APPLICATIONS OF ATIYAH-HIRZEBRUCH SPECTRAL
SEQUENCES FOR MOTIVIC COBORDISMS

NOBUAKI YAGITA

ABSTRACT. We study applications of Atiyah-Hirzebruch spectral sequences
for motivic cobordisms found by Hopkins and Morel.

1. INTRODUCTION

Let X be a smooth algebraic variety over a subfield k of the complex number field
C. To prove the Milnor conjecture, V.Voevodsky [Vol,2] constructed the motivic
cobordism theory M GL**(X) such that there are natural maps which commute
the following diagram

MGL**(X) —£— MU*(X(C))

p*,*l p*l

H™*(X)  —5— H*(X(C))
Here H**(—) (resp. MU*(—), H*(—)) is the motivic cohomology (resp. the com-
plxes cobordism theory, the ordinary cohomology theory), tc (resp. p*) is the
realization map (resp. the Thom map) and X (C) is the complex manifold of ra-
tional C points of X.

To study MGL**(—), M.Hopkins and F.Morel ([Ho-Mo]) found the motivic

Atiyah-Hirzebruch spectral sequence ( AHss)

(1.1) E(MGL)y™" = H**(X,MU*) = MGL**(X).
Direct consequences of the existence of the motivic AHss are the isomophisms
(1.2) MGL**(pt)= MU*, and MGL***(X)®@nu-Z = CH*(X)

where CH*(X) is the classical Chow ring of X. There are many other applications.

Given a regular sequence S = (a1,as,...),a; € MU?*, there is the generalized
(topological) cohomology theory MU(S)*(—) ([Sh-Ya]) such that the coefficient
ring is isomorphic to MU (S)* = MU*/(Ideal(S)). In particular, MU (x1, xo, ...) =
HZ where MU* = Z|x1, 22, ...| and HZ is the Eilenberg-MacLane spectrum.

Similarly we can construct the algebraic cohomology theory AMU (S)**(—) such
that tc(AMU(S)) &2 MU(S). The crucial point of the proof by Hopkins-Morel
of the existence of the motivic AHss is also the isomorphism AMU(z1,z2,...) =
AHZ = Hy : the spectrum representing the motivic cohomology.

We give a proof of the fact that AMU(p,x1,...) = Hyy, because the proof is
quite easy for this case and most computations in this paper are given only for
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mod(p) theories. However we use the Al-homotopy Whitehead theorem and use
the fact that the motivic Steenrod algebra A;* is multiplicatively generated by
H**(pt; Z/p), reduced powers P’ and the Milnor operations @;. The last fact is
proved by V.Voevodsky and G.Powell [Po], while it is not published yet.

(From this fact we get the Sullivan-Baas exact sequences and AHss for many
motivic cohomology theories, e.g., ABP, AP(n), ABP{(n}), Ak(n). The differentials
of AHss for these theories are related to the Milnor opration, in fact,

(13) d2pn,1($) =v, & Qn(CC) mOd(Qo, ceey anl)

in AHss for AP(n)**(—) theory where BP* = Z,[v1,v2, ...] as usual.

The following are applications of AHss for motivic theories.

Recall that BP(n)"(X) is the theory with the coefficient BP(n)" = Zy)[v1, ..., vn].
It is proved that if ABP(n)"(X) is (p,v1,...,v,)-torsion, then H**(X;Z/p) is
a A(Qo, ..., Qn)-free module. For a nonzero element a = (ag,...,a,) in the Mil-
nor K-theory KM, (k), let C(Q,) be the reduced Cech complex defined from the
norm quadric @, of dimesnsion 2™ — 1 (see [Vol,2] for details). Then we see that
H**(C(Qa);Z/2) is A(Qo, ..., Qn)-free. This gives a little different proof of some
parts in the proof of Milnor conjecture by Voevodsky. Moreover we show that

(1.4) H**(C(Qa);Z/2) = KM (k)/(Ker(a)) ® AQo, ..., Qn) ® Z/2[62){ar "}

where deg(§2) = (272 — 2,2"+! — 2) and deg(ar™!) = (n + 1,n).

