FINITE CORRESPONDANCES AND TRANSFERS OVER A

REGULAR BASE

FREDERIC DEGLISE

ABstrACT. In this article, we establish the base of the theory of motivic
complexes of V. Voevodsky, more precisely the theory of sheaves with transfers
which is exposed in [FSV00], chap. 2 and chap. 4. We intended to give a
full treatment of the theory, that is full detailed proofs with the less possible
references.

The purpose is twofold. First, we establish the theory over a general reg-
ular noetherian base by using the Tor formula for intersection multiplicities
of [Ser58]. Secondly we give all the proofs of [FSV00] in the case of a perfect
field. Though this relies on the ideas of [FSV00], the exposition differs notably
as we consider solely the Nisnevich topology (instead of Zariski) and we use
directly correspondances up to homotopy.
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GENERAL NOTATIONS AND CONVENTIONS

Every schemes in this paper are implicitly assumed to be noetherians.

We say simply smooth (resp. étale) where one should say smooth (resp. étale)
of finite type for a scheme over a base or a morphism. For any scheme S, we
will denote by Zs the category of smooth S-schemes. We will also consider the
category Z,or,s of smooth S-scheme equipped with finite S-correspondances with
its canonical graph functory : X5 — Zeor,s (see def. 1.19).

Any presheaf (or sheaf) considered in this paper is assumed to be a presheaf of
abelian group, unless explicitly stated.

Let S be a scheme and F' be a presheaf over Zs. We will extend the presheaf
F to the category of pro-smooth S-schemes obviously : if X, = (X;);ez is such a
pro-object, we put

F(X.) = lim F(X,),
i€Zor
the colimit being computed in the category of abelian groups.

We will identify isomorphic pro-smooth S-schemes. This implies that a pro-
object X, which admits a limit in the category of S-schemes is determined uniquely
by this limit (because the term of the pro-object are of finite presentation over .S).
Note in particular that, if for example this limit is affine over S, we can consider
X, as a pro-object of affine S-schemes.

The topology used to compute associated sheaves, cohomology or Cech cohomol-
ogy, unless explicitly stated, is the Nisnevich topology.

We will denote by 44" the category of sheaves with transfers over S (see def.
2.3) and by H.A4Z" the subcategory described by sheaves with transfers which are
homotopy invariant. Such sheaves will simply be called “homotopy sheaves”. This
terminology is inspired by the theory of perverse sheaves. Indeed, at least in the case
of a perfect base field k, the category H.#,™ is the heart of the category DM eff (k)
for the homotopy t-structure’.

INTRODUCTION

The generalisation of the theory of sheaves with transfers over a regular base in
principally done in the first two sections.

In the first one, we prove all the basic facts concerning finite correspondances
over a regular base, by using only Serre’s To formula for intersection multiplicities.
The original part here is the study of the functoriality of finite correspondances,
the base change and “forget the base” functor, in subsection 1.5.

In the second section, we develop the theory of sheaves with transfers over a
regular base. The arguments are very closed to that of [FSV00], chap. 4, apart
being more precised. The study of the functoriality on the countrary is new.

In the rest of the paper, we give a proof of the fundamental facts about homotopy
invariant sheaves with transfers over a perfect field. This proof follows the principal
ideas of [FSV00], chap. 2 but it seems to us more accurate for two reasons.

INote that the homotopy t-structure is also defined by Morel on the stable homotopy category
of schemes over k. Its heart are indeed homotopy invariant sheaves but these ones do not have
transfers in general, in the sense given here. Thus the correct terminology for the object of H. 4"
should be homotopy sheaves with transfers or may be homotopy oriented sheaves but there is no
risk of confusion here.
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First, we interpret the constructions about pretheories in the framework of cor-
respondances up to homotopy, in section 3. This shows in particular how the
arguments of Voeovdsky are related to cycles and even consist of constructing cy-
cles. See especially proposition 3.21 and theorem 3.23. The first one is a corrected
statement of a result of [FSV00], chap. 2 (which is valid only in the case of an
infinite field). The second one on the countrary is a generalisation of a result in
loc. cit. which allows to use Nisnevich topology in what follows. In this part, we
use a little the functoriality of finite correspondance.

Secondly, we use only the Nisnevich topology. In the study of the category of
homotopy invariance and sheaves with transfers, this allows to give another proof
of the fundamental fact, that is the associated sheaf functor preserves homotopy
invariance for sheaves with transfers (cf corollary 4.14). The strategy is to use
the Nisnevich Cech cohomology functor together with the computation done in
proposition 4.10 (this computation is a slightly more precised version of proposition
5.4 of loc. cit.).

The fundamental theorem for the theory is that a homotopy invariant sheaf with
transfers over a perfect field has homotopy invariant cohomology. We expose the
proof of this important theorem of Voevodsky in the last section. The fundamental
argument of the proof is completely due to Voevodsky. Our work has only consist
to establish the preliminary facts clearly (in full generality), and more precisely
the construction of the localisation long exact sequence for homotopy sheaves (see
section 5.3). By the way, these facts are slightly different from the analog in loc. cit.
as we use the Nisnevich topology. In particular, we have to use our generalisation
of the theory established in theorem 3.23. We hope that the reader will be able
to appreciate the beautiful argument of Voeovdsky in this proof which consist to
prove both localisation and homotopy invariance for cohomology (see 5.4 for more
details).

FUTURE WORKS

The intention of the author in establishing the theory in that generality is to
construct the category of motivic complexes over a general regular base and more
importantly to give full functoriality for this category. This will be done in a future
work of D.-C. Cisinski and the author (cf [CD]).

The definition of the category is simple : motivic complexes are (unbounded)
complexes of sheaves with transfers with homotopy invariant hypercohomology.
This full generality if needed for the theory. On the other hand, deriving functors
in this setting is not so obvious. The key point is to use the model category theory
of Quillen and already, the informed reader could recognize that one can do that
following [MV99]. Indeed, the category of motivic complexes is the A!-localisation
of the derived category of sheaves with transfers. We will establish this in a greater
generality in [CD].

Note that other a regular base S, the category of motivic complexes which are
compact can be described easily, almost as in the case of a perfect base field :

Let K(Z.or.s) the category of bounded complexes of the category of finite S-
correspondances.
Let 7 be the localising subcategory generated by the complexes of the form :

(1) [AL] 25 [X] for a smooth S-scheme X, p the canonical projection.

@) W] 2= U] @ [V] 252 [X] for a distinguished square W 2=V .
0o,
U—X

The category of compact motivic complexes is equivalent to K°(Zeor.s)/7T .
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For the functoriality, we intend to use the recent work of J.Ayoub on cross
functors to get the six functor formalism for motivic complexes. First of all, we
have to construct a non effective version of motivic complexes, which can be done by
considering symetric spectra of complexes. Still, there is a technical problem as the
theory developped here allows only regular base schemes. However, though it is not
obvious, one can do the work of Ayoub with only those regular bases. Nonetheless,
the choice of the author is to generalize motivic complexes to arbitrary base by using
the theory of relative cycles of [FSV00] - which was surely the original intention of
Voevodsky.

1. FINITE CORRESPONDANCES

1.1. Relative cycles. In this section, we use a particular case of the notion of a
relative cycle from [FSV00], chap. 2, by restricting to the case of a regular base.
We set up the entire foundations of the theory in this case using [Ser58] and [Ful98].

1.1.1. Definition. We begin by recalling a few fact about equidimensionality :

Definition 1.1. Let f : X — S be a morphism. One says that f is equidimensional
if :

(1) f is of finite type.

(2) the relative dimension of f is constant.

(3) Every irreducible component of X is dominant over an irreducible compo-
nent of S.

If S is regular, normal or more generaly geometrically unibranch, one obtains
equivalent conditions to that of the above definition by replacing the third property
with the stronger one of being universally open (cf [GD66, 14.4.4]).

The following lemma allows to simplify this notion in a particular case which we
are interested in :

Lemma 1.2. Let X, S be irreducible schemes, S geometrically unibranch. The
following conditions on a morphism f: X — S are equivalent :

(1) f is finite equidimensional.

(2) f is finite onto.

(3) f is proper, equidimensional of dimension 0.

Proof. Conditions 1 and 2 are equivalent because a finite morphism is of constant
relative dimension 0 and universally closed. The equivalence between 1 and 3 follows
from the Stein factorisation. O

We will use the following particular notion on cycles from the general theory of
[SV00] which is all what we need for our constructions :

Definition 1.3. Let S be a regular scheme and X an S-scheme.

We define the abelian group co(X/S) as the subgroup of the group of cycles on
X generated by points = which closure in X is finite equidimensional over S.

The elements of this group are called the finite relative cycles on X/S.

Remark 1.4. In loc. cit., the cycles defined above are denoted by cequ:(X/S,0), and
called the equidimensional relative cycles of relative dimension 0 on X/S.

A cycle a on X is a finite relative cycle on X/S if and only if its support is finite
equidimensional over S (lemma 1.2).

Remark also that if S =57 U Sa, co(X/S) = co(X/S1) @ co(X/S2). This allows
to reduce to the case S irreducible.
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1.5. Let S be a regular scheme and X an S-scheme.

Consider a closed subscheme Z of X which is finite equidimensional over S. The
irreducible componenents of Z which dominate an irreducible component of S are
finite equidimensional over S.

Let (2;){i=1,...,n} be the generic points of Z which dominates an irreducible com-
ponent of S. One associate to Z a finite relative cycle on X/ :

[Z]x/s = Zlg(OZ,Zi)-Zi'
1.1.2. Pullback. Let S and T be regular schemes and consider a cartesian square

y +x
ay A P

T

with p smooth.

Let « be a finite relative cycle on X/S and U be its support. We show that the
pullback cycle f*(«) is well defined in the sense of [Ser58], that is the hypothesis
of V.C.7 (b) are satisfied?.

As U is finite equidimensional over S, V = f~1(U) is again finite equidimen-
sional over T'. Suppose that U is irreducible. Then considering the irreducible
component of X containing U and its image on S, we can suppose that X and S
are irreducible. As the morphism p is smooth, it is equidimensional of dimension n
and the codimension of U in X is n. Moreover, the morphism ¢ is equidimensional
of dimension n and the codimension of V in Y is n. This proves f*(a) is well
defined. Moreover, it is a finite relative cycle on Y/T.

Definition 1.6. With the preceding notations, we will put A*(a) = f*(a) as a
cycle in co(Y/T).

Using [Ser58], V.C.7 exercice 1, we obtain this pullback is functorial with respect
to composition of cartesian squares.

We note also the following lemma, :

Lemma 1.7. Let S, T be reqular schemes and consider a cartesian square

y +x
ay A P

T—g>S

such that p is smooth and g is flat.
Then, for any closed subscheme Z in X which is finite equidimensional over S,

A*([Z]xys) = [Z xs Tlyr-

Proof. Put a = [Z] x5 and let 'y be the graph of f as a closed subscheme of ¥ x X.
As Y is regular, using [Ser58|, V.C.8, A*(a) = [['f].[Y x a]. But I'y is isomorphic
to Y, thus it is a regular scheme. Its local rings are all Cohen-Macaulay local rings
and the result now follows from [Ful98], prop. 7.1 (see also [Ser58], V.C.1 th. 1 for
the identification of Serre’s intersection multiplicities with Samuel’s). O

2More precisely, we consider the extension of the theory presented in [Ser58] to the case of
arbitrary noetherian regular schemes, as described in V.C.8. Moreover, we don’t need theorem 1
of V.B.3 as the correct equality of dimension is already true in our case. Besides, the positivity
of intersection multiplicities for arbitrary regular noetherian local rings has been proved recently
by O.Gabber.
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1.1.3. Compacity of relative cycles. Consider (T;);cz a pro-object of affine regular
noetherian S-schemes. It admits a limit 7 in the category of affine S-schemes.
Indeed, T; is the spectrum over S of a coherent Og-algebra A;. The family (A;);cror
together with its natural transition morphisms form an ind-Og-algebra. It admits
a limit and we put A = lim A;. Then 7 = Specg (A).
iezor
Note that 7 needs not be noetherian nor regular?.

Proposition 1.8. We adopt the notations above and suppose T is regular noether-
ian. Let X be a smooth S-scheme. We put X; = X xgT;, X7 = X X5 7T and
consider the cartesian square

x; L x,

boacd

T T

Then the morphism 6 = lim A7 : lim co(X;/Ti) — co(X7/T) is an isomorphism.
iezor iezor

Proof. Let first prove ¢ is surjective. Let Z be a closed integral subscheme of X7
finite equidimensional over 7. Then Z is defined by a quasi-coherent ideal of Ox .
As X7 is noetherian this ideal is coherent, generated by a finite number of sections
fi,-, fn- The sheaf Ox, is the inductive limite of the Ox, and we can suppose
there exists io € I such that fi,..., f, lift to Ox,. Let Z; be the closed subscheme
of X; defined by the equations f1, ..., f, = 0. Note, the square

Z—= X1
\L \meslx
7.

—X;

N

is cartesian.

Denote by Z/i the category whose objects are the arrows j — i. Considering
such an arrow, we let Z; be the pullback of Z; along the corresponding morphism.
This defines a pro-object (Z;);ez/; such that the canonical morphism

Z — lim Z;
P
JET/i
is an isomorphism.
Using [GD66] there exists j — ¢ such that :

(1) Z; is integral using cor. 8.4.3 of loc.cit. because the transition morphism
of the pro-object (Z;);>; are dominants.
(2) Z; is finite surjective over a component of T} using 8.10.5 of loc.cit..

Thus the cycle [Z;] of X; associated to Z; is a finite relative cycle on X, /T;. As
f;l(Zj) = Z is an integral scheme, we obtain f([Z;]) = [Z] that is A%([Z;]) = [Z].
We show finally ¢ is injective. Let ¢ € 7 and o, € ¢o(X;/T;) such that é(a;) = 0.
For any j — ¢ in 7 with corresponding transition morphism fj; : X; — X;, let Z;
be the support of f7;(«).
Then (Zj);ez/: is a pro-object. As f7(a) = 0 this pro-object as the empty
scheme as limit. This means the canonical morphism
0 — lim Z;
JET/i
3Supposing T is noetherian, the author is aware essentially of two hypothesis that imply 7°

regular. The first one is when the transition morphisms of (7;);c; are flat. The second one is
when S is of equal characteristic.
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is an isomorphism. From the first point 8.10.5 of loc. cit. there exists j — i such
that Z; = 0. Thus f};(a) = 0 which shows «; is 0 in the colimit lim co(X;/T;). O
eTo
[ASYAL S

1.1.4. General pushout. One of the advantage of relative cycles is that pushout by
any morphism is always defined and functorial.

Lemma 1.9. Let S be an irreducible scheme and f : X — Y be a morphism of
finite type S-schemes.

Let Z be a closed integral subscheme of X. If Z is finite and surjective over S
then f(Z) equipped with its reduced structure of subscheme in'Y is closed and finite
surjective over S. The morphism Z — f(Z) is finite surjective.

Proof. Indeed as Z/S is proper, f(Z) is closed in Y. With its induced structure of
reduced subscheme of Y, it is proper over S, as it can be seen for example from the
valuative criteron of properness (cf [Har77]). Moreover using [GD63] 4.4.2, f(Z) is
finite over S because its fibers are finite. Thus the induced morphism Z — f(Z) is
finite. O

Definition 1.10. Let S be a scheme, X and Y be finite type S-schemes and
f:Y — X be an S-morphism.

For Z a closed integral subscheme of X which is finite and equidimensional over
S, we set according to the preceding lemma

f([2]) = d.[f(Z)] € co(X/S)

where d is degree of the extension induced by f between the respective function
field of Z and f(Z).
By linearity, this defines a morphism f, : ¢o(Y/S) — co(X/S).

1.11. This pushout coincide with the one of [Ser58, V-27.6]. As it is always reduced
to a pushout by a proper morphism according to the preceding lemma, it is func-
torial in f. This is easily seen directly using the transitivity of degree extensions.

Proposition 1.12. Let S, S’ be reqular schemes and q : S’ — S be a flat morphism.
Consider the two following cartesian squares of schemes :

_XILX
Ve
Y'-r=Y
Voo
Sl—q>5.

