∗.

113 Definition 113 Let F be presheaf on Smk. Let Ccb
n (F ) be the presheaf

Ccb
n (F )(X) := F (X ×�n)|

n∑

j=1

π∗
j (F (X ×�n−1)) .

and let Ccb∗ (F ) be the complex with differential

dn =
n∑

j=1

(−1)j−1F(ιj,1) −
n∑

j=1

(−1)j−1F(ιj,0) .

If F is a Nisnevich sheaf, then Ccb∗ (F ) is a complex of Nisnevich sheaves, and if F
is a Nisnevich sheaf with transfers, then Ccb∗ (F ) is a complex of Nisnevich sheaves
with transfers. We extend the construction to bounded above complexes of sheaves
(with transfers) by taking the total complex of the evident double complex.

For a presheaf F , let CAlt
n (F ) ⊂ Ccb

n (F )Q denote as above the subspace of
alternating elements with respect to the action of Σn on�n, forming the subcomplex
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CAlt∗ (F ) ⊂ Ccb∗ (F )Q . We extend this to bounded above complexes of presheaves
as well.

The arguments used in §5.2.5 to compare Bloch’s cycle complex with the cubical
version show

114Lemma 114 Let F be a bounded above complex of presheaves on Smk.
1. There is a natural isomorphism CSus∗ (F ) =̃ Ccb∗ (F ) in the derived category of

presheaves on Smk. If F is a presheaf with transfer, we have an isomorphism
CSus∗ (F ) =̃ Ccb∗ (F ) in the derived category D−(PST(k)).

2. The inclusion CAlt∗ (F )(Y) ⊂ Ccb∗ (F )Q (Y) is a quasi-isomorphism for all Y ∈
Smk.

In particular, Ccb∗ (F ) has homotopy invariant cohomology sheaves, so we have the
functors

Ccb
∗ : C−(ShNis(k)) → DMeff

− (k) .

CAlt
∗ : C−(ShNis(k)) → DMeff

− (k) ⊗Q .

Taking the usual Suslin complex also gives us a functor

CSus
∗ : C−(ShNis(k)) → DMeff

− (k) .

and we thus have the isomorphism of functors CSus∗ → Ccb∗ and CAlt∗ → (Ccb∗ )Q .

The Cycle cdga in DMeff
− (k)

We apply this construction to F = Zq.fin(Aq). The symmetric group Σq acts on this
sheaf by permuting the coordinates inAq, we let N

gm
k (q) ⊂ CAlt∗ (Zq.fin(Aq)) be the

subsheaf of symmetric sections with respect to this action.

115Lemma 115 The inclusion N
gm

k (q) ⊂ CAlt∗ (Zq.fin(Aq)) is an isomorphism in
DMeff

− (k)

Proof Roughly speaking, it follows from Theorem 26, Lemma 29 and Lemma 114
that the inclusion

CAlt
∗ (Zq.fin(Aq))(Y) → zq(Y × Aq, ∗)Alt

is a quasi-isomorphism for each Y ∈ Smk. As the pull-back

zq(Y × Aq, ∗)Alt → zq(Y × Aq, ∗)Alt

is also a quasi-isomorphism by the homotopy property, Σq acts trivially on zq(Y ×
Aq, ∗)Alt, in D−(Ab).
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For X, Y ∈ Smk, the external product of correspondences gives the associative
external product

Ccb
n (Zq.fin(Aq))(X) ⊗ Ccb

m (Zq.fin(Ap))(Y) → Ccb
n+m(Zq.fin(Ap+q))(X ×k Y)

Taking X = Y and pulling back by the diagonal X → X ×k X gives the cup product
of complexes of sheaves

∪ : Ccb
∗ (Zq.fin(Ap) ⊗ Ccb

∗ (Zq.fin(Aq)) → Ccb
∗ (Zq.fin(Ap+q)) .

Taking the alternating projection with respect to the�∗ and symmetric projection
with respect to the A∗ yields the associative, commutative product

· : N
gm

k (p) ⊗ N
gm

k (q) → N
gm

k (p + q) ,

which makes N
gm

k := ⊕r≥0N
gm

k (r) into an Adams-graded cdga object in
C−(ShNis(k)).

In particular, if a is in N
gm

k , multiplication by a gives an endomorphism a · − :
N

gm
k → N

gm
k .