Hu and Kriz ([Hu-Krl1,2]) studied the Real cobordism theories. In particular,
they computed the coefficient of the Real BP-theory BPR**(pt). By the Real
realization map tr, the Real theories are related to the motivic theories over k = R.
We see that ABP/2**(Spec(R)) is a BP/2*-submodule of BP/2R**(pt) and

(1.5) grABP** /2(Spec(R)) = BP*[p]{1,0,t3" “|,n > 1}/(2,v,p>" ~') @ A(to)

where deg(t;) = (0,2%), deg(p) = (1,1).

Recall that P(n)*(—) (resp. K(n)*(—)) is the theory with P(1)* = Z/p[vy, ...]
(resp.K (n)* & Z/plvn, v, t]). When k = C, we see that AP(n)**(—) and AK (n)**(-)
work very well. In particular,

(1.6) AP(n)**(AP(n) A AP(n)) 2 P(n)*(P(n) A P(n)) ® Z/p|7]

where deg(t) = (0,1). Then we prove that AP(n)**(—) has a good product
and holds the Conner-Floyd type theorem, ie., AK(n)**(—) = K(n)* @k
AP(n)™* (=) ([Yal],[Wu]).

Let Q5p(—) be the BP-version of the algebraic cobordism Q*(—) defined by
Morel and Levine ([Mo-Lel,2]). Let G be an algebraic group over C and BG be
its classifying space [Tol,2]. We note that

(1.7)  ABP***(BG) = Q%p(BG) = BP*(BG)

hold for all groups with no p-torsion in H*(BG) or finite abeilan groups. However
for nonabeian p-groups, we give only weeker results.

Next consider another type of groups. Let G be a simply connected Lie group
and G¢ be the corresponding reductive algebraic group. Let us write H*(G;Z/p) =
P(y) @ A(z1,...,x¢) where P(y) is a truncated polynomial generated by even di-
mensional generators. Let I = (p,v1,..) be the (invariant prime) ideal in BP*. We
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also note that we have the isomorphism of BP*-modules

(1.8) ABP**(Gc)/I* = Q5p(Ge)/I* = BP* @ P(y)/(12, ZUijxiH <1<0).

The last isomorphism is proved in [Ya5], while the first isomorphism is immedite
consequence from the existence of AHss (1.2).

Section 2 (resp. 8) is a short introduction to the motivic cohomology therory
(resp. algebraic cobordism). In §3, we define Ah**(—) theory for sertain toplogical
theory h*(—) and prove AHZ/p = Hy,, and give AHss for these theories. In §4,
we note the relation of Q; and the differential of AHss. In §5, we study C(Q.)
and the Rost motives. In §6, ABP**/2(Spec(R)) is studied. In §7, we study
AP(n)**(—) theories for k = C. Section 9 (resp. 10) treats the ABP**(—) for
classifying spaces BG for algebraic groups over C (resp. the reductive groups G¢
for simply connected Lie groups).

Arguments with John Greenlees, Jens Hornbostel, Fabien Morel and Burt Totaro
have been very helpfull to write this paper. The author thanks them very much.

2. MOTIVIC COHOMOLOGY

We use some category Spc of (algebraic) spaces, defined by Voevodsky, where
schemes A, their quotients A; /A5 and colim(A,) are all contained ([Vo2],[Mo-Vo)).
Here schemes are defined over a field & with ch(k) = 0. The motivic cohomology is
the double indexed cohomology H**(X) defined by Suslin and Voevodsky directely
related with the Chow ring and the Milnor K-theory. Indeed, for a smooth scheme
X, H?™"(X) = CH™(X), the classical Chow group of codim n cycles on X modulo
rational equivalence. The cohomology H™"(Spec(k)) = KM (k) ; the Milnor K-
group for the field k.