We denote by A e O the cartesian square defines by the external arrows of this
diagram. Then for all finite relative cycle o € co(X/S), we have the relation

9«(A 0 ©)(a) = A" fu().

Proof. Using linearity, we can assume that « is a closed integral subscheme Z of
X. The cycle f.(«) is supported in f(Z). Thus we can assume Y equals f(Z) and
f is proper. Finally considering lemma 1.7, we are exactly reduced to the classical
projection formula of [Ful98, 1.7]. O

We state another projection formula involving intersection product which will
be suitable for our needs.
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Proposition 1.13. Let X, X' and S be regular schemes and consider the diagram
S
TN
Y’ Y

\4 A yp
X ——X

where A is cartesian and p smooth.
Let 0 € co(Y/X), e € co(Y'/S).
Then, the following equation holds whenever the intersection involved are proper :
f«(A*(0).€) = o.fi(e).
Proof. Let V be the support of e. Then, as V is proper over S, the restriction

flv : V. — Y is proper using the arguments preceding definition 1.10. Thus the
formula is simply formula (10) of [Ser58], V.C.8. O

1.2. Composition of finite correspondances. Let S be a regular scheme. Gen-
eralising the definition of [Voe00a], we introduce the finite S-correspondances.
Definition 1.14. Let X and Y be two smooth S-schemes.
We define the group of finite S-correspondances from X to Y as the abelian
group :
(S (X,Y) = Co(X Xsg Y/X)

We adopt the following notation. If X and Y are two S-schemes, we put XY =

X xsY and we denote by p¥¥ : XY — X the canonical projection. If X, X', Y,

Y’ are smooth schemes, we denote by pg))i,)yy for the cartesian square

XX'YY' = XY

v v

XX —X
induced by the canonical projections.

The following lemma will show that the composition law of finite correspondances
is well defined.

Lemma 1.15. Let X, Y, Z be smooth S-scheme, o € cs (X,Y) and § € cs (Y, Z).

(1) The cycles pgf)YZ)Z*(ﬁ) and pgg(z)*(a) of XY Z intersect each other prop-
erly.

(2) According to the first point, the intersection product in XY Z

pis” (B py D (@)

is well defined. It is a finite relative cycle on XY Z/X.
Proof. We can assume that « and § are closed integral subschemes. Then we can
assume also that X, Y and Z are irreducible, considering the particular component

which o and respectively 8 dominate.
Consider the following diagram :

Bxya=p>Z

y Y
a—Y
¥
X.

The vertical arrows are all finite equidimensionnal. In particular, § Xy « is finite
equidimensional over X. But there is a canonical isomorphism

ﬁ Xy o — (Xﬂ) XXvyZ (OéZ) = (Xﬁ) N (OéZ)
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In particular, every component of (X/3) N (aZ) is finite equidimensional over X.
Thus, they are all of codimension dim(Y') +dim(Z) in XY Z, which proves the first
point. The second point then follows from the preceding remark. O

Definition 1.16. Let X, Y and Z be smooth S-scheme, and o € c¢g (X,Y) and
B €cs(Y,Z). Let consider the pushout
Py (XY Z/X) = co(X Z/X) defined in 1.10.
We put

_ X)Yz ([ (XY)Z* (X)Y (2)*
Boa= Pixyz (p(y)z (6)'17()()3/ (a))

which is a well defined finite S-correspondance from X to Z from the preceding
lemma.

Example 1.17. Let f : X — Y be a S-morphism between smooth S-scheme.
As Y/S is separated, the S-graph I'y of f is a closed subscheme of XY. As the
canonical projection I'y — X is an isomorphism, the cycle [I';]xy,x belongs to
¢s (X,Y). This allows to define an application

Homg, (X,Y) — cs (X,Y)

which is obviously injective.

We will use the same letter f for the the finite S-correspondance [vf]xy,x. The
following lemma will prove that the composition of S-morphisms coincides with
that of finite S-correspondances which make this confusion anodyne.

Lemma 1.18. Let X, Y, Z be smooth S-schemes. Then the following relations
hold :

(1) Foralla€cs (X,Y), Be€cs(Y,Z),v€cs(Z,T),vo(Boa)=(yof)oa
(2) For all a € cg (X, Y) and all S-morphism f:Y — Z,
foa=(x xs f)(a)
using definition 1.10 for the pushout.
(3) For all B € cs(Y,Z) and all S-morphism [ : X — Y, considering the
cartesian square fz: XZ =Y Z , one has

v v
X —=f=Y
Bof=1[z(B)
using definition 1.6 for the pullback.
(4) For all S-morphism f: X —Y and g:Y — Z, [['y]o '] = [[goy]

Proof. 1. The idea to prove this relation is to show that one can compose the three
correspondances by pulling them back all to XY Z7T', make the intersection product
in that scheme and then pushout the result to X7T. We detail this procedure :

vo(Boa)=rvo (p§’§z* (pEiﬁ;”Z)Z B)pcy (a)))

XZ)T* X)Z(T)* XY)\Z* XY (2)*
_p%%T* (pEZ)T) (’7)'172)(;2( ) p§)Z/Z* (pgy)z) (ﬁ)-pgxgy( (a)>)
(

X\)YYZ(T XY)z* XY (2)*
_pgf(%T* (p(Z)T) (’7) p§}Z/%T*p§X;YZ( ) (pEY)Z) (ﬁ)-pEX;y( (O‘)))

XZT _XYZT ( (XYZ)T* (XZ)T*(,Y) p(X)YZ(T)*( (XY)Z*(B) (X)Y(Z)*(a)))

=PxT DPxzT « \Pxz)7 Pzyr Px)yvz Py)z Pxyy
Xy z)T* XY))Z(T)* XY (ZT)*
=pXr". (sz)T : ()- (pEY)Z) w (ﬁ)'pEX;Y( ) (a)))

Xyz)Tr* XY)Z(T)* X ZT)*
—p§(¥ZT (sz) ) (7)’pEY)Z) @ (6) EX;Y( ) (O‘))

(a
(b
(¢
(d

)

)
)
)
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with the following justifications :
(a) This is proposition 1.12 for the cartesian squares XY ZT — XY Z -

4 Y
XZT—XZ
Y ]
XT——X
(b) This is the projection formula 1.13 for X
7N
XYZT — XZT
Y 4
XYZ XZ.

(c) This is the functoriality of pullback and pushout, and the compatibility of
intersection product with pullback.

(d) This notation is valid using the associativity of intersection product (cf
[Ser58], V.C.3.b).

Similarly the same computation works for the right hand side of the equality
which concludes.

2. We can assume that « is a closed integral subscheme of XY. Then we must
compute the following cycle :

foa=p¥Y7. (REZ M p¥7 (o)

=pxy”. ([XTfl.[aZ]).

The intersection involved in this cycle is particularly simple :

Xl—‘f XXYZaZ Oé%
T
b XFfXxyOza—\>Ot
XTI, XYz v(ia
\ N \
XT'y - XY

where p is induced by the canonical isomorphism I'y — Y ,and 1, i, are the canonical
closed immersions.

The front square in this cube is cartesian so a is an isomorphism. But the
backward and right squares are both cartesian which implies the left square is also
cartesian. Thus b is an isomorphism.

This implies that W = XT'f X xyz aZ is isomorphic to . Thus it is an integral
scheme. In particular, the intersection of XI'y and «Z is reduced to the single
component W. Moreover, the intersection multiplicity of W is 1 using [Ful98],
prop. 7.2. Indeed, a base field is not needed here : we only need the comparison
of Serre’s intersection multiplicities (the Tor formula) with Samuel’s intersection
multiplicity. This is [Ser58], V.C.4. We have obtained :

[XTylxvz.[aZlxyvz = [XTy xxyz aZ]xyz
= Z*([er XXvyz aZ]pr) = ’L*([er XXy Oz]pr) = i*p*(oz).
We now use the factorization
p XLy
= ~
XY ———XY”Z

1x Xsvf

where vy : Y — Y Z is the graph morphism. Thus i, = (1x X gy)«p+ which means
(1x Xg7¢f)« =1isp* as p is an isomorphism.
And finally : pxy”, ([XTyl.[aZ]) = px37,(1x X5 77)«(@) = (1x X5 f)ac.
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3. We compute
XY)Z+ ([ (XY)Z
Bof=p, (pEy>Z) (6)~[1“fZ]xyz)

We consider the cartesian square T[';Z —— X7
Voo frxstz
XYZ ——YZ
Using the definition of [Ser58], V.C.7,

P2 (B0 Z)xrz = 0 L2 (B) = 1ap™(F X2 12)*():

As p is an isomorphism p* = (p.)~!. Therefore we conclude because px 5% o1 = p.

4. This follows either from point 2 and functoriality of pushout or point 3 and
functoriality of pullback. O

It follows from the preceding lemma the product o of finite S-correspondances
is associative and for any smooth S-scheme X the S-morphism 1x seen as a corre-
spondance is the neutral element.

Definition 1.19. Let S be a regular scheme.

We denote by Z.or,s the category whose objects are finite type smooth separated
S-schemes and morphisms are the finite S-correspondances.

We denote by v : Ly — Zior,s the faithful functor which is the identity on
objects and sends a S-morphism to its graph (cf ex. 1.17).

If X is a smooth S-scheme, we denote by [X] the corresponding object of .%oy, s.
This category is additive and for any smooth S-schemes X and Y,
X]e[Y]=[XUY].

1.3. Monoidal structure.

Lemma 1.20. Let X, X', Y, Y’ be smooth S-scheme.
Then for any o € cs (X,Y) and B € cs (X', Y"), the cycles pX¥ .y (a) and
ly/

PRy X,Y,*(ﬁ) intersects properly and the intersection cycle is a finite relative cycle
on XYX'Y'/XX'.

Proof. Let assume « et § are closed integral subscheme. Consider the diagram :

XBxxa—«
! |
X8——X
v

XX’

All vertical arrows are finite equidimensional. But X (8 x x « is isomorphic to XY 5N
aX'Y’. Thus this scheme is finite equidimensional on XX’ which implies the
corresponding intersection is proper and concludes. O

Definition 1.21. Let X, X', Y, Y’ be smooth S-scheme.
For all « € ¢ (X,Y) and 8 € cs (X', Y’) we put

a @ 8=pXrY (@) s Y ().

From the preceding lemma, this is a well defined cycle and an element of
cs (XX, YY).
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Lemma 1.22. Suppose given finite S-correspondances :
a: X-Y, oY —>Z p: X =Y, 3:Y =27

3

(@ 0a)®g (80 B) = (o’ ®F ) o (a ®Y B).
Proof. As for the associativity of composition of finite correspondances, the proof is
to show one can pullback all cycles on XY ZX'Y'Z’ first then take the intersection
and pushout the result on XZX'Z’'. As in the proof of the first point of 1.18, we

use the two projection formuals 1.12 and 1.13 and the functoriality of pushout and
pullback. We let the details to the reader. (I

Proposition 1.23. The category Leor,s is monoidal symetric with tensor product
[X] @5 [Y] = [X x5 Y]
for smooth S-scheme X and Y and tensor product of finite S-correspondances given
by definition 1.21.
The functor Ls N Zeor,s of definition 1.19 is monoidal where the tensor product
on ZLs is the cartesian product over S.

Proof. Commutativity is obvious using commutativity of intersection product (cf
[Ser58], V.C.3.a). Associativity follows from the same proof as for associativity of
composition product : using the projection formulas (cf prop. 1.12 and 1.13), one
reduces to associativity of intersection product.

For the last assertion, one reduces to prove the equality f ®% 1y = f xg 1y
for smooth S-schemes X, X’, Y and an S-morphism f : X — X'. Let Ay be the
diagonal of Y/S and T'; the S-graph of f. Following now the same line as in the
proof of the third point of lemma 1.18 we note that the intersection of I'tY'Y and
X X'Ay is isomorphic to the graph of f xg 1y which is isomorphic to XY and
thus reduced. This implies that the intersection multiplicities are 1 and gives the
result. O

1.4. A finiteness property. Let (X;);c; be a pro-object of affine smooth S-
schemes. As we have seen in 1.1.3, this pro-object admits a limit X" in the category
of affine S-schemes. We assume X is regular noetherian.

In that case, for any smooth S-scheme Y, we will put ¢s (X,Y) = co(X xg Y/X)
to extend definition 1.14. Moreover, the projection morphisms p; : X — X; induces
by pullback a morphism p} : cs (X;,Y) — Tg (X,Y). These morphisms are obvi-
ously natural in 7 € I.

Then proposition 1.8 admits immediately the following corollary :

Proposition 1.24. Consider the hypothesis and notations above.
Then the morphism

(A) lim pj: lim cg(X;,Y) —cs(X,Y)
ielor ieTop

s an isomorphism.

Remark 1.25. This proposition is implicitly used in the proof of prop. 3.1.3 in
[SV00], chap.5.

1.26. Let us loosely remark that, using the arguments of lemma 1.15, we can
define a product ¢s (X,Y) ®z cs(Y,Z) — ¢s(X,Z), (@, ) — Boa. Then, using
the argument of the proof for the first point of lemma 1.18, we obtain the relation
(70 B)o = 75(804).

In particular, the abelian group ¢gs (X,Y") is functorial with respect to the finite
S-correspondances in Y. Finally, considering this functoriality, the isomorphism
(A) is natural in Y with respect to finite S-correspondances.
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1.27. Suppose now we are given a second pro-object (X!);cr of smooth affine S-
schemes and a family of S-morphisms

fi X]— X,

which are compatible with transition morphisms

Let X’ be the projective limit of (X/);cs, p; : X" — X/ the canonical projection
and f : X’ — X the projective limit of the (f;)cs. Then by considering suitable
pullbacks of relative cycles, we obtain the commutative diagram

Cs (XZ,Y)—>CS (X Y)
17 ¢ T
(X

cs (X[, Y) Bcg (X,Y),

This commutative diagram express in fact that the isomorphism (A) is natural in
X with respect to morphisms of pro-S-schemes.

1.5. Functoriality.

1.5.1. Base change. Let 7 : T'— S be a morphism of regular schemes.

If X and Y are smooth S-schemes we identify through the canonical isomorphism
the schemes X1 x7 Yr and X X1 Y which we both denote by XY7.

For any smooth S-schemes X, X', Y, Y’ we consider the following cartesian
squares :

XX'YY’—>XY XX’YYT'—>XYT XY —— XY
A I T S
XX/ X XX/ Xr Xp— X

made up with the obvious projections.
For every finite S-correspondance o : X — Y we put ar = 7k, (a) using
definition 1.6.

Lemma 1.28. Soit X etY des schémas dans Ls. Alors, pour tout o € cg (X,Y)
etfecs(Y,Z), on a

Broar = (Boa)r.
Proof. Indeed we can do the following computation :

x % XY)z* (X)Y(z
(ryzB) o (Txya) = Q§§Z*(Q§y)z) (v 20)- Q(Xg ()"

(Txya))
577 DT 20D ) ()

D7D ) @

= q))?Z/Z* (T)*(YZ(pE
= Q))?Z/Z*TXYZ ((pgy)z (X)y
* XY)Z* XY)Z*

where equality (1) follows from the functoriality of pullback, equality (2) is com-
patibility of pullback with intersection product (cf [Ser58], V.C.7 and equality 3 is
proposition 1.12. O

Definition 1.29. Let 7 : T'— S be a morphism of regular schemes.
Using the preceding lemma, we define the base change functor

*

T Zcor,S - gcor,T
X/S — Xrp/T
S (X, Y) Sa —  ar.
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We sum up the basic properties of base change for correspondances in the fol-
lowing lemma.

Lemma 1.30. (1) The functor T is symetric monoidal.
(2) Let 7§ : Leor,s — Zeor,w be the classical base change functor on smooth
schemes. The following diagram is commutative.

s
-i/ﬂS I gcor,s

TJ\L ¢7-*
yr
fT —> Zcor,T-
3) If o : T" — T is a morphism of regular schemes, we have a canonical
isomorphism of functors

(too)* ~o*o7".