A Replacement for Nk
Let

Nk(A∗)n(r) :=
(
zr(Ar, 2r − n)Alt)sym

,

where sym means the symmetric subspace with respect to the Σr-action on Ar

by permuting the coordinates. Taking the external product and the alternating
and symmetric projections defines an Adams-graded cdga Nk(A∗). We have the
evident inclusion

i : N
gm

k → Nk(A∗) ,

and the pull-back via the maps πr : Ar → Spec k defines

π∗ : Nk → Nk(A∗) .

As above, i and π∗ are both quasi-isomorphisms of cdgas. Thus, we have the
equivalence of triangulated tensor categories

DTk := DCM(Nk) ∼ DCM(Nk(A∗)) ∼ DCM(N
gm

k ) .

The Functor DTk → DMgm(k)Q
We are now ready to define our representation of DTk := DCM(Nk) into DMgm(k)Q .
Let N = N

gm
k . We actually define a functor

φ : DCM(N )′ → DMgm(k)Q
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where DCM(N )′ is the category of cell-N -modules with a choice of basis. As this
is equivalent to DCM(N ), which in turn is equivalent to DTk, the functor φ suffices
for our purposes.

Let M = ⊕jN mj be a cell N -module, with basis {mj} and differential d given
by

dmj =
∑

i

aijmi .

Encoding d as the matrix (aij), the condition d2 = 0 translates as

(aij) · (aij) = (daij) , (5.7)

where daij is the differential in N . Let φ(M, d) be the complex of sheaves
⊕jN

gm
k (rj)[nj]µj, where µj is a formal basis element. The differential δ in φ(M, d)

characterized by

δ(µj) :=
∑

ij

aijµi ,

and the requirement that δ satisfy the Leibniz rule

δ(a · µj) = da · µj + (−1)deg(a)a · δ(µj)

for a a local section of N
gm

k (rj)[nj]. The matrix equation (5.7) ensures that δ2 = 0,
giving a well-defined object of DMeff

− (k).
If f : M → N is a morphism of cell N -modules, , we choose bases {mj} for M

and {nj} for N, let {µj} and {νj} be the corresponding bases for φ(M) and φ(N). If
f (mj) =

∑

i fijni, then define φ(f ) by φ(f )(µj) =
∑

i fij.
One easily checks that φ respects tensor products, the translation functor and

cone sequences, so yields a well-defined exact tensor functor

φ : DCM(N
gm

k )′ → DMgm(k)Q .

By construction, φ(Q(n)) is the object N
gm

k (n) of DMgm(k)Q , which by Lemma 114
and Lemma 115 is isomorphic to CSus∗ (Zq.fin(An))Q =̃ Q(n) in DMgm(k)Q . Further-
more, we have

HomDTk (Q(0),Q(n)[m]) = Hm(Nk(n)) =̃ CHn(k, 2n − m) ,

which agrees with HomDTM(k)(Q(0),Q(n)[m]); it is not hard to see that φ induces
the identity maps between these two Hom-groups. Since the Q(n)’s are gener-
ators of DTk, it follows that φ is fully faithful; since DTM(k) is generated by the
Q(n)’s, φ is therefore an equivalence. This completes the proof of the representation
Theorem 111.
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Cycle Classes, Regulators and Realizations5.6

If one uses the axioms of Sect. 5.3.1 for a Bloch–Ogus cohomology theory, mo-
tivic cohomology becomes the universal Bloch–Ogus theory on Smk. The various
regulators on higher K-theory can then be factored through the Chern classes
with values in motivic cohomology. Pushing this approach a bit further gives
rise to “realization functors” from the triangulated category of mixed motives
to the category of sheaves of abelian groups on SmZar

k . In this section, we give
a sketch of these constructions. See also the article of Goncharov [35] in this
volume.

There are other methods available for defining realization functors which we
will mention as well.

Cycle Classes5.6.1

We fix a Bloch–Ogus cohomology theory Γ on Smk. In this section, we describe
how one constructs functorial cycle classes

clq,p
Γ : CHq(X, 2q − p) → H

p
Γ(X, q) ,

and describe some of their basic properties. We refer to Sect. 5.3.1 for the notation.