Since Spc contains colimit, we can consider the infinite projective space P> =
BGy;, and the infinite Lens space colim,, (A" —{0}/Z/p) = L;° = BZ/p. The Chow
rings of these spaces are given [Tol] by

(21) CH*(P*)=H**(P*) = Zly|, CH*(BZ/p)=H*"*(BL/p)=Zly]/(py)

with deg(y) = (2,1).

The Milnor K-theory is the graded ring @, K} (k) defined by KM (k) = (k*)®"/J
where the ideal J is generated by elements a ® (1 — a) for a € k* — {1}. Here the
addition of k* is given by the multiplication in the field k. Hence K} (k) = Z and
KM (k) = k*. Hilbert’s theorem 90, which is essentialy said that the Galois co-
homology H(G(ks/k); k%) = 0, implies the isomorphism KM (k)/p = k* /(k*)P =
HY(G(ks/k);Z/p) for 1/p € k. Similarly we can define a map (the norm residue
map) for any extension F of k of finite type

(2.2)  KM(F)/p— H"(G(F,/F); u$"™)

where ,u?" is the discrete G(F/F)-module of n-th tensor power of the group of
p-roots of 1. The Bloch-Kato conjecture is that this map is an isomorphism for all
field £ and the Milnor conjecture is its p = 2 case. This conjecture is solved when
n = 2 by Merkurjev-Susulin [Me-Su], and for p = 2 by Voevodsky [Vol].

Notice that H™(G(ks/k); us™) = HJ(Spec(k), us™) the étale cohomology of
the point. The étale cohomology H} (X;Z/p) has the following properties. If k
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contains a primitive p-th root of 1, then there is the additive isomorphism
(2.3) HZ(X,up") = HE(X;Z/p).
For smooth X over k = C,
(2.4) H™(X;7Z/pN) = H™(X(C);Z/pN) for all N > 1.

The last cohomology is the usual mod p ordinary cohomology of C-rational point of
X. Of course HY(Spec(C); Z/p) = Z/p. Tt is also known that H, (Spec(R);Z/2) =
Z/2[p] with deg(p) = 1 for the real number field R.

We recall the Lichtenbaum motivic cohomology ([Vo1,2]). Lichtenbaum defined
the similar cohomology H;*(X; R) by using the étale topology, while H**(X; R)
is defined by using Nisnevich topology. Since Nisnevich covers are some restricted
étale covers, there is the natural map H**(X; R) — H;"(X; R). We say that the
condition B(n,p) holds if

(2.5) Hm’n(X;Z(p)) = Hzn’n(X;Z(p)) forallm<n+1

and all smooth X. The Beilinson-Lichtenbaum conjecture is that B(n,p) holds
for all n, p. It is proved that the B(n,p) condition is equivalent the Bloch-Kato
conjeture for degree n and prime p. Hence B(n,p) holds for n < 2 or p = 2.
Moreover Suslin-Voevodsky proves

(2.6) H""(X;Z/p) = HJ}(X;pup™).
When k C C, there are maps (realization maps)
te" t H™™(X;Z/p) — H™(X(C); Z/p)
which sum up 3" = @y ,t¢"" the natural ring homomorphism. Suppose that
B(n,p) condition holds. When k = C, by isomorphisms (2.3)-(2.6), we have
(2.6) H™"(X;Z/p) = H"(X(C); Z/p).