Proof. 1. Let a € ¢s (X,Y), B € cs (X', Y’). Then,

’ 1% ’ 1%
(@& B)r = Tixvy: (P (@ 2X(9))

XX'Yy'* XX'Yy'™*
= (T)*(X’YY’pXY (a)) . (T;(X’YY’pX’Y’ (ﬁ))

= (8 ) (A 9).

2. This point follows from the fact that for any S-morphism f : X — Y, there
is a canonical isomorphism I'y, — I'y x5 T

3. Indeed there is a canonical isomorphism X7 ~ (X7)7. Its naturality against
finite correpondances follows from the functoriality of pullback on cycles. O

1.5.2. Restriction. Let 7 : T — S be a smooth morphism of regular schemes.

Let X, Y be smooth T-schemes. We denote by dxy : X x7 Y — X xgY
the canonical regular closed immersion deduced by base change from the diagonal
immersion of T'/S.

Let « € ¢ (X,Y). We will consider the cycle dxy . («) as an element of cg (X,Y)
using definition 1.10.

Lemma 1.31. Let X, Y and Z be smooth T-schemes. The following relations are
true :

(1) For all T-morphism f: X =Y, oxy.([Tflr) = [Iyls.

(2) Foralla€cr (X,Y) and B € cr (Y, 2),

dxz.(Boa) = (dyz.(3)) o (dxy.(a)).

Proof. In this proof, we stop mentionning the extensions of schemes involved to
avoid being too tedious.

The first assertion is obvious.

For the second assertion, we start by introducing the following notations :

3y 3y
XX Y~ X X0 Y X0 Z ————=Y X7 Z

s | S N

Xxr Y~ XxpY xsZ J)T XxsY xrZ -2 Y xp 2

5)&\ \ / 1'/5YZ

-~ _ >
X xgY vz X xgY xg 2 <z YXSZ,
Pxy Py z

where every horizontal arrows are canonical projections and any other arrows are
canonical closed immersions.
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The equality is obtained along the following lines :
S (B5), (6557 (9077 (@) = p¥5 7 bxv e (8557 (9.7 (@)
=pxy” b (b*q* (8)-a"p* (a))
::p§§Z*d*(¢Wﬂ)b*aﬁf(a))
= pX%7,d.(q"(B) d e.p’ (@)
=X 57 (dea” (B)cop” ()

= oX%7, (057 0y 2.(8) XY by (@)

using the functoriality of pullback and pushout and the projection formulas 1.13,
1.12. O

Definition 1.32. Let 7 : T — S be a smooth morphism of regular schemes.
Using the preceding lemma, we define a functor

Ty - fcor,T - fcor,s
X—=T —» (X—-T%5089)
cr(X,Y)sa — dxy«(a).

1.33. Note that from the first point of the preceding lemma, the restriction of 7 to
Zr is the classical functor forgetting the base.

Moreover, for a sequence of smooth morphisms R 2 T = S between regular
schemes, we evidently have

(roo) =mo0;.

1.5.3. Properties.

Proposition 1.34. Let 7 : T — S be a smooth finite type morphism of regular
schemes.

(1) The functor 1 is left adjoint to the functor T*.
(2) For every smooth algebraic T-scheme X (resp. S-scheme Y ), the obvious
morphism obtained by adjunction

Tﬁ(T*X QT Y) — X ®smY
is an isomorphism.

Proof. For the first assertion, we only remark that for a smooth T-scheme X (resp.
S-scheme Y), (3X) xs Y ~ X xp (7*Y).

The second assertion is clear for the case of 7* and 74 (for morphisms of schemes)
and we only have to apply the second point of 1.30 and the first point of 1.33. [

2. SHEAVES WITH TRANSFERS

In this section, S with no further precisions will be a regular scheme.

2.1. Nisnevich topology. We will consider the Nisnevich topology on the site Zs.
Recall that a cover for the Nisnevich topology is a family of étale maps p; : ¥; — X
such that for any = € X, there exists y; € Y; satisfying p;(y;) = = and the induced
map between the residue fields «(z) — k(y;) is an isomorphism.
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Among such covers, there is the family of covers induced by the distinguished
squares of [MV99] which are cartesian squares

W v
ay i P
U—X
such that j is an open immersion, p is an étale morphism and the induced morphism
p Y X — U)rea — (X — U)peq is an isomorphism. The family (p,j) is indeed a
Nisnevich cover. Moreover, recall from [MV99], prop. 1.4 that a presheaf F' on .%s
is a Nisnevich sheaf if and only if for any disinguished square as above, the square
F(X) 2= F(V)

5 ‘l’ ) ‘l"f
FU) = Pow)

is cartesian.

Let X be a smooth S-scheme and x a point of X. A Nisnevich neighbourhood
of z in X is a couple (V,y) where V is an étale X-scheme and y a point of V' over
x such that the induced morphism x(z) — x(y) is an isomorphism. We let V! (X)
be the category of Nisnevich neighbourhood of z in X with arrows the morphisms
of pointed scheme. This category is non empty, essentially small and left filtering.

We define the h-localisation of X in z as the pro-scheme X" = lin V.
Vevh(X)
Following the general notations of this article, we define the fiber of F' at the
point z of X as the abelian group F(X}) = lim  F(V).
Vevh(x)or

It is now classical to show the functor from Nisnevich sheaves to abelian groups
F + F(X!) is exact and commutes with arbitrary sums. Moreover, the family of
fiber functors induced by a pointed smooth S-scheme (X, z) is conservative for the
category of Nisnevich sheaves over Zs.

Remark 2.1. Let O’}()m be the henselisation of the local ring of X at z. Then
Spec (O% ) is the limit of the pro-object X

Definition 2.2. We will denote by Hg (resp. 4#3) the category of presheaves
(resp. sheaves for the Nisnevich topology) on Zs.

2.2. Definition and examples. Recall the canonical map v : s — Zior,s of
definition 1.19.

Definition 2.3. A presheaf with transfers F' over S is an additive presheaf of
abelian groups over %o, 5. We denote by &5 the corresponding category.

A sheaf with transfers over S is a presheaf with transfers F' such that the functor
F o~ is a Nisnevich sheaf. We denote by /" the full subcategory of 2% of sheaves
with transfers.

Let X be a smooth S-scheme. We denote by Lg [X] the presheaf on Zior,s
represented by X.

Lemma 2.4. Let X be a smooth S-scheme. The presheaf Lg [X] restricted to Ls
via vy is an étale sheaf.

Proof. Let Y be a smooth algebraic S-scheme. As Y is algebraic, it is sufficient to
consider a surjective étale morphism f: V — Y. We may assume Y is irreducible
by additivity.
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Let W =V xx V and consider the canonical projections p,q : W — V. Using
the third property of lemma 1.18, we have to show the exactness of the sequence

0= co(Y x5 X/Y) 25 ¢o(V x5 X/V) BB oo (W x5 X/W).

As fx is faithfully flat, the pullback f% is injective.

Let o € co(V x5 X/V) be a cycle such that p% () = ¢% (o). Write « as a linear
combination o = Z?:l Ai.z; with z; a point of V xg X with closure finite and
surjective over Y. As px and gx are étale, we get by hypothesis

i/\- Z x—Z)\ Z Y.

i=1 zep3t(zi) yEayx' (25)

Denote by I the set {fx(z1),..., fx(zn)}. Note that for any w € I if ¢ and j are
integers such that f(z;) = w = f(z;) then A\; = );. Indeed the equality above show
the coefficient of © = (z;,2;) € W xg X is A; and A;. For w € I, we put A(w) = \;
for any ¢ such that w = f(z;).

If we define 8 = > _; Mw).w then f%(8) = a as fx is étale. Finally, lemma
1.9 shows (3 is an element of ¢o(Y xs X/Y). O

2.3. Associated sheaf with transfers. Let p : U — X be a S-morphism of
smooth S-schemes. We denote by U% the n-fold product of U over X.

Consider the Cech simplicial scheme S, (U/X) associated to U/X with the con-
vention S,,(U/X) = Uxt*. We will denote by C,(U/X) the associated chain com-
plex considered in the additive category generated by the category of schemes.

Applying the additive functor Lg [.] to this complex, we get a complex of sheaves
with transfers Lg [C..(U/X)] naturally augmented over Lg [X].

The following proposition is an obvious generalisation of prop. 3.1.3 in [Voe0O0b].

Proposition 2.5. Let X be a smooth S-scheme and p : U — X be a Nisnevich
cover.

The natural augmentation morphism Lg [C.(U/X)] — Ls[X] is a quasi-
isomorphism in the category of Nisnevich sheaves over S.

Proof. We have only to check the assertion on the conservative family of points
introduced in section 2.1. Let (Y, y) be a pointed smooth S-scheme. We consider
Oy, the henselian local ring of Y at the point y and put ) = Spec (Of.,). Using
pr0p0s1t10n 1.24 the canonical morphism

Ccg (Yy ,X) — Cg (y,X)
starting from the fiber of Lg [X] at (Y, y) (cf section 2.1) is an isomorphism.
Thus we have to show the exactness of the sequence

Co = I ee (W, UEY) — 22 g (0, U) 2565 (D, X) — 0.,
Let F be the set, ordered by inclusion, of reduced closed the subschemes of
Y X g X which are finite equidimensional on ). Consider Z € F and put

CP =es (V,Z xx Ux™) ces (Y, UR™).

Then C'?) is a subcomplexe of C*. Moreover the complex c? is increasing

with respect to Z and we have C. = J, . Ciz). Thus it is sufficient to prove the

complex C’iz) is contractile.

Following the hypothesis, Z is finite over ). As ) is henselian, Z is a direct sum
of local henselian schemes. Following [Ray70], the Nisnevich cover pz : ZxxU — Z
admits a section s: Z — Z xx U.
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It is now a classical fact that the augmented Cech complex C..(Z xx U/Z) — Z
is contractile in the additive category generated by the category of schemes. An
explicit homtopy is given by the collection of morphism for n > —1

sn =8 %x Lyt 1 Zxx UY™ — Z xx Uy,
The result follows by application of the functor cg (Y, .). O

Following the idea of the proof of lemma 3.1.6 in [Voe00b], we obtain the next
lemma.

Lemma 2.6. Let F be a presheaf with transfers. Denote by H°F the 0-th Cech
Nisnevich cohomology presheaf on Ls associated with F and n : F — H°F the
canonical morphism.
Then there erists a unique couple (HO.F, 1) such that
(1) HQF is a sheaf with transfers satisfying H). F o~y = H°F.
(2) p is natural transformation F — HC F of presheaves with transfers which
coincide with 7).

Proof. As F' is a presheaf with transfers, we have a canonical inclusion
F(X) ~ Homggr(LS [X],F) C Homg, (Lg [X], F).
Reciprocally, a natural transformation of presheaf on %5
F % Homp, (Ls [, F)

is equivalent to a structure of presheaf with transfers on F' as soon as it respects the
composition product (in which case, it is a monomorphism). The two structures
are in one-to-one correspondance using the equation

(B) Vaecs (Y, X), a€ F(X), Fla).a =¢x(a)y.a

We worh rather with the natural tranformation ¢ than with the structure of a
presheaf with transfers.

1) Let suppose H? F is defined.

Consider a € cg (Y, X) and a € Fyis(X). Recall that

HF(X) = lim Ker(F(U)— F(U xx U)).
U—X

As the colimit is filering, there exists a Nisnevich cover U of X such that a can
be lifted to an element ay € F(U). Applying lemma 2.5, Lg [U] — Lg[X] is an
epimorphism. Thus there exists a Nisnevich cover V of Y and a correspondance
ay € c¢s (V,U) such that po ay = a|y.

We thus have obtained the following commutative diagram (the commutativity of
the bottom square is the first condition appearing in the statement of the theorem)

HOF(X) —Homg, (Ls [X], H°F)
~ $ \L ~
HOF(U) — Homgy (Ls [U], HOF)
g }
F({U) —— Homg,(Ls [U], F).
This in turn can be translated into the following local equation which caracterizes
H) F
Hy F(alv).a = ny (F(av).av) € F(V).
2) Reciprocally, we have to prove that the abgve equality does not depend on the
choice of the cover U because it then defines HY F.
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Let U be a Nisnevich cover of X and H = Homg, (., H'F). As H is left exact,
lemma 2.5 implies the following sequence is exact

0 — H(Ls [X]) — H(Ls [U]) — H(Ls [U xx U)).
Let us consider the arrow
F(X) < Homg, (Lg [X], F) 25 Homgw, (Ls [X], H'F) = H(Ls [X)).
As it is natural, it induces the commutative diagram

0—— H(Lg[X]) ——= H(Lg [U]) ——= H(Lg [U xx U])

! T T
0— KelrU — S F(U)——= F(U xx U),

which is natural in U. Taking the limit over all Nisnevich cover U of X, we obtain
the arrow

¢x°: H'F(X) = lim (Kery) — H(Ls[X]) = Homg, (Ls [X], H'F)
U—-X

which in turn defines transfers on H°F according to equation (B) :
HY F(a): F(X)— F(Y), a— ¢N*(a)y.a.

Consider « € H°F(X) and a € cg(Y,X). As in the first step of the proof,
choose a cover U (resp. V) of X (resp. Y) and liftings ay € F(U), ay € cs (V,U).
Then tautologically,

HY F(aly).a = ny (F(ay).ay).

We deduce now easily from this local equation the compatibility of ¢™'® with the

product of correspondances. By the very construction, ™' extends ¢. O

The unicity statement in the preceding lemma implies the naturality with respect

to F of the transformation F — H? F and the following corollary.

T
Corollary 2.7. With the notation of the previous lemma, the association
ay : PY — NG F — HY H)F

defines a functor left adjoint to the forgetful functor NF" — P75 . Moreover, the
following diagram commutes

tr %tr tr
P = Ny

Vo
Py —= N

Recall that a Grothendieck abelian category is an abelian category which admits
arbitrary direct sums, has a set of generators (any object is a quotient of a direct
sums of the generators) and such that filtering inductive limits are exact.

Proposition 2.8. The category A" is an abelian Grothendieck category. It is
complete (i.e. admits arbitrary small projective limits).

The forgetfull functor NG* — Ns admits a left adjoint Lg [.].

An essentially small family of generators for A" is given by the sheaves Lg [X]
for a smooth S-scheme X.

Proof. The existence of the right exact functor a;, implies that .#¢" is cocomplete
(as the category ZY). As in the traditional case, an inductive limit of sheaves with
transfers is constructed by first computing it in the category of presheaves with
transfers then taking the associated sheaf with transfers. This description makes
clear that /¢ is a Grothendieck abelian category.
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Consider a Nisnevich sheaf F'. Then, classically F' =  lim  Zg (X), where
X/FeZs/F
Zs (X) is the free abelian sheaf represented by a smooth S-scheme X and the limit
is taken over every morphism Zg (X) — F for such an X.

We simply put Ls [F] =  lim  Lg[X], the inductive limit being calculated
X/FeZs/F
in the category of sheaves with transfers.
The construction of the functor Lg [.] makes clear the last assertion. O

Let X be an smooth S-scheme. The graph morphism induces a morphism of
sheaves nx : Zg (X) — Oy Lg[X]. Using the description of the Ext groups for
sheaves and sheaves with transfers has class of extensions we deduce a canonical
morphism, natural in X and the sheaf with transfers F’

n : Ext!ye (Ls [X], F) = Extly, (Zs (X), 04 F) = H'(X; Oy F).

Proposition 2.9. Using the notation introduced above, for every smooth S-scheme,
every sheaf with transfers F' over S, and every integer i € N, the morphism 0’ is
an isomorphism.

Proof. Using the Yoneda lemma, the property is evident for ¢ = 0. Consider the
case 7 > 0.

The category /4", being a Grothendieck abelian category, has enough injective.
In particular, the Ext groups with coefficients in F' are calculated by choosing an
injective resolution of F in .#¢". Consequently, we are reduced to prove that for
any sheaf with transfers I which is injective in the category 44", the sheaf Oy, I is
acyclic.