Relative Cycle Classes
The main point of the construction is to use the purity property of Γ to extend
the cycle classes to the relative case. Let D =

∑m
i=1 Di be a strict normal crossing

divisor on some Y ∈ Smk, that is, for each subset I ⊂ {1, …, m}, the subscheme
DI := ∩j∈IDj of Y is smooth over k and of pure codimension |I| on Y . We include
the case I = ∅ in the notation; explicitly D∅ = Y .

Let Γ̃(∗) be a flasque model for Γ(∗), e.g., for each X ∈ Smk, Γ̃(n)(X) is the
complex of global sections of the Godement resolution of the restriction of Γ(n) to
XZar; in particular, we have

Hn
Γ(X, q) = Hn(̃Γ(q)(X)) .

Let Γ̃(q)(X; D) be the iterated shifted cone of the restriction maps for the inclu-
sions Di → X, that is, if m = 1, D = D1, then

Γ̃(q)(X; D) := Cone
(
i∗D : Γ̃(q)(X) → Γ̃(q)(D)

)
[−1]

and in general, Γ̃(q)(X; D) is defined inductively as

Γ̃(q)(X; D) := Cone

(

Γ̃(q)

(

X;
m−1∑

i=1

Di

)
i∗D1→ Γ̃(q)

(

D1;
m−1∑

i=1

D1 ∩ Di

))

[−1] .
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One can also define Γ̃(q)(X; D) as the total complex associated to the m-cube of
complexes

I �→ Γ̃(q)(DI) ,

from which one sees that the definition of Γ̃(q)(X; D) is independent of the ordering
of the Di. Define the relative cohomology by

H∗
Γ(X; D, q) := H∗(̃Γ(q)(X; D)) .

For W ⊂ X a closed subset, we have relative cohomology with supports, defined
as

H∗
Γ,W (X; D, q) := H∗(̃ΓW (q)(X; D)) ,

where

Γ̃W (q)(X; D) = Cone
(
j∗ : Γ̃(q)(X; D) → Γ̃(q)(X \ W ; j∗D)

)
[−1] ,

and j : X \ W → X is the inclusion.
Let D′ =

∑r
i=1 D′

i be a SNC divisor on X containing D. Let zq(X)D′ denote the
subgroup of zq(X) generated by integral codimension q subschemes W such that

codimD′
I
(W ∩ D′

I) ≥ q

for all I ⊂ {1, …, r}, and let zq(X; D)D′ denote the kernel of the restriction map

zq(X)D′

∑

j i∗j→ ⊕m
j=1zq(Dj) .

If W ⊂ X is a closed subset, let z
q
W (X; D)D′ be the subgroup of zq(X; D)D′ consisting

of cycles supported in W ; we write z
q
W (X; D) for z

q
W (X; D)D.

116Lemma 116 Let W ⊂ X be a closed subset, D =
∑m

i=1 Di a strict normal crossing
divisor on X ∈ Smk. Let A be the ring H0

Γ(Spec k, 0).
1. If codimDI (W∩DI) > q for all I, then H∗

Γ,W (Y ; D, q) = 0. If codimDI (W∩DI) ≥ q
for all I, then H∗

Γ,W (Y ; D, q) = 0 for all p < 2q
2. Suppose that codimDI (W ∩ DI) ≥ q for all I. Then the cycle class map cl define

an isomorphism

cl : z
q
W (X; D) ⊗ A → H

2q
W (X; D, q) .

Proof For m = 0, (1) is just the purity property of Definition 30(3). The property (5)
and the Gysin isomorphism (4)(b) of 30 give the isomorphism of (2) for W smooth,
and one uses purity again to extend to arbitrary W . In general, one uses the long
exact cohomology sequences associated to a cone and induction on m.
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Higher Chow Groups and Relative Chow Groups
Identifying the higher Chow groups with “relative Chow groups”, making a similar
identification for Γ-cohomology, and using the relative cycle map completes the
construction.

For m ≥ 0, let ∂n
X and Λn

X be the SNC divisors
∑n

i=0(ti = 0) and
∑n−1

i=0 (ti = 0) on
X × ∆n, respectively. For a commutative ring A, we have the higher Chow groups
with A-coefficients

CHq(X, n; A) := Hn(zq(X, ∗) ⊗ A) .