This isomorphism also represents the realization map 2",

Now we compute H**(pt;Z/p) = H**(Spec(k);Z/p). Define the weight (resp.
difference) w(x) = 2n —m (resp. d(z) = m —n) for deg(z) = (m,n). For a smooth
X, if H™"™(X;Z/p) 2 0, then it is known ([Vo1,2]) that

(2.7) w(z) >0, dz)<dim(X).
We also note w(z) = 0 if z € CH*(X) and w(zy) = w(z) + w(y), d(zy) =
d(z) +d(y).
Hereafter this paper,we assume that k contains a primitive p-th root of 1 and
B(n,p) holds for all n but X = Spec(k). Then
H™"(pt; Z/p) = Hyj (pt; ") = HYY (pt Z/p)  if m<n
and H™"(pt;Z/p) = 0 for m > n. Let 7 € H%'(pt;Z/p) be the element corre-
sponding a generator of HY,(Spec(k);u,) =2 HS,(Spec(k); Z/p) = Z/p. Then we
get the isomorphism
H**(Spec(k); Z/p) = Hey(Spec(k); Z/p) © Z/p[7]

since 7 : HJ} (pt; u$™) = HZ} (pt; u;‘?("“)). For examples,

(2.8)  H™"(Spec(C); Z/p) = Z/plr], H""(Spec(R);Z/2) = Z/2[r, p].
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Next we compute cohomology of P> and BZ/p. Let R = Z or Z/p. For the
projective space P™, there is an isomorphism

(2.9)  H**(X xP"/P" ' R) =~ H**(X; R){1,y'}

with deg(y’) = (2n,n) and tc(y’") # 0 for k C C. For any (algebraic) map f: X —
Y in the category Spc, we can construct the cofiber sequence

X =Y —cone(f)=Y/X
which induces the long exact sequence (Voevodsky [Vo2],[Mo-Vol)
(2.10) H**(X;R) « H**(Y;R) «— H**(Y/X : R) «— H* '*(X; R).
In particular, we get the Mayer-Vietoris, Gysin and blow up long exact sequences.
By the cofiber sequence P*"~1 — P* — P"/P"~! and (2.9), we can inductively
see that
(211) H**(P";Z/p) = H*"(pt; Z/p) ® Z/plyl/(y"*") with deg(y) = (2,1).
For the Lens spaces, we also have the cofiber sequence in the A'-stable category
SHot (see Section 3 bellow)
(2.12) LD —P" 5P,
Thus we get the additive isomorphism H**(Ly;Z/p) = H**(P";Z/p){1,z}. This
induces the ring isomorphism for p = odd ([Vo3])
(213)  H**(Ly:Z/p) = Z/plyl/(y" ") ® Az) © H™" (pt; Z/p)

with deg(z) = (1,1). However note that when p = 2, we see 2% = y7 + xp [Vo3]
where p € HV(pt; Z/p) = k* /k** represents —1. (Hence p = 0 when / — 1 € k*.)
This is proved by the wellknown fact {a,a} = {a,—1} in the Milnor K-theroy
Let us say that a space X satisfies the Kunneth formula for a space Y if
HY (X X Y;Z[p) = H"(X;2/p) @ (przyp) H* (Y5 Z/p).

By the above cofiber sequences, we can easily see that P> and BZ/p satify the
Kunneth formula for all spaces. In particular, we have the ring isomorhisms

(2.14) H**((P>)"Z/p) = Z/ply1, ..., yn] @ H**(pt; Z/p)

(2.15) H™"((BZ/p)";Z/p) = Z/ply1, -, yn] @ A(@1, ..., wp) @ H"" (pt; Z/p)
( when p =2, 22 = y;7 + z;p).

This fact is used to defined the reduced power operation P*. Indeed, we have (
the Bockstein, the reduced powers ) operations

(2.16)  B: H™*(X;Z/p) — H**"*(X;Z/p)
P H**(X;Z/p) — H* === Di(x: 7,/p),

which commutes with the realization map ¢c when & C C. Moreover we have the
Milnor primitive operation

Qi : H*(X;Z/p) — H* %' =101 (X: 7/p),

such that Q; = [Qi—1, PP '] modulo(p) (see [Vo3] for details). Note that w(P?) =
Oa w(Ql) = —17’LU(T) = 2a and d(PZ) = ’L(p - 1)7d(QZ) = 2ia d(T) =-1
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V.Voevodsky and G.Powell [Po] also showed that the mod p motivic Steenrod
algebra A7* is generated as an H**(pt,Z/p)-module by the product of P? and 8,
in particular