Following [Mil80], prop. II1.2.11, this property is again equivalent to the vanish-
ing of all the positive Cech cohomology groups H*(X; Oy.I). But this now follows
from proposition 2.5. (]

Corollary 2.10. Let F' be a presheaf with transfers. Then for all integer i € N,
the presheaf Hi (., Fxis) has a canonical structure of a presheaf with transfers.

2.4. Closed monoidal structure. Recall we have defined in proposition 1.23 a
monoidal structure on %o, g.

Lemma 2.11. The category A" admits a unique structure of a symetric monoidal
category with o right exact tensor product and such that the graph functor
Leor,s — NG* is monoidal.

Proof. Let I and G be sheaves with transfers. Using proposition 2.8, we can write

F= lim Lg[X], G= lm LglY].
s —
X/FeZLs/F Y/Fe%s/G

Necessarily, the tensor product of sheaves with transfers must satisfy
FeiG= lm (Ls[X]®Z Ls[Y]).
X/FY/G
The axioms of a symetric monoidal category then follows from the corresponding
property of the category Zcor,s and the unicity is established as well. O

Definition 2.12. We denote by ®% the tensor product on .#¢" satisfying the
conditions of the previous lemma.

Remark 2.13. We can express the difference between the tensor product with trans-
fers and the usual tensor product of abelian sheaves. Indeed, for any sheaf with
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transfers ' we have an epimorphism of sheaves with transfers
Dxeg, FX)@zLs [X] — F
Oxecg F(X)@zcs (Y, X) — F(Y)
pRa = poa,
where we view p (resp. «) as a map Lg [X] — F (resp. Lg [Y] — Lg [X]).
Thus, as ®% is right exact, we deduce an epimorphism of sheaves
Bx xewF(X)@zLs [X]) @ (G(X') @z Ls [X']) — F&§C
Dx xrez F'(X)@2G(X) ®zcs (Y, X xX') — (FR7G)(Y)
pOu®a = (poa)®f (uoa)
In particular, for any pointed scheme (Y, y), we have on the level of the fiber at Yyh
(cf section 2.1) an epimorphism of abelian groups

B xicp, FX) @2 GX) @res (VX x X') — (Fol G)Y))
pRp®a +— (poa)®Y (noa).
Proposition 2.14. The monoidal category A" is closed : the bifunctor % admits
a right adjoint Homﬂsc,r (o)
Proof. Let I’ and G be sheaves with transfers. We put
Hom 4 (F,G) (X) = Hom 4 (F ®§ Ls [X],G) .

As a sheaf with transfers is an inductive limit of representable presheaves with
transfers (cf prop. 2.8), one obtains easily the expected adjoint property. O

2.5. Functoriality.

We fix a morphism 7: 7T — S of regular schemes.

2.5.1. The abstract case. Consider an abstract additive functor ¢ : Leor.5 — ZLoor,T
which sends a Nisnevich cover of an S-scheme to a Nisnevich cover of a T-scheme.
In this situation, we will define the following two functors :

(1) If F is a sheaf with transfers over S, we define over T the sheaf with transfers
p(F) = lim Ly [p(X)].

X/F
(2) If G is a sheaf with transfers over T', we define over S the sheaf with transfers
¢'(G)=Gop.

Note there is an abuse of notation in (1). This is justified by the fact that the
functor ¢ on sheaves with transfers is an extension of the functor ¢ on schemes via
the associated represented sheaf with transfers functor.

The Yoneda lemma implies immediately that ¢’ is right adjoint to .

Similarly, the same construction applies to the graph functor vg : L5 — Zeor,s-
Indeed this functor respects tautologically the Nisnevich coverings and we obtain
an extension on sheaves vs : A5 — 44" and a right adjoint which is the forgetfull
functor OF : AJ" — A5,

Getting back to the hypothesis of the begining, we suppose given in addition the
commutative diagram of functors

s
fs —> Zcor,S

wo\l/ \lAP

YT
fT — gcor,T'
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By hypothesis, g respects Nisnevich coverings and the same process gives a pair
of adjoint functors

o Ng — N, @y N — N

It is now obvious that these functors are related by the commutative diagrams

Vs Os
M Lo A M= g
o @ ol o bo!
T T
My 2 Ny < pp,

Finally, suppose that ¢ is monoidal. Then the extension ¢ : AG" — A is
again monoidal. In addition, we have a canonical isomorphism

Hom . (F,¢'(G)) = Hom . (¢(F),G).

The same remark applies to the pair of adjoint functors (ys, O%).

2.5.2. Base change. We first apply the abstract case above to the monoidal functor
T Zcor,S - gcor,T

defined in 1.29.

This yields the base change functor 7% : AJ* — 4" and its right adjoint
T = (7%) « A — G The first one is monoidal and the second one coincide
with the usual pushout for sheaves without transfers.

2.5.3. Exceptional direct image. Suppose now the morphism 7 : 7' — S is smooth
of. We apply the abstract construction to the monoidal functor

Ty - Zcor,T - gcor,S

defined in 1.32.
This yields the twisted exceptional direct image functor 7 : A4 — A¢* which
is monoidal.

Remark 2.15. When 7 is étale, this functor is really the usual exceptional direct
image 7. Otherwise we need to twist this functor in order to get the fundamental
equality m = 7, when 7 is smooth projective.

Lemma 2.16. If 7 : T — S is smooth, there exists a canonical isomorphism of
functors 7 ~ (73)’.

Proof. Let F' be a sheaf with transfers over S. Following definitions, 7*F is the
sheaf associated with the presheaf with transfers over T’

Y lim er (Y, X x5 7).
X/F

The canonical isomorphism ¥V xg X — Y xp (X xg T') induces an isomorphism
cs (Y, X) — cr (Y, X xgT). The definition of composition product and base
change for finite correspondances shows this isomorphism is natural in X and Y
with respect to finite correspondances (the projections involved in the two ways of
computing products in the above isomorphic groups coincide).

As F' = lim Lg[X] in the category of sheaves with transfers, the result follows

X/F

from the corr(putation of inductive limits in the category of sheaves with transfers
over S (cf proof of 2.8). O
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In particular, when 7 is smooth, 7* is right adjoint to 7. Thus 7* is exact (and
commutes with every inductive and projective limits). Moreover, 7* coincide with
the usual base change functor on sheaves without transfers.

We now set up the projection formula.
Let F (resp.- G) be a sheaf with transfers over S (resp. 7). We consider the
adjunction morphism following from the previous lemma

G — 7' G.
Applying the functor (7*F) @4 (.) to this morphism we get
(T"F) @% G — (T°F) @4 ("1 Q).
Using the monoidal property of 7* and adjunction we get a morphism
¢: (T F) @5 G) = F &g (1G).

Lemma 2.17. Under the above hypothesis and notation, the morphism ¢ is an
isomorphism.

Proof. The morphism ¢ is natural in ' and G. As every functors involved commute
with inductive limits, it is sufficient to check the isomorphism on representable
sheaves F' = Lg [X], G = Ly [Y]. Then the morphism is reduced to the canonical
isomorphism (X xsT) X7 Y — X XgY of S-schemes. O

2.5.4. Pro-smooth morphisms. Let (T;);c; be a pro-object of smooth affine S-
schemes. As in subsection 1.1.3, we write T; = Specg (A;) and put A = lim A,.
icIop
The scheme 7 = Specg (A) is the projective limit of (7});cr in the category of affine
S-schemes. We suppose it is regular noetherian.
We denote by 7: 7 — S the canonical morphism?.

First, we note that the functoriality constructed above for sheaves with transfers
can equally be constructed for presheaves with transfers. In particular, based on the
functor 7 : Zior,s — ZLeor, T, We obtain the base change functor 7* : 2§ — PY¥
and its right adjoint 7, : 2% — ¢

In fact, when F' is a sheaf with transfers over S, we have 7*F = a;,.(7*F') using
the associated sheaf with transfers of corollary 2.7. For a sheaf with transfers G
over 7 we have more simply 7.G = 7.G.

Secondly, given a smooth scheme X" over 7, as it is in particular of finite presen-
tation, there exists i € I such that X'/7 can be descended to a finite presentation
scheme X;/T;. That is, X = X; x1, 7. For any j — i, we put X; = X; xq, Tj.
Using now [GD66], 17.7.8, by enlarging i, we can assume X;/T; is smooth. We
finally have

X = lim X;
jel/i
where any X is smooth over S.

Proposition 2.18. Suppose we are in the hypothesis described above.
Then for any presheaf with transfers F' over S, we have a canonical isomorphism
FR(X) ~ lim F(X5).
jeljior

An general, 7 is not necessarily formally smooth but only regular, that is the fibers of 7 are
geometrically regular.
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Proof. According to the definition,

TE(X) = lim e (X, U xsT)
U/F
where the limits run over all morphisms Lg [U] — F of sheaves with transfers for a
smooth S-scheme U.
Note that using the notation introduced in 1.1.3, we have a canonical isomor-
phism ¢z (X,U xgT) ~¢g (X,U). Proposition 1.24 now implies

és(X7U) =Cg <££1 Xj,U) ~ @ Cs()(j,U)7
jel/i jel/iop
the isomorphism being functorial in U with respect to finite S-correspondances
from subsection 1.26. Finally, we can conclude as we have

lim lim  cs (X;,U) = lim lim cs(X;,U) = lim  F(X;).
U/F jeljior jel/ier U/F jeI/iop

O

Suppose now we are given a 7-morphism § : X’ — X. This morphism is of
finite presentation and thus there exists ¢ € I such that f can be descended to T;.
That is there exists X;/T; and X//T; schemes of finite presentation, a T;-morphism
fi: X! — X, such that f= f; xp, 7.

We put f; = fi X1, Tj. Anew by using [GD66], 17.7.8, we can assume X, and
X; to be smooth over Tj;.

Then using subsection 1.27, the isomorphism of the preceding proposition is
functorial with respect to (fj)jcr/i- As a consequence, we obtain the following
proposition.

Proposition 2.19. Suppose we are in the hypothesis preceding proposition 2.18.
Then for any sheaf with transfers F over S, 7*F is a sheaf with transfers.
In particular, T F(X) ~ lim F(X;).
jeEI/iop
Indeed, using the caracterisation of a Nisnevich sheaf from 2.1, this is a conse-
quence of the following lemma and the fact that filtered inductive limits are exact.

Lemma 2.20. Consider a distinguish square of smooth T -schemes

W=y
gy A |f
u—4X.

Then there exists i € I and a distinguish square of smooth schemes over T;
W, AV,

9%’\1/ A \llfi

such that A = A; xr, T.

Proof. We have already seen just before the above proposition that we can find
1 € I and a square of smooth T;-schemes

W, >V,

gi\L A; xj/fi
Ui_uTXi'
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For anyj — i, we put Aj = Ai Xy Tj, Zj = (X] — Uj)red and Tj = (V} XTj Zj)red-
Then A is the projective limit of the Aj.
By finding a suitable j — ¢, we can assume :
(1) this square is cartesian, that is the morphism W; — U; xx; V; is an iso-
morphism (cf [GD66], 8.10.5(i)),
(2) the morphism T; — V; induced by f; is an isomorphism (cf loc. cit.),
(3) the morphism wu; is an open immersion (cf [GD66], 8.10.5(i)),
(4) the morphism f; is étale (cf [GD66], 17.7.8(ii)).
O

In the course of section 4, we will particularly need the following reinforcement
of the preceding proposition, relying on the same lemma :

Lemma 2.21. Suppose we are in the hypothesis preceding proposition 2.18.

We denote by ﬁ,?r the functor constructed in lemma 2.6 either for presheaves
with transfers over S or over T .

Then we have a canonical isomorphism of functors 2% — P¥ :

FHY. ~ HY 7.
Proof. Let F' be a presheaf with transfers over S and X be a smooth S-scheme. Fix
i € I and a smooth T;-scheme X; such that X = X; x, 7. We put X; = X; x7, T}.
For any (noetherian) scheme A, we let D4 be the subcategory of A-schemes W

such that there exists a distinguished square U xx V >V such that W =U UV
\ \
U—=A
as an A-scheme. This category is left filtering as any Nisnevich covering admits a
refinement of this form.
Then

PHRF(X)= lim  lim  Ker(F(W) — F(W xx; W)).
jeI/iop WeD;’fj

Moreover the preceding lemma says precisely that the inclusion functor
|_| DXj —>DX7WJ‘ |—>Wj XXj X
jel/i

is surjective, thus final.
This implies that

Hp#*F(X) = lim  lim  Ker(7*F(W; xx, X) — 7" F(W; xx, Wj xx, X))
j€l/ior W;€Dx;
= lim lim  lim Ker(F(W; xx; Xx) — F(W; xx, X))
jeljier W;€Dx; kel/jop
where the second equality follows from proposition 2.18 and the exactness of filtering
inductive limits. The lemma, then follows. O

3. HOMOTOPY EQUIVALENCE FOR FINITE CORRESPONDANCES
3.1. Definition. Consider a regular scheme S.

Definition 3.1. Let X and Y be smooth S-schemes. Consider two correspondances
a,f€cs (X,Y).
A homotopy from « to 3 is a corresponance H € cg (A! x X,Y) such that
(1) Hoip =«
(2) Hoiy =§
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where 4o (resp. i1) is the closed immersion X — Al corresponding to the point 0
(resp. the point 1) of A.

The existence of a homotopy between two correspondances is obviously a reflexive
and symmetric relation. However, transitivity fails. We thus adopt the following
definition :

Definition 3.2. Let X and Y be smooth S-schemes and «, 3 € ¢s (X,Y).

We say « is homotopical to 8, denoted by a ~p ( is there exists a sequence
of correspondances Yo, ..., ¥n € cs (X,Y) such that 70 = «, v, = § and for every
integer 0 < i < n, there exists a homotopy from ~; to v;4+1-

The relation ~, is obviously additive and compatible with the composition law
of finite correspondances.

Definition 3.3. For two smooth S-scheme X and Y, we denote by 7s (X,Y) the
quotient abelian group of c¢s (X,Y) by the homotopy relation ~j,.

We denote by 7%, s the category with objects smooth S-scheme and with
morphisms the equivalence classes of finite S-correspondances for the relation ~y,.

3.2. Compactifications. The purpose of this section is to give a tool (the good
compactifications) which allows to compute the equivalence classes of finite corre-
spondances for the homotopy relation.

3.2.1. Définition.

Definition 3.4. Let S be a regular scheme and X be an algebraic S-curve.

(1) A compactification of X/S is a proper normal curve X /S containing X as
an open subscheme.

(2) Let X /S be a compactification of X/S. Put X, = X — X seen as a reduced
closed subscheme of X. We say the compactification X /S of X/S is good
if X, is contained in an open subscheme of X which is affine over S.

When considering a given compactification X /S of a curve X/S, we will always
put Xoo = X — X.

Remark 3.5. If X /S is a good compactification of X/S, X, is finite over S as it is
proper and affine over S. If S is irreducible, X, is surjective over S and Chevalley’s
theorem (cf [GD61], I1.6.7.1) implies S is affine.

Definition 3.6. We call closed pair any couple (X, Z) such that X is a scheme
and Z is a closed subscheme of X.
A morphism of closed pair (f,g): (Y,T) — (X, Z) is a commutative diagram

T—Y

oo

Z—=X

which is cartesian on the corresponding topological spaces. The morphism is said
to be cartesian if it is cartesian as a square of schemes.

Let (X, Z) be a closed pair such that X is an S-curve. A good compactification
of (X,Z) over S is an S-scheme X which is a good compactification for both X/S
and (X — Z2)/8S.
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3.2.2. The case of a base field. We suppose here S is the spectrum of a field k.

Proposition 3.7. Let C/k be a quasi-affine regular algebraic curve.
There exists a projective regqular curve C' over k such that for all closed subscheme
Z of C nowhere dense in C, C is a good compactification of (X,Z) over k.

Proof. We can restrict to the case C is affine and integral.

As C/k is algebraic, we can find a closed immersion C — A}. Let C be the
reduced closure of C' in P}. It is an integral projective curve over k.