Define motivic cohomology with A-coefficients, Hp(X, A(q)), by

Hp(X, A(q)) := CHq(X, 2q − p; A) .

117 Lemma 117 There is an exact sequence

zq(X × ∆n+1, Λn+1
X )∂n+1

X
⊗ A

restn+1=0→ zq(X × ∆n, ∂n
X) ⊗ A → CHq(X, n; A) → 0 .

Proof By the Dold–Kan theorem [29], the inclusion of the normalized subcomplex

Nzq(X, ∗) → zq(X, ∗)

is a quasi-isomorphism. Since Nzq(X, n) = zq(X × ∆n, Λn
X)∂n

X
with differential

restn+1=0 : zq(X × ∆n+1, Λn+1
X )∂n+1

X
→ zq(X × ∆n, Λn

X)∂n
X

the result follows.

118 Lemma 118 Let X be in Smk. Then H∗
Γ(X × ∆n; Λn

X , q) = 0 for all q and there is
a natural isomorphism

H
p
Γ(X × ∆n; ∂n

X , q) =̃ H
p−n
Γ (X, q)

Proof This follows from the homotopy property of Γ and induction on n.

We can now define the cycle class map

CHq(X, n; A)
clq(n)→ H

2q−n
Γ (X, q) ,

where A is the coefficient ring H0
Γ(Spec k, 0); we then have

clq,p : Hp(X, A(q)) → H
p
Γ(X, q)

by clq,p := clq(2q − p).
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Indeed, from Lemma 116, we have natural isomorphisms

zq(X × ∆n, ∂n
X) ⊗ A =̃ lim→

W

H
2q
Γ,W (X × ∆n; ∂n

X , q)

zq(X × ∆n+1, Λn+1
X )∂n+1

X
⊗ A =̃ lim→

W ′
H

2q
Γ,W ′(X × ∆n+1; Λn+1

X , q) ,

where W runs over codimension q closed subsets of X × ∆n, “in good position”
with respect to the faces of ∆n, and W ′ runs over codimension q closed subsets
of X × ∆n+1, “in good position” with respect to the faces of ∆n+1. “Forgetting the
supports” gives maps

lim→
W

H
2q
Γ,W (X × ∆n; ∂n

X , q) → H
2q
Γ (X × ∆n; ∂n

X , q)

lim→
W ′

H
2q
Γ,W ′(X × ∆n+1; Λn+1

X , q) → H
2q
Γ (X × ∆n+1; Λn+1

X , q)

Putting these together and using and Lemma 117 and Lemma 118 gives the desired
cycle class maps

clq(n) : CHq(X, n; A) → H
2q−n
Γ (X, q) .

119Remark 119 With a bit more work, one can achieve the maps clq,p as maps

clq : ZFS(q) ⊗L A → Γ(q) (5.8)

in D(ShZar(k)), compatible with the multiplicative structure. Using Remark 23, we
have the structure map

cl1 ◦ u : Gm[−1] → Γ(1)

promised in Sect. 5.3.1.
For additional details, we refer the reader to [33] ([33] considers clq as a map

from the cycle complexes ZBl(q) instead, but one can easily recover the statements
made above from this).

In any case, we have:

120Theorem 120 Fix a coefficient ring A. Motivic cohomology with A-coefficients,
H∗(−, A(∗)), as the Bloch–Ogus theory on Smk represented by ZFS(∗) ⊗L A, is the
universal Bloch–Ogus cohomology theory with coefficient ring A, in the sense of
Definition 30.

121Remark 121 With minor changes, the cycle classes described here extend to the
case of scheme smooth and quasi-projective over a Dedkind domain, for example,
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over a localization of a ring of integers in a number field, using the extension of
the cycle complexes described in Remark 10. For instance, we have cycle classes

clq,p : Hp(X,Z|n(q)) := CHq(X, 2q − p;Z|n) → H
p
ét(X,Z|n(q))

for X → Spec (OF[1|n]) smooth and quasi-projective, F a number field.

Explicit Formulas
The abstract approach outlined above does not lend itself to easy computations
in explicit examples, except perhaps for the case of units and Milnor K-theory.
Goncharov explains in his article [35] how one can give a fairly explicit formula
for the cycle class map to real Deligne cohomology; this has been refined recently
in [59] and [60] to give formulas for the map to integral Deligne cohomology.
Although this search for explicit formulas may at first seem to be merely a com-
putational convenience, in fact such formulas lie at the heart of some important
conjectures, for instance, Zagier’s conjecture on relating values of L-functions to
polylogarithms [102].