(2.18) Ay = H"*(pt;Z/p) ® RP ® A(Qo,Q1, ---)

where RP is the Z/p-module generated by products of reduced powers.
We can see ([Ho-Kr 2])

(2.19) H**(BGLy;Z) = Z[cy, ..., cn) @ H* (pt; Z)

where the Chern class ¢; with deg(c;) = (2i,1¢) are identified with the elementary
symmetric polynomial in H**((P>)™; Z). So we can define the Chern class p*(¢;) €
H?**(BG;Z) for each representation p : G — GL,,.

3. GENERALIZED MOTIVIC COHOMOLOGIES

(From the category Spe, Morel and Voevodsky constructs ([Vol,2],[Mo-Vo]) the
(A, algebraic) homotopy category Hot and stable homotopy category SHot. There
are two different types of spheres in Spc

(3.1)  Sl=A'7{0,1} and S} =A'-{0}.

The Tate object is T' = Al/(A! —0) = P! = S} A S! in Hot. The category SHot
is defined by the T as the suspension, e.g., E = {E;}, E; € Spt is a spectrum if
there are the maps T A E; — F;4;.

Let X%° be the functor from Spc to T-spectra by X to {T* A X}. If Eis a
T-spectrum, then the motivic (generalized) cohomology E**(—) is defined by

(32)  E™™X) = Homsue (S (X),S™" A E)

where S™™ = 8™~ A ST and Homsgoet(—,—) are homomorphisms defined on
SHot.

The spectrum for the ordinary motivic cohomology is defined as following. (See
[Vo 1] for details.) Let L(X;R) for R = Z or Z/p be the presheaf sending a
connected U to the free R-module genrated by the set of all closed irreducible
W C U x X such that the projection W — U are finite and surjective. The
Eilenberg-MacLane spectrum is defined as

(3.3) K(R(n),2n) = L(A"; R)/L(A" — {0}; R).

We also write the specrum {K(R(n),2n)} by Hg.

Let BGL denote the infinite Grassmanian, the union over N of GLx(c0).The
corresponding generalized cohomology theory is the algebraic K-theory. The mo-
tivic cobordism theory MGL**(—) is the generalized cohomology theory defined
by the Thom spectrum M GL = {Th(E,, — GL,)}, with identifying Th(E, ®O) =
T ATh(E,) and E,, ® O — E, 41 for the n-dimensional universal bundle F,, and
the trivial line bundle O.

Recall that H**(BGL;Z) =2 H**(pt;Z) ® Z/p|c1, ...]. It is known that as mod
p-Steenrod algebra A7-modules

Z/plcr,...] = RP ® Z/p[m;|i # P — 1] with |m;| = 24

where RP is the subalgebrta of A} generated by reduced powers. By Thom isomor-
phism H**(MGL;Z/p) = H**(BGL;Z/p), we have the mod p -motivic Steenrod
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algebra Ay *-modules isomorphism (see Borghesi [Bo] also)

H**(MGL; Z/p) = H**(pt; Z/p) @ RP © Z/plmili # p’ — 1].
where deg(m;) = (2i,1). Moreover we have the isomorphism of the integral coeffi-
cient case

(3.4) H**(MGL;Z) = H**(pt;Z) ® RP @ Zm;|i # p’ — 1]
where RP = {a = (a1, ...)|o; > 0} with deg(a) = (3, 2(p" — D, 3,(p° — 1)ewi)
so that RP/p = RP.

Let us write by AMU the spectrum MGL, representing the motivic cobor-
dism theory, i.e., MGL**(—)p = AMU**(—). Given a regular sequence S, =
(a1, ...,an) with a; € MU(*p), we can inductively construct the AMU-module spec-
trum by

(3.5) T2l A AMU(S;_1) 255 AMU(S;—1) — AMU(S;).