Consider the normalisation C of C. Then C is finite over C. Is is then a proper
algebraic k-curve. As it is normal, it is then a projective regular curve over k from
[GD61], 7.4.5 et 7.4.10.

The curve C is a dense open subscheme of C. As it is normal it is again a dense
open subscheme of C.

Let Z be a closed subscheme of C' of dimension 0. Then (C'— C) U Z is a finite
closed subset of C. As C /k is projective, it admits an open affine neighbourhood
if C. O

3.2.3. Semi-local case.

Theorem 3.8 (Walker). Let k be an infinite field.

Let (X,Z) be a closed pair such that X is a smooth affine k-scheme and Z is
nowhere dense in X.

Let {x1,...,2,} be a finite set of points of X.

Then there exists

(1) a smooth affine k-scheme S,
(2) an open affine neighbourhood of x1,...,x, in X,
(3) a smooth k-morphism f:U — S of relative dimension 1

such that (U, U N Z) admits a good compactification over S.

Proof. For the commodity of the reader, we include the following proof which follow
the guideline of [Wal96], remark 4.13.

1) Reduction : We can assume X is irreducible.

Moreover, we can assume all the x; are closed taking if necessary specialisations.
If we can find a good compactification in a neighbourhood V; of each x; separately,
we can define a good compactification in a neighbourhood of all the z; by first
reducing the neighbourhoods V; such that they become disjoint then taken their
dijoint union. We are thus reduced to the case of a single point z; = .

Finally, as we can enlarge Z, we assume it is a divisor in X.

2) Construction of S : Let r be the dimension of Z.
As X is an affine algebraic k-scheme, we can find a closed immersion X — AJ.
We identify X to its image in A} under this embedding. Let us denote by :
(1) X (resp. Z) the reduced closure of X (resp. Z) in P}
(2) X = X — X, intersection of X with hyperplane at infinity, thus a scheme
of dimension less than 7.

We allow us to increase n by arbitrarily considering an embedding A} — AZ’.

We find f by considering the orthognal projection of A} with center in general
position among the linear subvariety of A} of codimension 7.

Parametrisation of the orthogonal projections A} — Aj.
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In fact these projections are parametrized by the points of A7". Indeed, let A
be a point of A}" and x(\) its residual field. It is in fact an element (X; ;) 1<i< de
15520
K(A)"T.
We associate to A the linear projection p) : AQ( N~ AQ( N defined as the spec-
trum of the x(\)-linear morphism

K[t tr] —  KO[X1, o X0
ti = Zj:l Xj - Ai,j-

We denote by L, the center of this projection. It is the intersection of the r hyper-
planes corresponding to the zeros of each projections of AT () to Al k() composed
with pj.

Moreover if Ly denotes the border of L, as a reduced sub-scheme of P: ) the
morphism p, can be extended to a morphism py : ]P)Z(/\) Ly — P K" These
notations being fixed we state the following lemma which allows to construct f :

Lemma 3.9. Let (2, be the open subset of A}" defined by the points A such that :

(1) palz,., is finite,
(2) X,.(n) N Ly is a finite set of closed point,
(3) px is smooth at all the points of X,y N py(pa()).

Then, for n large enough, Q, is dense in A}".

Proof. The fact 2, is open is easy. To prove it is dense, we proceed in two steps :

i) Let first suppose x is a rational point of X. Then we can assume further z = 0.
The first condition defines a dense subset as Z is closed in A} of dimension r.
The second condition defines a dense subset as the intersection in P} of the

projective subvariety X, of dimension less than r, with a linear subvariety of codi-

mension r in general position is finite.
For the third condition one has only to suppose the intersection of L) and X

is transversal in 0. We finally use the following theorem of [MAJ73], exposé XI,

théoréme 2.1 :

Theorem 3.10. The intersection in A} of X with r hypersurfaces of degree 2
containing 0 in general position is transversal.

Through the Veronese embedding of A} in AZQ, a linear subvariety of A} corre-

sponds to a quadric in AZZ and the preceding theorem can be applied to our case
replacing n by n?.

ii) General case. Let k'/k be a finite extension such that the fiber of z in X ®;, &’
is made up with rational points «}. For each i, the preceding lemma gives a dense
open subset €2 ; of Al As AZ,/A is fa1thfu11y flat, the direct image of N; Q)

in A} is included in €, as the three conditions of the lemma satisfy faithfully ﬂat
descent This implies €2,, is dense. O

As k is infinite, ,, admits a rational point A. We set L=XnL » which is a
finite k-scheme. Let p : X — A7 (resp. p: X — L — P7) be the restriction of pj
(resp. px)-

To extend p into a projective morphism, we consider X the closure of the graph
of pin X x; P;. Then X — L is a dense open subscheme of X and the canonical
projection p : X — P extends p. As X /k is projective, p is projective. We have
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obtained the following diagram :

X—X_[—X

| A

A};(—> P

3) Construction of the compactification :

As the square in the above diagram is cartesian and L is finite over k, the fibers
of pin X — X above A} are finite.

Thus there exists an open affine neighbourhood S of p(x) in A7 such that p~1(9)N
(X — X) is finite over S. Reducing S if necessary we can assume p~'(S) — S is
smooth using the third condition imposed on 2,, in the preceding lemma.

Finally we put U = p~1(S) and we denote by f : U — S the restriction of p to U.
Then the morphism f is smooth of relative dimension 1. Moreover the restriction
ZNU — S of p is finite following from the first condition imposed on the points of
Qn

We set U = p~1(9) so that the restriction f : U — S of p is projective. From
the choice of S, U — U is finite over S.

To conclude the following lemma shows that by reducing S near p(z) we can
assume (U — U) U Z N U admits an affine neighbourhood :

Lemma 3.11. Let p: U — S be a projective curve and F be a closed subscheme
of U such that F/S is finite. Let x be a point of F and s = p(x).

Then there exists an open affine neighbourhood S’ of s in S and an effective
divisor D in X such that :

(1) Fs» c Usr — D.

(2) US/ — Dg s aﬂine.
Proof. Let F, be the fiber of I’ above s. As a set Fj is finite. As U/S is projective
there exists for i large enough a section f in T'(U, Oy (i)) whose divisor D is disjoint
of Fs. Thus there exists an open affine neighbourhood S’ of s in S such that D is
disjoint of Fs» which guarantee the first condition. As S’ is affine and Dy is the
divisor associated to a global section of a very ample fiber bundle over Us/, the
scheme Ug: — Dy is affine. O

O

3.3. Relative Picard group.
Definition 3.12. Let (X, Z) be a closed pair.

We denote by Pic (X, Z) the group of couples (£,s) where £ is an invertible
sheaf on X and s: Oz = L]z is a trivialisation of £ over Z, modulo isomorphism
of invertible sheaves compatible with the trivialisation.

The group structure is induced by the tensor product of Ox-modules.

There is a canonical morphism Pic (X, Z) — Pic(X).

Definition 3.13. let X be a scheme and Z a closed subscheme of X.
(1) If Z’ is closed subscheme of Z, we define the restriction morphism from Z
to 2’
Pic(X,Z) 2 Pic(X,Z2)
(L,s) —  (L,8|z).
(2) Let (f,9) : (Y,W) — (X, Z) be a morphism of closed pairs (cf def. 3.6).
We define the pullback morphism
(f,9)* : Pic(X,Z) — Pic(Y,W)
(L,s) = (f7(£),g°(s)).
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3.14. Let S be a regular affine scheme. We consider a smooth quasi-affine curve
X/S and suppose it admits a good compactification X /S.

Let « be a relative cycle on X/S. Then, considered as a codimension 1 cycle
of X, it corresponds to an invertible sheaf £(a) on X whose isomorphism class is
unique. Moreover, if Z is the support of «, this sheaf has a canonical trivialisation
on X — Z. Let s(a) be its restriction to X,,. We thus have defined a canonical
morphism

Ax/s

co(X/S) —= Pic (X, Xo) , a0 — (L(e), s(cv)).

Lemma 3.15. Consider the above notations.

(1) Let S’ be a regular scheme and 7 : S’ — S be a flat morphism.
Put X' = X x5S and X' = X x5 8" and A : X'/S" — X/S be the
morphism induced by T.
We consider (f, f) : (X', X)) — (X,Xs) the cartesian morphism of
closed pairs induced by 7. Then the following diagram is commutative :

Axl/s/ . —
co(X/S) —— Pic (X, X&)
A* V(Fofoo)”
)‘X/S . —
co(X'/S") —= Pic (X', XL.) .

(2) Let Z be a closed subscheme of X and suppose X is a good compactification
of (X,Z) over S. Then the following diagram commutes :
Ax_ _
co(X — 2/8) 2L Pic (X, Xo0 U Z)
iy s

co(X/S) _ Y pie (X, Xo0) -

Proof. The second point is obvious by construction.

For the first point, let f : X’ — X be the flat morphism induced by 7. Let a be
a finite relative cycle on X /S. Suppose « is the class of a closed subscheme Z in
X. Then by proposition 1.7, A*« is the cycle associated to the closed subscheme
f~Y(Z) of X'. Thus the conclusion follows by construction of \. O

Proposition 3.16. Consider the notations above the previous lemma and let Y be
a smooth affine S-scheme.
Then the morphism Ay . x/y factors through the homotopy relation. The in-
duced morphism
TS (Y,X) — Pic (Y XsX,Y Xono)
s an isomorphism.

Proof. Letig:Y — Al (resp. i1 : Y — Al) be the zero section (resp. unit section)
of A} /Y.

Note that ig and iy are inclusions of a cycle associated to a principal Cartier di-
visor. Then the pullback maps co(A} x5 X/A}) — co(Y x5 X/Y) induced by io
and i; coincide with the operartion of intersecting with divisors defined in [Ful98],
2.3 (see also remark 2.3 of loc. cit.). This allows to extend the first case of the pre-
vious lemma to the case where 7 is iy or ;. Finally, using the homotopy invariance
of the Picard group for regular schemes, A indeed factors through the homotopy
relation of S-correspondances.

To prove the induced morphism is an isomorphism, we construct its reciprocal.
It is sufficient to treat the case Y = S. Let (£, s) be a couple in Pic (X, X).
Consider an open affine neighbourhood V of X, in X. The trivialisation s of £
then extends to a trivialisation 5 of £ over V. To the pseudo-divisor (£, X — V, )
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is associated a unique Cartier divisor D(L, X —V, §) on X following [Ful98], lemma
2.2. Let a be the associated cycle. The support of a lies in (X — V). Moreover,
as X/S is quasi-affine and X /S is proper, V is dense in all the fibers of the curve
X /S which implies X — V is finite over S. Finally, the support of « is finite over
S and « is in fact a finite relative cycle on X/S.

We prove now that the homotopy class of « in cg (S, X) does not depend on
the choice of 5. Suppose given two extensions §y and 3; of s to V. Let g and
a1 be the respective cycles obtained in the process described above. Define £’ as
the pullback of £ along the morphism = : A})—( — X. For i = 0,1, we obtain a
trivialisation 7*5; of £’ over Al,. Let H be the cycle associated to the pseudo-
divisor D(L', A% |, t7*50+ (1 —t)7*51) where ¢ is the canonical parameter of A%.
Then, using the begining of the proof, we obtain H oiyp = ap and H oi; = ;. O

Remark 3.17. The previous proposition is a particular case of the computation of
the Suslin singular homology of the curve X/S in [SV96], th. 3.1.

3.4. Constructing usefull correspondances up to homotopy.

3.4.1. Factorisations.

Proposition 3.18. Let S be an affine reqular scheme, and (X,Z) a closed pair
such that X is a smooth affine S-curve. Put U = X — Z and denote by i: U — X
the canonical open immersion. Suppose that (X, Z) admits a good compactification
X over S.
Let L(1x) be the invertible sheaf corresponding to 1x € cs (X, X) in the notation
of 3.14.
The following conditions are equivalent :
(1) For any smooth affine S-scheme Y, the morphism
m5(Y,U) %> 75(Y, X)
18 surjective.
(2) The morphism
(X, U) = ms(X, X)
1§ surjective.

(3) The invertible sheaf L(1x)|xxsz i trivial.

Proof. Conditions 1 and 2 are equivalent to the existence of a section of ¢ up to
homotopy. Thus the proposition is implied by the more precise lemma, :

Lemma 3.19. Consider the hypothesis of the preceding proposition. Let Y be a
smooth affine S-scheme and 3 :Y — X a finite S-correspondance. The following
conditions are equivalent :

(1) There ezists a finite S-correspondance o which makes the following diagram
of S-correspondances commutative up to homotopy
X-Z

a_ i
Y= P
(2) The invertible sheaf L(B)|y xsz s trivial, with the notation of 3.14.

Moreover, the finite S-correspondances which satisfy condition 1 are in one-to-
one correspondance with the trivialisations of L(0)|y xsz-

We use proposition 3.16 applied first to the affine curve X/S and secondly to
the quasi-affine curve U/S.
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2 = 1 : Consider a trivialisation s of £(8)|yxsz. Then the class of the
couple (L(3),s(8) @ s) in Pic(Y xg X,V xg Xoo UY x5 Z) defines a finite S-
correspondance « which, according to lemma 3.15, satisfies i o « = § as required.

1 = 2 : Reciprocally, the finite S-correspondance « corresponds to an element
of Pic (Y xg X,Y Xg Xoo UY xg Z) which is the class of the couple (L(a), s(at)).
Thus, as i o « = 3, there exists an isomorphism ¢ : £(3) — L(«) making the
following diagram commutative

Dy x g Xoo

LBy xs X

L)y xsX o0 -

s(B)

OYXSX S(a)‘YXSXOO
Then s(a)|y x5z © ¢ |y xsz is indeed a trivialisation of £(3)|y xsz-
The last point of the lemma is clear from the proof. O

Example 3.20. As an easy application of this proposition, we can consider two
open subschemes X and U of the affine line A} over a field k such that U C X.
Put Z = (X —U)yea-

Then the open immersion 7 : U — X admits a section in 7.%, ; as ]P’,lC is a good
compactification of (X, Z), X is affine and Pic (X x; Z) = 0.

Moreover, choosing a trivialisation of £(1 A}c) once and for all, we define trivial-
isations for all open immersions ¢ : U — X which are functorial with respect to
open immersions in X and U.

3.4.2. Local section of open immersions in m.%c . The following proposition is
directly inspired by proposition 4.17 of [Voe00a)] :

Proposition 3.21. Let k be a field, X a smooth k-scheme, U a dense open sub-
scheme of X, and x a point of X. Then there exists

(1) an open neighbourhood V of x in X,
(2) a finite k-correspondance o : V — U,

such that the following diagram is commutative up to homotopy

U—i— X.
where i and j are the obvious open immersions.

Proof. Suppose first k is infinite.

Put Z = (X —U)yeq- Using theorem 3.8, there exists an affine smooth k-scheme
S, an affine open neighbourhood V of x in X, a smooth morphism f : V — S of
relative dimension 1, and an S-scheme X such that X /S is a good compactification
of (V,Vn2Z).

From the commutative diagram

VnUu—V

b

U—=X,

on sees the theorem holds for V, if it holds for X. Thus we can assume X =V
which implies (X, Z) has a good compactification X over S.

Let £(1x) be an invertible shead over X xg X which corresponds to 1x €
m5(X, X) according to proposition 3.16. As Z is affine and closed in the proper
curve X /S, it is finite over S. The scheme Spec (Ox ) X s Z is finite over the local
scheme Spec (Ox ;) thus it is semi-local which implies Pic(Spec (Ox ;) Xs Z) =
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0. In particular, £(1x) is trivial over Spec (Ox ;) xs Z. Thus it exists an open
neighbourhood V' of z in X such that £(1x) is trivial over V xg Z.

From lemma 3.19 applied to Y = V and to the finite S-correspondance V' ERD'
there exists a finite S-correspondance o : V' — U which makes the following diagram

commutative :
o \%
(b
U—>X.
Let 7 : S — k be the canonical morphism. As 7 is smooth, the restriction functor

7y of definition 1.32 is well define. Applying this functor to the preceding diagram,
we see the k-finite correspondance 7y(«) is appropriate.