Regulators
The classical case of a regulator is the Dirichlet regulator, which is the co-volume of
the lattice of units of a number field under the embedding given by the logarithm
of the various absolute values. The term “regulator” now generally refers to a real-
valued invariant of some K-group, especially if there is some link with the classical
case.

The Dirichlet construction was first generalized to higher K-theory of number
rings by Borel [20] using group cohomology, and was later reinterpreted by Beilin-
son [5] as a lattice co-volume arising from a Gillet-type Chern class to real Deligne
cohomology. In the context of the cycle class maps described above, we only wish
to remark that it is easy to show that Gillet’s Chern class c

p,q
Γ : K2q−p(X) → H

p
Γ(X, q)

factors as

K2q−p(X)
cp,q→ Hp(X,Z(q))

cl
q
Γ→ H

p
Γ(X, q) .

for Γ(∗) a Bloch–Ogus cohomology theory.

Realizations5.6.2

Extending the Cycle Class Map
In this section, we describe the method used by Levine [63, part 1, chapt. V] for
defining a realization functor on DM(k) associated to a Bloch–Ogus cohomology
theory Γ (see [63, part 1, chapt. V, theorem 1.3.1] for a precise statement, but note
the remark below). We retain the notation of Sect. 5.6.1.
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122Remark 122 There is an error in the statement of [63, part 1, chapt. V, definition
1.1.6 and theorem 1.3.1]: The graded complex of sheaves F should be of the form
F = ⊕q∈ZF (q), not ⊕qge0F (q), as it is stated in loc. cit.. In Definition 1.1.6, the
axioms (ii) and (iii) are for q ≥ 0, whereas the axiom (iv) is for all q1, q2 and axiom
(v) is for all q. I am grateful to Bruno Kahn for pointing out this error.

One would at first like to extend the assignment ZX(q) �→ Γ̃(q)(X) to a functor

�Γ : DM(k) → D(Ab) .

There are essentially two obstructions to doing this:
1. In DM(k), we have the isomorphism

ZX(q) ⊗ ZY (q′) =̃ ZX×Y (q + q′) ,

but there is no requirement that the external products for Γ induce an analo-
gous isomorphism in D(Ab),

Γ̃(q)(X) ⊗L Γ̃(q′)(Y) =̃ Γ̃(q + q′)(X × Y) .

In fact, in many naturally occuring examples, the above map is not an isomor-
phism.

2. The object Γ(∗) = ⊕qΓ(q) is indeed a commutative ring-object in the derived
category of sheaves on SmZar

k , but the commutativity and assciativity properties
of the product may not lift to similar properties on the level of the representing
complexes Γ̃(q)(X).

To avoid these problems, one considers a refinement of a Bloch–Ogus theory,
namely a geometric cohomology theory on Sm?k [63, part 1, chapt. V, def. 1.1.6],
where ? is a Grothendieck topology, at least as fine as the Zariski topology, having
enough points (e.g., the étale, Zariski or Nisnevich topologies). Let A be a com-
mutative ring and let Sh?A(Smk) be the category of sheaves of A-modules on Sm?k .
Essentially, a geometric cohomology Γ is given by a graded commutative ring
object Γ̂(∗) = ⊕q∈Z Γ̂(q) in C(Sh?A(Smk)), such that
1. All stalks of the sheaves Γ̂(q)n are flat A-modules.
2. For X in Smk, let pX : X → Spec k denote the projection. Then for X and Y in

Smk, the product map

RpX∗(̂Γ(q)|X) ⊗L RpY∗(̂Γ(q′)|Y ) → RpX×Y∗(̂Γ(q + q′)|X×Y )

is an isomorphism in D(Sh?A(Spec k)).
3. Let α : Sm?k → SmZar

k be the change of topology morphism, and let Γ(n) :=
Rα∗Γ̂(n). Then Γ(∗) := ⊕n≥0Γ(n) defines a Bloch–Ogus cohomology theory
on Smk, in the sense of Sect. 5.3.1.
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4. Let 1 denote the unit in Sh?A(Spec k) and ̂[Spec k] : 1 → Γ̂(0)|Spec k the map
in D(Sh?A(Spec k)) corresponding to the cycle class [Spec k] ∈ H0

Γ(Spec k, 0).
Then ̂[Spec k] is an isomorphism.