When £ is finite, we consider L = k(t). We put X, = X Xy Spec (L) and
similarly for any k-scheme. The point x corresponds canonically to a point of X,
still denoted by .

Applying the preceding case to the open immersion iy : Uy, — X and to the
point z, we find a neighbourhood 2 of x in X; and a finite L-correspondance
«a : Q0 — Up such that iy o « is the open immersion Q2 — X;. As x comes from
a point of X, we can always find an open neighbourhood V of = in X such that
Vi, C Q. The following diagram

Vi
ol
" \LJL
Up —i> X,

is commutative in 7%y 1, for j : V' — X the canonical immersion.
Applying proposition 1.8, we obtain a canonical isomorphism
cr (Vi Yr) = lim o (V x, W,Y),
WCA;,
for any k-scheme Y, where the limit runs over the non empty open subschemes W
of A}. It is functorial in Y.
In particular, we can lift both the finite L-correspondance «|y, and the homotopy

making the above diagram commutative for a sufficiently small W in A}. We thus
obtain a finite k-correspondance «g : V X W — U such that the diagram over k

14 Xk W
ag
\LijP
U i— X,
is commutative up to homotopy, for p : W — Spec (k) the canonical projection.

Finally, we factor out j xppas V xx W IXP I, X The example 3.20 gives

a section of the open immersion W — A}, which shows 1 X p admits a section in
m%or ) and allows to conclude. O

Corollary 3.22. Let k be a field, X a smooth k-scheme and U a dense open
subscheme of X. Then there exists

(1) an open coveringp : W — X of X,

(2) a finite k-correspondance o : W — U
such that the following diagram is commutative up to homotopy

W
P

UL

where i and j are the canonical open immersions.

i—= X
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Proof. We simply apply the preceding lemma to every points of X and use its
quasi-compacity. [l

3.4.3. Homotopy excision. The following proposition is one of the central point in
our interpretation of Voevodsky’s theory. It is a generalisation of lemma 4.6 of
[Voe00a).

Theorem 3.23. Let S be an affine regular scheme.
Consider a distinguished square (cf section 2.1) of smooth affine S-scheme

W—>v
N ,
TR
U—C.
Weput Z =C —U and T =V — W with their reduced structure and assume

there exists good compatifications C' /S of (C,Z) and V' /S of (V,T) which fits into
the commutative square

Vv
T
C—cC
and satisfy Voo C f~1(Cuo).
Assume finally Pic (C xg Z) = 0. Then the complex

0— W] 2L e v] L 0] -0

is contractile in the additive category 740, s.

Proof. In the following lemma, we will construct the chain homotopy between the
complex above and the zero complex. Indeed, with the notations of this lemma,
the chain homotopy is given by the two morphisms

Ul V] [C]
(wy /
W] [Ule [V].

The necessary relations are stated and proved in the lemma.

Lemma 3.24. Suppose we are in the hypothesis of the preceding proposition.
Then there exists finite correspondances

w L 1%

gl

U<=cC

which satisfy the following relations in 7 %eor i -

joa=1l¢ (1)
loB=1y (2)
aof=hof (3)
loy=0 “4)

hoy=1ly —aocj (5
yoh=1lw —fBol (s

We first apply proposition 3.16 to the morphism 1¢, as an element of 75 (C, C).
It corresponds to the class of a couple (L(1¢), s(1¢)) in Pic (CC, CCx)®.

5Tn this proof, we sometimes omit the symbol X s when it facilitates the notation
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By hypothesis, Pic(C xg Z) = 0 which implies the invertible sheaf L£(1¢) is
trivial on C' x s Z. Let t be such a trivialisation. We define o corresponding to the
following element in Pic (CC’ ,CCouCZ )

a — (L(1¢),s(1c) +t).

Relation (1) simply follows from lemma 3.19 as in the preceding applications.
Using again proposition 3.16, the morphism 1y, as an element of mg (V,V),
corresponds to the class of a couple (£(1v), s(1v)) in Pic (VV,V V).
By construction, the sheaf £(1¢) (resp. £(1y)) corresponds to the diagonal Ac
(resp. Ay) of C/k (resp. V/k) seen as a closed subscheme of C'x 5C (resp. V xsV).
Because the morphism g = f xx Z : T — Z is an isomorphism, we obtain

(f xs9) MAx N (X x5 2))=Ay N (V x5 T)
which finally gives
(f xs9)"(L(1c)|xxs2) = L(Iv)|vxsT-

In particular, the section 7 = (f x5 ¢)*(t) is a trivialisation of L(1v) on V xgT.
Let us define 8 corresponding to the couple in Pic (VV,VV, UVT)

B “ (L(1y),s(ly) + 7).

Relation (2) is again a consequence of lemma, 3.19.

It remains to construct . We consider the invertible sheaf M = (1o x5 f)*£L(1¢)
on C xg V. It corresponds to the divisor D = (1¢ x5 f)"'(Ac). Let u be the
canonical trivialisation of M on Cx gV —D. As g is an isomorphism, v = (1¢x gg9)*t
is a trivialisation of M|cx.z. Note that 1 + uv~! is a regular invertible section
of Ogy over CVo, LI CT. We define « corresponding to the class of the couple in
Pic (CV, CVso U CT) which follows :

~y — Oy, 1+uv™).

By construction and lemma 3.15, [ o v corresponds to the couple (Opy, 1), which
is the zero correspondance. This is relation (4).

Consider an open affine neighbourhood 2 of Co, U Z in C. Put Qg = f~1(Q)
and let v : Qg — € be the finite morphism induced by f. Then € is an open affine
neighbourhood of V., UT. Thus the invertible regular function 1 + uv~! admits
an extension w to U X g €g. Following the computation of [Ful98], 1.4, we see that
the correspondance h o+ corresponds through the isomorphism of prop. 3.16 to the
couple in Pic (UC,UC LUUT)

(OUé‘v N(w)|UCoo|_IUT)

where N is the norm associated to the extension ring corresponding to UQy/US.

As w|yy,, = 1, we obtain easily that N(w)|yc, = 1. A more accurate computation

shows moreover N (w)|yr = s(1y7).t~ 1, as g is an isomorphism and f is étale.
Besides, the finite correspondance 1;; — a0 j corresponds to the couple

(£v)® (£0e)lpe) ™ s(1u)-(s(1e) +6)7).

Thus relation (5) is now clear.
Finally, using again lemma 3.15, v o h corresponds to the couple

((’)WXSV, 1+ s(lv).T_l).

Indeed, by definition, the pullback of v over W xg V is 7.
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Relation (6) now follows from the fact the finite correspondance 1y — 5ol
corresponds to the couple

(£w) @ LaV) ) ™ s(tw)(s(v) +7)7).

Only the relation (3) remains. We consider the trivialisation s(1y) (resp. 7)) of
the invertible sheaf £(1y) over V'V, (resp. VT). As Qq is an affine neighbourhood
of Vo UT, the trivialisation s(1y) (resp. 7) admits an extension w; (resp. ws) to
V xg . Using a computation we have already seen, relation (3) is equivalent to
show the following couples of Pic (VC,VCo UV Z) are equal :

((F x5 10)"£(10), (f x5 16)"(s(1) + 1))

((1v xs f)«L(1v), N' (w1 + w2)|vcmuvz)

We have denoted by N’ the norm associated to the finite extension VQ/V . Using
again that g is an isomorphism and f is étale, we obtain N'(wz)|vz = (f xs1a)*(¢).
But the equality 10 o f = f o 1y implies the following couples coincide

((f x5 1) £010). (f x5 16) (5(10)))
(v s PLOV), N (wi)lve.. ).

and this concludes. O

To finish, we give a simple example where we can construct compactifications
which appears in the above theorem. Suppose we are only given only the distin-
guished square in the hypothesis of the preceding proposition and assume S is the
spectrum of a field k.

Then, according to proposition 3.7, there exists a smooth projective curve C/k
which is a good compactification of (C, Z).

The morphism V' Lo~ Cis quasi-affine. Applying Zariski’s main theorem

(cf [GD63], chap. IIL, 4.4.3), it can be factored as V L V 1, & where J is an open
immersion and f a finite morphism.

As V /k is algebraic, its normalisation V is finite over V, and still contains V' as
an open subscheme since V is normal. Thus V is a good compactification of (V, Z)
and we have the following commutative diagram

V—V

o

Cc—C.
4. HOMOTOPY SHEAVES WITH TRANSFERS

4.1. Homotopy invariance.

Definition 4.1. Let S be a scheme.

A presheaf F' on Zs is said to be homotopy invariant if for all smooth S-scheme
X, the morphism induced by the canonical projection F(X) — F(A%) is an iso-
morphism.

When S is regular, we denote by HAZ" (resp. HZPY) the category of
sheaves (resp. presheaves) with transfers over S which are homotopy invariants.
Such sheaves (resp. presheaves) will simply be called homotopy sheaves (resp.
presheaves).

The following lemma will connect homotopy presheaves with correspondances
up to homotopy.
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Lemma 4.2. Let F be a presheaf with transfers over a reqular scheme S. The
following conditions are equivalent :

(1) F is homotopy invariant.

(2) For all smooth S-scheme X, considering so : X — Ak (resp. s1: X — AL)
the zero (resp. umity) section of AL, sj = s7.

(3) F can be factored through the canonical morphism Lior s — T%eor,s-

Proof. For a smooth S-scheme X, we denote by px : A, — X (resp. px : Ak xx
AL — AL) the canonical projection (resp. multiplication) of the ringed X-scheme

AL,
The lemma now follows easily from the relations px o sy = px 0s1 = 1x and the
fact that px defines a homotopy from sy to s;. O

4.3. In particular, a homotopy presheaf (resp. sheaf) is nothing but a presheaf on
TZLeor,s (resp. such that the restriction of F' to Zs is a Nisnevich sheaf).

As a corollary, the forgetfull functor HZY — 2% admits a left adjoint hg ()
constructed as follows. Let F be a presheaf with transfers, and define ho (F) (X) as

the cokernel of the morphism F(AL) e N F(X). The preceding lemma implies
ho (F) is homotopy invariant and the adjunction property.

Consider now a sheaf with transfers F. We denote by hél)F the sheaf with
transfers associated with the presheaf ho (F) using corollary 2.7. In general, this
sheaf is not homotopy invariant - unless S is the spectrum of a perfect field (see
4.14). For a natural integer n, we denote by h((J")
iy,

We deduce a sequence of morphisms

the n-th composition power of

Fon"Fr— = nMF -

We define
ho(F) = lim h"'F,
neN
where the limit is taken in the category of sheaves with transfers.

Proposition 4.4. Let S be a reqular scheme and F' a sheaf with transfers over S.
Then the sheaf with transfers ho(F') defined above is homotopy invariant. More-
over, the functor ho : NG" — HAG" is left adjoint to the obvious forgetfull functor.

Proof. Let X be a smooth S-scheme, sy and s; respectively the zero and unit
section of Al /X. According to the preceding lemma, we have to show that s} = s}
on ho(F)(A%). Let x be an element of

ho(F)(Ak) = lim hi" F(AY).
neN

By definition, it is represented by a section z,, in hén)F(Aﬁ() for an integer n € N.
The transition morphism of level n in the above inductive limit can be factored
out as

hiM P = ho (hé")F ) — pH O

From what we saw before, the sheaf hq (hg")F) is homotopy invariant. Thus

sglaxy) = si(axy). As a is a natural transformation, we deduce that asf(x,) =
asi(xy), thus basf(zy,) = basi(zy,) and sf(x) = s7(x). O

4.2. Fibers along function fields. In this subsection, we fix a field k.
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4.2.1. Open immersions. The following proposition is analog to cor. 4.19 of
[Voe00a] and uses the same arguments.

Proposition 4.5. Let F' be a presheaf over m.%cor .
Let G be one of the following presheaves over £, :

(1) the Zam'slgi sheaf Fyz., over & associated with F,
(2) the 0-th Cech cohomology presheaf H'F over %, associated with F for the
Nisnevich topology.

Then for any smooth k-scheme X, any dense open subscheme U of X, the re-
striction morphism G(X) — G(U) is a monomorphism.

Proof. Consider a € G(X) such that a|y = 0. We prove a = 0.

We may assume there exists an element b € F(X) such that a is the image
of b by the canonical morphism F(X) — G(X). Indeed, there exists a Nisnevich
covering (and even Zariski in the first case) of X such that a|y can be lifted along
the morphism F(W) — G(W). The open scheme W x x U of W is still dense and
we have alwx v =0 in G(W x x U), thus we can replace X by W and make the
above asumption.

Moreover, in the two cases, there exists by hypothesis a Nisnevich covering W 2
U such that b|yw = 0.

As W is a Nisnevich covering of U, there exists a dense open subscheme Uy of
U and an open subscheme Wy of W such that p induces an isomorphism between
Wo and Uo. Thus, b|U0 =0.

Applying corollary 3.22, we find a Zariski cover W’ of X and a finite k-
correspondance « : W’ — Uy such that the diagram W’ commutes up

=
0k
to homotopy.

Applying F to this diagram, we thus obtain that by = 0 in F(W’) which
implies a = 0. (|

Corollary 4.6. Let I’ be a homotopy sheaf over k. Consider a smooth k-scheme
X and a dense open subscheme U of X.
Then the restriction morphism F(X) — F(U) is a monomorphism.

4.2.2. Generic points. Let X be a smooth S-scheme, and x be a generic point of
X. The local ring Ox , of X in z is a field. Thus it is henselian.
If we let V, (X) be the category of open neighbourhoods of X, and define the
localisation of X in x as the pro-object X, = @1 U. Its limit is Spec (Ox ).
UeV,(X)
Then, as Ox , = Of,lm, we have a canonical isomorphism F(X,) = F(X!).

Note that Ox . is a separable finite type extension field of k. We call such an
extension a function field. We let &% be the category of function fields with arrows
the k-algebras morphisms.

When E/k is a function field, we put

M= (E/k) = {A C E|Spec(A) € %, Frac(A) = E}
as an ordered set, the order coming from inclusion. This set is in fact non empty
and right filtering,. )
We define the pro-scheme (E) = lim Spec (A). Thus, according to our
AeMlis(E/k)P
general conventions, for any presheaf F' over %},
F(E)= lim F(Spec (4)).
AeMlis(E/k)
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Moreover, for any A € M" (E/k), if © denotes the generic point of X =
Spec (A), we have canonical isomorphism F(E) = F(X!) = F(X,) as Spec(E)
is the limit of all the pro-schemes (F), X" and X,. In particular, the morphism
F +— F(FE) from Nisnevich sheaves to abelian groups is a fiber functor.

The following proposition due to Voevodsky shows the fiber functors defined
above form a conservative family of "fiber functors" for homotopy sheaves.

Proposition 4.7. Let F, G be homotopy sheaves over k, and n : F — G be a
morphism of sheaves with transfers.

If for any field E/k in &, the induced morphism ng : F(E) — G(E) is a
monomorphism (resp. isomorphism), then 7 is a monomorphism (resp. isomor-
phism).

PREUVE : Indeed is is sufficient to apply the next lemma to the morphism 7.

Lemma 4.8. Let F, G be presheaves over m%cor i and n: F — G be a natural
transformation.
The following conditions are equivalent :

(1) The morphism Nzay : Fzar — Guzar between the associated Zariski sheaves
over £ is & monomorphism (resp. isomorphism).

(2) For all extension E/k in &, ng : F(E) — G(FE) is a monomorphism (resp.
isomorphism,).

Proof. The fact that 1 implies 2 is evident.

Reciprocally, consider N the kernel of 7 in the category of presheaves with trans-
fers. It is homotopy invariant.

Let X be a smooth irreducible k-scheme with residue field E. Obviously, we
have a canonical isomorphism

N(E) = lim Nzar(U)
Ucx

where the limit runs over the open dense subscheme of X. Then proposition 4.5
implies the canonical morphism

NZar(X) - 1£>n NZar(U) :N(E)

Ucx
is a monomorphism. But N(E) is the kernel of ng : F(E) — G(E), thus N(E) =0
and N(X)=0.
We now conclude the proof by applying the same reasoning to the cokernel of
7. ([

4.3. Associated homotopy sheaf.

4.3.1. Cech cohomology of curves. Let k be a field and C/k be an algebraic curve.
We introduce the following property for the curve C :
(N) For all finite extension L/k, Pic (C ®; L) = 0.

Remark 4.9. If this property is true for C, it is true for any open subscheme of C.
If C is affine with function ring A, property (N) is equivalent (cf [GD66], 21.7.6 et
21.7.7) to the property that for any finite extension L/k, the ring A®y, L is factorial.

Note this property implies that for any closed subscheme Z of C nowhere dense,
Pic (C xj Z) = 0. We deduce from that fact the following proposition which is in
fact a generalisation of [Voe00a], 5.4 :

Proposition 4.10. Let k be a field. Consider C/k a smooth affine curve satisfying
property (N), and F' a presheaf over m.%eor k.
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Then for all integer n > 0, the n-th Cech cohomology group of C' with coefficients
in I for the Nisnevich topology is

F(C) in=0
0 otherwise

H"(C;F) = {

Proof. First we remark that for any Nisnevich covering W — C' there exists a

distinguished square U xx V' L V'  with U and V affine such that the covering
noo Vf
U——X

ULV — C is a refinement of W — C.

Indeed, we may assume W is affine. As W/C is a Nisnevich covering, there
exists a dense open subset U of X such that W xo U — U admits a section. As
this morphism is étale, we have W xc U = U UU’'. Put Z = (C' — U)yeq- Then
W x¢ Z is a finite set of closed points of W. As W x¢ Z — Z is a Nisnevich
covering, any point of Z has a preimage in W x ¢ Z which is isomorphic to it ; that
itWxecZ=2ZUZ" If weput now V=W — 7', V is affine as W is regular and
7' is a finite set of points ; we have obtained our distinguished square.

Consider now a distinguished square as above. As C/k satisfies property (N),
theorem 3.23 implies the complex

0— FO) 2 Py e F(v) 25 B(U xx V) — 0
is contractile.

This implies the Cech cohomology groups associated with the covering U UV/C
is F(C) in degree 0 and 0 in other degrees and this concludes the proposition from
the remark at the begining of the proof. O

Corollary 4.11. Let C/k be a smooth curve satisfying property (N) and F be a
presheaf over m.%or k.
Then for all integer n > 0, the Nisnevich cohomology groups

H"(C, FNis) =0.

Proof. Indeed, the Nisnevich cohomology of C/k vanishes in dimension strictly
greater than 1, and the Cech cohomology coincide with the usual cohomology in
degree 1. O

Remark 4.12. In the hypothesis of this proposition it is not only sufficient but also
necessary that C/k satisfies property (N).

Let us assume C/k satisfies H! (C; Fxis) = 0 for every presheaf F over m.%o k.

Let G,,, be the sheaf over % represented by G,,. It has a canonical structure
of a sheaf with transfers : let X and Y be smooth k-schemes, and « be a finite
k-correspondance from X to Y. We assume X is integral and « is an integral
closed subscheme of X x; Y. Let x(X) and x(Z) be the respective function fields
of X and Z. Then x(Z)/k(X) is a finite extension as Z — X is finite surjective.
Let Ny (z)/x(x) be the associated norm morphism. Then we construct o® by the
commutative diagram :

o

//—\
0z(2)* - - - —>O0x(X)~

f
)

k(Z)*

Oy ()~

Ni(z)/1(x) k(X)X
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The dotted arrow exists as Ox(X) is integral. These transfers are compatible
with the composition of finite correspondances using the property of the norm
homomorphism.%

Let L/k be a finite extension, j : Spec (L) — Spec (k) the canonical morphism.
Then the sheaf with transfers j.j*G,, is still homotopy invariant and we have
HY(C;7.5*G,,) = Pic (C @y L).

4.3.2. The 0-th Cech cohomology presheaf. Recall that from lemma 2.6, for any
presheaf with transfers F' over k, the Oth Cech cohomology presheaf associated to
F for the Nisnevich topology has a canonical structure of a presheaf with transfers.
We denot by H2F this presheaf with transfers. Recall that for any smooth k-
scheme X, T'(X; H’ F) = H°(X; F)

The following proposition is the very point where our proof of the technical
results concerning homotopy sheaves differs from that of [Voe00a] (especially 4.26
and 5.5).

Proposition 4.13. Let k be field and F be a presheaf over m%cor .
Then the presheaf HO.F is homotopy invariant.

Proof. Let X/k be a smooth scheme. If s : X — Al is the O-section, we have to
prove in fact that s* : H F(AY) — HY F(X) is a monomorphism.

We may assume X is irreducible. Applying proposition 4.5, for any non empty
open subscheme U of X, the morphism H?.F(X) — HY F(U) is a monomorphism.
Thus in the commutative diagram below

. 3 70 1
15, F(ak) — I HirF(Ay)

< o

H)F(X) ——> lim Hy.F(U)

Ucx
where U runs over the non empty open subschemes of X, the horizontal arrows are
injectives and we have only to prove that o is injective.

Denote by E the function field of X and let 7 : Spec(E) — Spec (k) be the
canonical morphism. We let 7* : 2" — 2% be the base change functor for
presheaves with transfers (cf section 2.5.4).

Let sp : Spec (E) — AL be the O-section. Then from proposition 2.18 and the
remark that follows about functoriality, we deduce that the morphism

o lim HLF(AY) — i ALF(D)
Ucx Ucx
is isomorphic to
sk 7T HY F(AL) — 7" HY. F(Spec (E)).

Let us recall that from lemma 2.21 we have 7*H?. = HY 7*. To conclude that o
is an isomorphism, it remains to apply proposition 4.10 to the curve AL/E and to
the homotopy presheaf 7*F over E. O

Corollary 4.14. Let k be a field.
For any presheaf over m%eor i, the sheaf Fnis is homotopy invariant.
In particular, the functor ay. : P — N of corollary 2.7 induces an ex-

act functor apy : HPY — HAM which is left adjoint to the inclusion functor
HA" — HP[T.

61t is also a consequence of [Dég05], 6.5 and 6.6 applied to G,, = A%(,; K,f”)l.
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Corollary 4.15. The category HA,™ is a Grothendieck abelian category which
admits arbitrary limits.

The inclusion functor HA™ — M is ezact.

Let us consider the notations introduced for proposition 4.4 in the case where the
base is a field k. Then the corollary above implies that hél) = hg. The generators

of HA4,'" are the elements of the (essentially small) family (hoL[X .
k XeZ

Note finally that we obtain also the analog results of [Voe00a] in the case of
presheaves with transfers for the Zariski topology :

Corollary 4.16. Let F' be a homotopy presheaf over a field k.
Then the canonical morphism Fz,. — Fnis 15 an isomorphism.

Proof. From what preceds, we know Fyjis is a homotopy invariant sheaf over k. Thus
the result follows from lemma 4.8 applied to the morphism of homotopy presheaves
with transfers F' — Fyjis. O

5. HOMOTOPY INVARIANCE OF COHOMOLOGY

The aim of this section is to prove the following theorem :

Theorem 5.1 (Voevodsky). Let k be a perfect field and F be a homotopy sheaf
over k.

Then the Nisnevich cohomology presheaf H*(.; F) is homotopy invariant over
L.

5.1. Lower graduation.

Definition 5.2. Let S be a regular scheme and F be a homotopy presheaf with
transfers over S.

We associate to F' the homotopy presheaf with transfers F_; over .S, such that
for all smooth S-scheme X,

F_1(X) = coKer (F(A' x X) = F(Gp, x X)) .

With this definition, we always have a split short exact sequence
0— FAL x X) 25 F(Gp x X) — F_1(X) — 0

using the homotopy invariance of F' ; a canonical retraction of j* is induced by
the morphism A' x X — X 25 G,, x X given by projection followed by the unit
section of G,,, x X/X. By using this canonical splitting, we will always consider
that F_1(X) C F(G,, x X).

As a consequence, we deduce that if F' is a homotopy sheaf, F'_; is a homotopy
sheaf.

5.2. Local purity.

5.2.1. Relative closed pairs. In the definition below, we introduce the analog of the
definitions in 3.6 over a base.

Definition 5.3. Let S be a scheme.
A closed pair over S is a couple (X, Z) such that X is a smooth S-scheme and

Z is a closed subscheme of X. We will say (X, Z) is smooth (resp. has codimension
n) if Z is smooth (resp. Z is of pure codimension n in X).

A morphism of closed pair (Y,T) — (X, Z) is a couple of morphisms (f, g) which
fits into the commutative diagram of schemes
T—Y

o s
7~ X.
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which is cartesian on the corresponding topological spaces.
We will say (f, g) is cartesian (resp. excisive) if the preceding square is cartesian
in the category of schemes (resp. gred : Tred — Zred iS an isomorphism).

Remark 5.4. When given a closed immersion ¢ : Z — X into a smooth S-scheme,
we will usually identify the schemes Z and the closed subscheme i(Z) of X when
no confusion can arise.

5.5. The following method gives a general process to construct excisive morphisms.
Let S be a scheme. Consider (X, Z) and (X', Z) two closed pairs over S such
that X and X’ are étale over S.
Let A be the diagonal of Z over S. It is a closed subscheme of Z x g Z and thus
we identify it as a closed subscheme of X x g X’. Similarly, A is a closed subset of
X xXg 2 and Z XsX/.

Lemma 5.6. We adopt the hypothesis and notations above.

Define the set Q@ = X xg X' — (X Xxs Z — A)U(Z x5 X' — A)], and consider
the canomnical projections X LoLx.

Then Q is an open subscheme of X x5 X' and contains A as a closed subscheme.

Thus, identifying A with Z, (2, Z) is a closed pair over S such that /S is étale.
Moreover, the projections p, q induce cartesian excisive morphisms

p q

(X,2) (Q,2) (X', 2).

Proof. We have only to prove that Q is open in X xg X'.

Consider the closed immersion ¢ : A — X xg Z. Identifying A with Z, . is a
section of the étale morphism f xg Z : X xg Z — Z. In particular, ¢ is an open
immersion and X xg Z — A is a closed subscheme of X xg X’. Symetrically, we
get the conclusion. O

Remark 5.7. The reader can check that the preceding construction is functorial
with respect to cartesian étale morphisms (Y,7) — (X,Z) and (Y',T) — (X', 2)
of closed pairs over S.

Let X be a S-scheme and sy : X — A% be the 0-section. We will often consider
the closed pair (A%, so(X)) which we will always denote by (A%, X).

Definition 5.8. Let S be a scheme and (X, Z) a closed pair over S.
A parametrisation of (X, Z) over S is a cartesian étale morphism
(f.9): (X,Z) — (AT, A%) for a couple of integers (n, c).

Suppose given a parametrisation (X, Z) — (AS™, A%). Then (X, Z) is smooth
of codimension c¢. Moreover, X has pure dimension n over S. In particular, the
integer (n,c) are uniquely determined by (X, 7).

Reciprocally, when the closed pair (X, Z) is smooth, for any point s of Z there
always exists an open neighbourhood U of s in X and a parametrisation of (U, ZNU)
over S. We will speak loosely of a local parametrisation of (X, Z) at s.

5.9. The following process is the geometric base for the local purity theorem.
Suppose given a closed pair (X, Z) and a parametrisation
(u,v) : (X, Z) — (AT, A%). We associate to this parametrisation a commutative
square
7 —> A
\Ll X sv
X — AGH™
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where s¢ is 0-section of A%.
This gives two closed pairs (X, Z) and (A%, Z) over AZte.
Then from the preceding lemma, we obtain cartesian excisive morphisms
(X, 2) = (2, 2) — (A7, 2).
Remark 5.10. Consider in addition a cartesian étale morphism (Y, 7)) g, (X, 2).
Then we associate to the induced parametrisation of (Y,T') over S a closed pair
(I1, T') which fits into the commutative diagram of closed pairs over S
Y, T) <= (ILT) = (A7, T)
(£:9)y v y(1x59,9)
(X, 2) =< (@, 2) = (A%, Z)

We note that this process allows to deduce the following structure theorem for
points in the Nisnevich topology :

Corollary 5.11. Let S be a scheme and (X, Z) a smooth pair over S.
Then for any point s of Z, the exist an isomorphism

X~ AD)S

of pro-schemes over S which is the identity on Z". The integer c is the codimension
of Z in X at s.

Proof. Indeed, as we can find a local parametrisation of (X, Z) at s, we construct
from what preceds an open neighbourhood U of s in X, and excisive morphisms

(U,ZQU)—?(KLZHU)H( CZﬂUvsz)'
This implies €2 is a Nisnevich neighbourhood of s in U (resp. A%~;), thus in X
(resp. A%). This concludes. O

5.2.2. The case of homotopy presheaves. Let (X, Z) be a pair over a regular scheme
S. For any point s € Z, we have a canonical isomorphism

h b
Z;= lim VxxZ
Vevh(X)
It is natural to consider the pro-object
Xt-zl= lm (V-Vxx2).
Vevh(X)
We thus have canonical morphisms of pro-objects (pro-immersions) :
Xh—zh & X — Zh
For any presheaf over .Zs, we consider the induced morphism

F(X{) = F(X! - Z0),

S

and denote by F(X" — Z")/F(X") the cokernel of . Note this is a little abuse of
notation as ¢ is not necessarily a monomorphism.

Proposition 5.12. Let S be a regular excellent scheme, (X, Z) be a smooth closed
pair over S and F' be a homotopy presheaf over S.

Let s be a point of X such that Z is of codimension 1 in X at s.

Then any local parametrisation of (X,Z) at s induces a canonical isomorphism

F(XP = Z0)/F(X) ~ F_1(Z7).
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Proof. Indeed, a local parametrisation of (X, Z) at s induces from corollary 5.11
a canonical isomorphism X — AL)" which is the identity on Z". Thus we are
reduced to the case of the closed pair (A}, Z).

Let V be a Nisnevich neighbourhood of s in Z. Then A}, is a Nisnevich neigh-
bourhood of s in A},. Thus we get a canonical morphism

lim  F(AL ~V)/FV) S5 lim F(W - W) /F(W).
Vevi(2) wevr(AL)

Lemma 5.13. Let S be a regular excellent scheme and Z a smooth S-scheme.
For every point s in Z, the canonical morphism described above

*)
Foi(hly) 5 F(BY)L - 20) /P (83)2).
is an isomorphism.

Let Z = Spec (0% ,) be the limit of Z!, and 7 : Z — S the canonical morphism.
Note that Z is regular and noetherian.
As filtered inductive limits are exact, we obtain using proposition 2.18 a canonical

isomorphism
(F*F)-1(A%) = F_1(Ajn).
Moreover, we can write
F(Ay)y - Z!)/F(AR):) = lim lim  F(W —Wgz)/F(W).
Vevi(Z) wevk(al)

This writing, together with proposition 2.18, gives us a canonical isomorphism
PF(AZ)Y — 2)/7"F(AL) ~ F(AR)L = Z0) /F(A)L).

Thus we are reduced to the case where S = Z is a local henselian scheme with
closed point s. Indeed, the two isomorphisms just constructed are compatible with
the morphism (x) (cf the remark after proposition 2.18). Note also that Z is still a
regular excellent scheme (cf [GD66], 18.6.10 and 18.7.6).

We consider the category Z of étale morphisms V' 5, A} such that V is affine
and g~'(S) — S is an isomorphism, with arrows the Al-morphisms. Then 7 is a

final subcategory of V! (A}). Indeed, let V ER A} be a Nisnevich neighbourhood
of sin A. As S is henselian, the morphism g : Vg — S induced by f admits a
section. Thus there exists an open subscheme V' of V such that V' N Vs = S. As
we can always reduce V' in a neighbourhood of s, we can assume V' is affine that
isV'eZ.

Let VL A} be an object in Z. To conclude the lemma, we will prove that the
morphism

F(As = 8)/F(Ag) — F(V = Vs)/F(V)

induce by f is an isomorphism.