Examples of such theories include: de Rham cohomology, singular cohomology,
étale cohomology with mod n coefficients.

Having made this refinement, one is able to extend to assignment ZX(q) �→
RpX∗(̂Γ(q)|X) to a good realization functor:

123 Theorem 123: [63, part 1, chapt. V, thm. 1.3.1] Let Γ be a geometric cohomology
theory on Sm?k , and let A := H0

Γ(Spec k, 0). Then sending ZX(q) to RpX∗(̂Γ(q)|X)
extends to an exact pseudo-tensor functor

�Γ : DM(k)A → D(Sh?A(Spec k)) .

Here Sh?A(Spec k) is the category of sheaves of A-modules on Spec k, for the ?-
topology. DM(k)A is the extension of DM(k) to an A-linear triangulated category
formed by taking the A-extension of the additive category Amot(k) and applying
the construction used in Sect. 5.4.4 to form DM(k) (this is not the same as the
standard A-extension DM(k) ⊗ A if for instance A is not flat over Z).

The rough idea is to first extend the assignment

ZX(q) �→ RpX∗(̂Γ(q)|X)

to the additive category Amot(k)⊗A (notation as in Sect. 5.4.4) by sending the cycle
map [Z] : ∗ → ZX(d)[2d] to a representative of the cycle class with supports in
codimension q for the cohomology theory Γ. The lack of a canonical representative
creates problems, so we replace Amot(k) with a DG-category Amot(k) for which
the relations among the cycle maps [Z] are only satisfied up to homotopy and “all
higher homotopies”. Proceeding along this line, one constructs a functor

�(∗)
Γ : Kb(Amot(k) ⊗ A) → K(Sh?A(Spec k)) .

One then “forgets supports” in the theory Γ and passes to the derived category

�K
Γ : Kb(Amot(k) ⊗ A) → D(Sh?A(Spec k)) .

Now let Db(Amot(k)⊗A) be the localization of Kb(Amot(k)⊗A) as a triangulated
tensor category, formed by inverting the same generating set of maps we used to
form Db(Amot(k)) from Kb(Amot(k)). The Bloch–Ogus axioms for Γ imply that �K

Γ
extends to a functor on Db(Amot(k) ⊗ A); one then extends to the pseudo-abelian
hull of Db(Amot(k) ⊗ A) and proves that this pseudo-abelian hull is equivalent to
our original category DM(k)A.
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124Remark 124 Although theories such as Beilinson’s absolute Hodge cohomology,
Deligne cohomology, or �-adic étale cohomology do not fit into the framework
of a geometric cohomology theory, the method of construction of the realization
functor does go through to give realization functors for these theories as well. We
refer the reader to [63, part 1, chapt. V, §2] for these constructions.

We would like to correct an error in our construction of the absolute Hodge
realization, pointed out to us by Pierre Deligne: In diagram (2.3.8.1), pg. 279,
defining the object D[X, X], the operation Dec is improperly applied, and the
functor p(X,X)∗ (top of page 278) is incorrectly defined. To correct this, one changes
p(X,X)∗ by first taking global sections as indicated in diagram (2.3.6,8), and then
applying the operation Dec to all the induced W-filtrations on the global sections.
One also deletes the operation Dec from all applications in the diagram (2.3.8.1)
defining D[X, X]. With these changes, the construction goes through as described
in [63].

Huber’s Method
Huber constructs realizations for the rational Voevodsky category DMgm(k)Q
in ([49, 50]) using a method very similar to the construction used by Nori to
prove Proposition 46. The idea is the following: Suppose the base field is C. Let
W → X be a finite dominant morphism, with X ∈ Smk, and W and X irre-
ducible. Let W ′ → X be the normalization of X in the Galois closure of k(W)|k(X),
let G = Gal(k(W ′)|k(X)), and let C∗(X) denote the singular cochain complex of
X(C) with Q-coefficients. Then G acts on C∗(W ′), and in fact the natural map
C∗(X) → C∗(W ′) gives a quasi-isomorphism