The main theorem of Zariski implies there exists an S-scheme V' and morphisms

e
T

17 m

such that f is finite and k is an open immersion. Replacing V by the reduced closure
of Vin V, we can assume V is dense in V. As S is excellent and V is normal, we
can assume furthermore that V' is normal, replacing it by its normalisation.

We claim V'/S is a good compactification of (V,S). Let W = f(V — V) as a
reduced closed subscheme of Pk, and W, C P! be the special fiber of W. Then
W, is a finite set as it is nowhere dense in P! : we can find a regular function A
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on P! such that D(h) N (W, U{0}) = (. Let [ be an extension of h to PL. As the
projection V — S is proper, necessarily W N D(I) = (). Thus, W U {05} is included
in the affine open subset V(h) = PL — D(h). Then (V — V) U Vs is included in the
affine open subset f~!(D(h)) as required.

Finally, we can apply theorem 3.23 to the square V — Vg L \%

o W-

AL — S5l
The short sequence
0— F(AL) 25 Rl - 5)e Fv) L PV - vs) — 0
is split exact which implies the needed result by an easy diagram chase. O

5.2.3. The case of sheaves. For any scheme X, we let Xnis be the site of étale
X-schemes with the Nisnevich topology, and Xnis be the topos associated to Xnis.

When f: Y — X is any morphism of schemes, we have, following [MAJ73]|, exp.
IV, a couple of adjoint functors

(f*?f*) : S}Nis - XNis

with f* exact. When we restrict our attention to the category of abelian sheaves,
the functor f. can be classically derived on the right and induces a functor

Rf. : D"(Z.Yxis) — D"(Z.Xnis).

Recall that for any ¢ € N, and any (abelian) Nisnevich sheaf Fy on Y, RIf,Fy is
the Nisnevich sheaf associated to U/X — HY(Y xx U; Fy). This implies that f.
is exact whenever f is finite as a finite scheme over a local henselian scheme is a
disjoint union of local henselian schemes.

Let S be a regular scheme and F' be a homotopy sheaf over S.
For any smooth S-scheme X, we will denote by F'x the restriction of F' to Xyis.

Remark 5.14. (1) For any U in Xyjs, we obviously have

H™(U;Fx)=H"(X;F).

(2) When f:Y — X is a smooth morphism, we have f*Fx = Fy.

Let more generally (X;);cr be a pro-object of étale X-schemes affines
over Z, and X be its limit.

We can consider X, = (X;);er as a pro-object of smooth affine S-
schemes. Let 7 : X — S be the canonical morphism. We have defined
the sheaf with transfers 7*F' over X in section 2.5. Recall that proposition
2.19 implies it is homotopy invariant.

Let now 7x : X — X the canonical morphism. Then as another appli-
cation of proposition 2.19, we obtain 7% Fx = (7*F)x.

Remark that the coherence of the Nisnevich topos together with
[MAJ73], VI, thus implies

H"(X¢; F) = H"(X;T*F).

Let (X, Z) be a smooth closed pair over S of codimension 1, j : X — Z — X and
i : Z — X the canonical immersions.

Applying corollary 4.6, the adjunction morphism Fy — j,j*Fx is a monomor-
phism. Let C be its cokernel in Z.Xnis- Then the adjunction morphism C' — i,i*C
is an isomorphism as for any point s € X — Z, C(X}) = 0.

Definition 5.15. With the above notations, we define Fx z) to be the Nisnevich
sheaf on Zyis equal to i*C.
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Thus, by the above construction, we have a canonical exact sequence of sheaves
on XNis
(®); 0— Fx — j«Fu — ixF(x,z) — 0.
For any cartesian morphism (f,g) : (Y,T) — (X, Z) there is an induced mor-
phism
Fix,zy — 9«Flvr)
which makes the above exact sequence functorial.

Lemma 5.16. Let F' be a homotopy sheaf over a regular scheme S, and (X,Z) be
a smooth codimension 1 closed pair over S.
Then for any s € Z, we have a canonical isomorphism

Fix,z)(2)) = F(X] — Z7)/F(X})
using the notations preceding proposition 5.12.

Proof. By definition, Fx z)(Z!) = (i.Fx)(X["). Thus the result follows by taking
fibers along X in the exact sequence (C). O

Lemma 5.17. Let F be a homotopy sheaf over a regular scheme S, and (f,g) :
(Y,T) — (X, Z) be an excisive morphism of smooth codimension 1 closed pairs over

S
Then the canonical morphism F(x 7y — g«F(y,r) is an isomorphism.

Proof. Let s be a point of Z. We have only to check the assertion by evaluating
the sheaves on Z". As (f, g) is excisive, Y is a Nisnevich neighbourhood of s in X.
Thus f induces an isomorphism Y;» — X" with ¢ being the point of Y such that
g(t) = s. The result now follows from the preceding lemma. O

Let F' be a homotopy sheaf over S and Z be a smooth S-scheme. For any étale
Z-scheme V', let Zy be the category with objects the couple (U,n) such that U is
an étale Al -scheme and 1 : V — Uy is a Z-morphisms. The arrows in Zy are the
X-morphisms in U compatible with 7. Then, by contruction of the pullback on
sheaves over small Nisnevich sites, F{,1 z) is the sheaf associated to the presheaf

G:V/Z+— lim F(U-Ug)/F(U).
(Umn€elv
There is an obvious morphism F_;|z — G of presheaves over Zyis, which thus
induces a morphism of sheaves over Zjis

€uy.z) Pz = Py z).
Lemma 5.18. The morphism €1 7 : F 1|z — Fu1 7y described above is an
isomorphism.

Proof. We have only to check the assertion on fibres. Then using the computation
of lemma 5.16, it is just lemma 5.13 using the homotopy invariance of F_;. O

The two previous lemma implies the important result of this section :

Corollary 5.19. Let (X,Z) be a closed pair over S and p: (X,Z) — (A% AZ)
o parametrisation over S.
Let (X,7Z) % (Q,2) <L (AL, Z) be the morphisms constructed in paragraph 5.9.
Let T be a smooth S-scheme. For any smooth S-scheme Y, we put Y’ =Y xgT
; this defines an endomorphism of smooth S-schemes.
Then, all the morphisms in the sequence
Iy g wL, .z

Fixrzny —— Fazy — Fay, zy) ——— Falz

are isomorphisms.
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We thus have associated to the parametrisation p an isomorphisms of sheaves
over ZNis;
ep T Fixxor,zx,m) = Foilzx, T
This isomorphism is obviously functorial in the smooth S-scheme T, using the
naturality of ¢ with respect to 7.

Remark 5.20. This isomorphism is more generally functorial in p in a suiteable
sense, but we will not use functoriality. Note moreover that by using deformation
to the normal cone, we can show at this point that ¢, does not depend on the choice
of p. This could be used to construct such an isomorphism for any smooth closed
pair of codimension 1 without requiring the existence of a global parametrisation.

5.3. Localisation long exact sequences. Let S be a regular scheme.

Let (X, Zp) be a smooth closed pair over S of codimension 1 and p : (Xg, Zy) —
(A%T' A%) a parametrisation over S. Let T be a smooth S-scheme and put
(X,2)=(XoxsT,Zy xsT).

Let j : U — X and i : Z «— X be the canonical closed embedding. The
isomorphism constructed in corollary 5.19 induces a canonical exact sequence of
sheaves on Xyis

0— Fx — j«Fy — ixF_1|z — 0.

Recall that i, is exact. Thus, for any étale X(-scheme V}, taking cohomology on

V =Wy xg T we get a localisation long exact sequence,

D) W —=H" YV Fy) — H" N (V5. Fy) — H Y (Vg F_1|2)
— H"(V;Fx) — H"(V;j.Fu) — ...

This sequence is functorial in V) with respect to étale Xy-morphisms and in 7" with
respect to any S-morphisms.

Remark 5.21. We could also have considered the closed pair (Vy, Vp x x Z) and the
induced parametrisation (Vp, Vo xx Z) — (A%™! A%). By the very construction,
the sequence obtained is exactly the above sequence.

To conclude, we note that if we know the vanishing of R™j, for m > 0, this
exact sequence as the form

e HY YV F) 2 B YV — Vg F) — H Y (Vs Foy) — HY(V; Fy) — ..l
which is in fact the localisation exact sequence associated to (V,Vz).

5.4. Proof. Let now S be the spectrum of a perfect field k.

The proof of Voevodsky consist now to recursively both prove the homotopy in-
variance of H"(.; F') and establish the localisation long exact sequence (for smooth
divisors) in dimension less than n which, according to the above, amounts to prove
the vanishing of R™j, for m < n and for any open immersion j of the complemen-
tary of a smooth divisor.

Reduction step 1.—

Let n be a positive integer.

If for any smooth k-scheme X, any point s € X, and any integer 0 < i < n,
Hi(Aﬁq;F) =0,

then for any smooth k-scheme X and any integer 0 < i < n, H'(AL; F) =
Hi(X;F).

Indeed, we let 7 : AL — X be the canonical projection and apply the Leray
spectral sequence to m and to FA& :

BT = HP(X; R'mFyy ) = HP (A Fuy ).
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It suffices to note now that the hypothesis implies RqW*FAk =0if 0 < ¢ < n.
Indeed, for any point s € X, Rim, Fy1 (XM = Hq(Aﬁ(g;F).
Reduction step 2.— The following step is exactly the point where we need the
base to be perfect a perfect field.

Let n be a positive integer.

For a closed pair (X, Z) over k, we consider the property

P(X,Z) : the induced morphism H"(AY,;F) — H"(AY, ,.:

F) is a monomor-
phism.

Suppose that for any smooth closed pair (X,Z) of codimension 1 the property
P(X,Z) is true,

then for any smooth k-scheme X, and any point s € X, H”(Aﬁw;F) =0.

We start by proving that under the assumption, P(X, Z) is true for any closed
pair (X, Z) over k. For this, we use precisely the following lemma of Voevodsky (cf
[Voe00a], lem. 4.31) :

Lemma 5.22. Let X be a smooth k-scheme over a perfect field k and Z a nowhere
dense closed subscheme of X .

Then for every point s € X, there exists an open neighbourhood U of x in X and
an increasing sequence of closed subscheme ) =Yy C ... C Y, of U for r > 0 such
that

(1) for any 1 <i<r,Y; —Yi_1 is a smooth divisor of U —Y;_1.
(2) ZNU C Y.

Proof. We assume X is connected and use induction on the dimension n > 1 of X.
The case n =1 is trivial as k is perfect.

Let n > 2 and X be a smooth n-dimensional scheme. Necessarily, there exists an
open subscheme Uy of X and a smooth relative dimension 1 morphism p: Uy — Y
to a smooth k-scheme Y.

Let Zgng be the singular locus of Z. As k is perfect, dim(Zsny) < dim(Z) < n.
Let T be the reduced closure of p(Zsing) in Y. We thus have dim(T) <n—2. AsY
has pure dimension n — 1, T" is nowhere dense in Y. By the inductive assumption
applied to Y and T in a neighbourhood of p(s), there is a neighbourhood V" of p(s)
in Y and an increasing sequence Yy C ... C Y, of closed subscheme of V' satisfying
conditions 1 and 2 for T" and V.

Put U=p V), Y, =p 1 (Y/)for 0<i<rand Y1 =Y,U(ZNU). Then
the sequence Yy C ... C Y,41 of closed subscheme of U satisfies conditions 1 and 2
for Z and U. O

With this lemma, we obtain easily P(X, Z) for any pair (X,Z) asif Z C T C X,
P(X,T)= P(X,Z) and P(X,Z) is a local property on X.
Fix now a smooth k-scheme X and a point s € X. Let E be the fraction field”
of O% .. The pro-object (E) = lim X! — ZI' of étales X-schemes has the scheme
ZcxX
Spec (E) for limit.
The property P(X, Z) for any Z implies the canonical morphism

H"(By; F) — H" (Al F)
is a monomorphism. Let 7 : Spec (E) — Spec (k) be the canonical morphism. Then
remark 5.14 implies H"(A{py; F') = H"(Af; 7*F). Thus finally, this reduction step
follows using corollary 4.11.

"The extension field E /k, though of finite transcendantal degree, is not necessarily of finite
type.
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We are ready now to prove recursively on an integer n > 1 the following asser-
tions :

(i) For any smooth closed pair (X, Z) of codimension 1, j : X — Z — X the
open immersion, we have : V0 < m < n, R™j,.(Fx_z) =0.

(ii) For any smooth closed pair (X, Z) of codimension 1 with a given parametri-
sation p, j : X — Z — X the open immersion, and V' an étale X-scheme,
the localisation exact sequence (D) induces an exact sequence

HY YV — Vg F) — H" NV F_y) — HY(V: F) 25 HY(V — Vy F)

functorial in X with respect to étale morphisms (the parametrisation of an
étale X-scheme being the parametrisation induced by p).

(iii) H™(.; F) is homotopy invariant.

Suppose n = 1. Let (X, Z) be a smooth pair of codimension 1 and p a para-
metrisation of (X,Z). Let T = Spec (k) or A}, (X',Z2') = (X xx T,Z x3, T),
U =X'—7"and j : U — X’ the canonical immersion. The localisation exact
sequence (D) associated with these data is

0— F(X' -2 z, F(X') = F (X" — HY (X", F) & HYX';jFx'_z').
Applying the Leray spectral sequence for j and Fx/_z/, we obtain a canonical
morphism H(X';j. Fx/_z/) LA HY(X' — Z'; Fx/_z) which is a monomorphism
and such that j* = bov. This implies that Ker(r) = Ker(j*) and we thus obtain
the sequence of property (ii) for (X', Z’). Functoriality in X with respect to étale
morphisms now follows from the functoriality of the sequence (D).

Let s be a point of Z. We now consider the limit of this exact sequence by
replacing X by arbitrary Nisnevich neighbourhood od s in X. The functoriality in

T of the sequence (D) implies that the following diagram, in which lines are exact,
is commutative :

F(X$ = 28) —= Fa(Z])
~ |~

F(Axn_gn) —= Foa(Agy) — H' (A% F) 4 HY (A

0

F)

Thus (1) is a monomorphism. As any smooth closed pair (X, Z) admits locally a
parametrisation, we are done by reduction steps 2 and 1.

Consider n > 1 and the inductive hypothesis. To prove (i) we consider s € X
and prove for any 0 < ¢ < n, the fiber of R%j,Fy at X" is zero.

By the inductive hypothesis and corollary 2.10, H = H™(.; F') is a homotopy
presheaf over k. Then proposition 5.12 implies we have an isomorphism

R1jFy(X]) = H(X$ = Z8) = H(X] = Z0)/H(X() ~ H_1(Z]).

Let E be the fraction field of Ozn. Put (E) = lim Z! — T". The canonical
TCZ

morphism (E) — Z" is a pro-immersion. Thus, applying corollary 4.6, the induced
morphism H_;(Z") — H_1(F) is a monomorphism. Indeed, Z" is a point and,
though FE is not necessarily of finite type over k, it is the filtering union of its
sub-k-extensions E’ of finite type. Thus F +— F(FE) is still a fiber functor for the
Nisnevich topology on .%.

Let 7 : Spec (E) — Spec (k) be the canonical morphism. We obtain finally the
following inclusion

H_\(E) C H(Gp, x (E)) = HYGy, x (E); F) = HY(Gy, g; 7°F)
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using remark 5.14. Since the latter group is zero by corollary 4.11, we are done for
(i)-

For (ii) it is now sufficient to apply the same reasoning than in the case n = 1.
Indeed property (i) and the Leray spectral sequence for j give the edge monomor-

phism H"(X; R%j, Fx) % H"(X — Z; Fx_7).

For (iii) now, we consider a smooth closed pair (X, Z) of codimension 1 and a
point s € Z. It admits a parametrisation in a neighbourhood V of s, which induces
a parametrisation of (A},, A}, ;). This parametrisation bieng fixed, we can consider
the exact sequence of property (ii) for any étale V-scheme. If we take the colimit of
these sequences with respect to the Nisnevich neighbourhoods of s in V', we obtain
the following exact sequence

H" Ay Fla) = H™ (A ) = H" (Axn 05 F).

This concludes by the inductive assumption as we can now use again reduction
steps 2 and 1.
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