C∗(X) → C∗(W ′)G ,

where C∗(W ′)G is the subcomplex of C∗(W ′) of G-invariant cochains. Also, since
we have Q-coefficients, there is a projection π : C∗(W ′) → C∗(W ′)G. Thus, one
can define the pushforward πW |X∗ : C∗(W) → C∗(X) as the composition in
D+(Q-mod)

C∗(W)
1
d p∗
→ C∗(W ′) π→ C∗(W ′)G ∼← C∗(X) ,

where p : W ′ → W is the projection and d is the degree of p. Now, if W =
∑

i niWi

is in Cor(X, Y), we have the map

W∗ : C∗(Y) → C∗(X)

in D+(Q-mod) defined as the sum
∑

i niWi∗, where Wi∗ is the composition

C∗(Y)
π∗

Wi |Y→ C∗(Wi)
πWi |X∗→ C∗(X) ,

where πWi|Y : Wi → Y is the evident map.
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Refining this to give maps on the level of complexes, the assignment X �→ C∗(X)
extends to a functor

Rsing : Cor(C)
op
Q → C+(Q-Vec) ;

the properties of singular cohomology as a Bloch–Ogus theory imply that Rsing

extends to an exact functor

�sing : DMgm(C)Q → D+(Q-mod) .

Two essential problems occur in this approach:
1. For many interesting theories Γ (e.g. de Rham cohomology), even though

there are extensions of Γ to complexes on all reduced normal quasi-projective
k-schemes, it is often not the case that Γ(q)(X) → Γ(q)(W ′)G is a quasi-
isomorphism, as was the case for singular cohomology.

2. It is not so easy (even in the case of singular cohomology) to refine the map
πW |X∗ to give a functorial map on the level of complexes.

Huber overcomes these difficulties to give realizations for singular cohomology,
as described above, as well as for Q�-étale cohomology, and rational Deligne
cohomology.

125 Remark 125 Deligne and Goncharov [27] have defined Hodge, Betti and �-adic
realizations on Voevodsky’s category DMgm(k). It seems that their method would
define realizations of DMgm(k) for a wide range of cohomology theories, but at
present there does not seem to be any such construction in the literature.

Nori’s Realizations
Using the functor (5.4) (see just below Definition 49)

Π : DMgm(k) → Db(NMM(k)) ,

and the universal property of the category NMM(k) (derived from the universal
property of ECM(k)), one has integral realization functors from DMgm(k) for: sin-
gular cohomology, �-adic étale cohomology, de Rham cohomology, and Beilinson’s
absolute Hodge cohomology. These do not seem to have been used at all in the
literature up to now, so we hope that a good version of Nori’s work will appear
soon.

Bloch–Kriz Realizations
We conclude our overview of realizations by briefly discussing the method used
in [18] for constructing realizations of the Tate category BKTMk. Denote the motivic
Hopf algebra H0(B(Nk)) by χmot(k) (see Definition 107 for the notation).
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One can consider for instance the category of continuous Gk := Gal(k|k) repre-
sentations M in finite dimensional Q�-vector spaces, such that M has a finite fil-
tration W∗M with quotients grW

n M being given by the nth power of the cyclotomic
character. This forms a Tannakian Q�-category, classified by an Adams-graded
Hopf algebra χét,�(k). Thus, in order to define an étale realization of the category
BKTMk = co-rep(χmot(k)), it suffices to give a homomorphism of Hopf algebras

φét : χmot(k) → χét,�(k) .

Using a modification of the cycle-class method discussed in Sect. 5.6.1, they show
that the cycle class map (5.8), for Γ(∗) = Q�-étale cohomology, can be refined to
give rise to such a homomorphism φét, and hence a realization functor

φét : BKTMk → co-rep(χét,�(k)) → Q�[Gk]-mod .

It would be interesting to compare this realization functor with the one given by
Spitzweck’s representation theorem and Nori’s realization functor.

A similar method yields a description of real mixed Hodge structures as the
Tannakian category of co-representations of an Adams graded Hopf algebra χHdg

over R, and a realization homomorphism

φHdg : χmot(C) → χHdg .

Again, it would be interesting to compare this with Nori’s approach, and to see if
the refined cycle classes of [59, 60] allow one to give a more explicit description
of φHdg.
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