Here we can easily see that AMU(S,,) is an AMU-module spectrum, while it seems
not easy to see AMU-ring spectrum. It is also immediate that tc(AMU(S,)) =
MU(S,) with MU(S,)* = MU*/(Ideal(Sy)).
Recall MU* = Z[xy,...] with |z;| = —2i and BP* = Z)[v1, ...| with identifying
v; = Tpi_1. We can construct spectra
ABP = AMU (x;]i # p’ — 1), AP(n), Ak(n), AK(n), AHZ, AHZ/p

so that tc(Ah) = h for h = BP, P(n),... Here P(n)* = BP*/(p,...,un—1) and
k(n)* = Z/plvn] = BP*/(p, ..0n, -..).

For i # p? — 1, the induced map (xx;)* : H**(AMU;Z/p) — H**(AMU;Z/p)
is the map multiplying by m; . Indeed (z;)* = m; in H*(MU;Z). Of course
w((z;)*(y)) = 0 for y € RP ® Z[m;]. This fact implies (z;)* = m; also in
H**(AMU,;Z) since w(a) > 0if 0 # a € H**(pt; Z)) for {*,*} # {0,0}. Thus we
know that

H**(AMU (z;);Z) = H**(AMU; Z)/(m;).
Considering this argument for all m;,i # p’ — 1, we have
(3.6) H**(ABP;Z)~ H**(pt;Z) ® RP.
Lemma 3.1. Forn > 1, we have
H*"(AP(n); Z/p) = H""(pt; Z/p) ® RP @ A(Qo; ., Qn-1)-
Proof. By the cofibration
(3.7) TP" "' AAP(n) 23 AP(n) — AP(n+1)

we have the long exact sequence

& e P L AP (n); Zfp) & HY(AP(n);Z/p) — H**(AP(n + 1);Z/p).
By dimensional reason, v}t = 0 for « € H®°(AP(n);Z/p) = Z/p. This induces
that vX(x) = 0 for all x € H**(AP(n); Z/p) since x is represented as

z=0u: AP(n) —— Hyy, — 0 5 A Hzp,

for 0 € H**(pt.;Z/p) ® RP & A(Qo, ..., @n—1) by inductive assumption. Hence we
get
H™*(AP(n+1);Z/p) = H""(AP(n); Z/p){1, én}.
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Here we know tc(d,) = Qp in H**(P(n + 1); Z/p) ([Sh-Y],[Yal],[Wu]). Hence

0o =Qu+ Y arP'Qs  with|J| >0, ary € H"*(pt; Z/p).
1J

Thus we can inductively prove the lemma. (I

In particular when n = co, we get
H*"(AHZ/[p; Z/p) = H""(Hz;p; Z/p) = H™"(pt; Z/p) ® RP ® A(Qo, -..).

By Morel [Mol], it is known that A'-homotopy theory holds the Hurwitz theo-
rem. This induces the Whitehead theorem, namely, if there is a map of connected
spectra

f: XY such that H**(X) = H**(Y),
then X is equivalent to Y in SHot.

Theorem 3.2. In the stable homotopy category SHot, we get Hy,, = AHZ/p,
e.9., AHZ/p"*(X) = H**(X;Z/p).

Proof. The cofiber sequence AHZ X AHZ — AH Z/p induces the long exact
sequence
e H**(AHZ) <" — H**(AHZ) «—— H**(AHZ/p).

Here p* = p since the both elements p*(x) and px are represented by the stable
map

TAD

St NAHZ A S® —2 Hy; A SO for x:8% NAHZ — Hy.

Hence all elements in H**(AHZ/p) are p>-torsion (no infinitely divisible element).
Next consider the exact sequence

—— H"*(AHZ/p) —"— H**(AHZL/p) —— H**(AHZL/p;Z/p).

Here H**(AHZ/p;Z/p) is A(Qo)-free and hence all elements in H**(AHZ/p) are
just p-torsion. Thus we have

(3.8) H"*(AHZ/p) =% RP ® A(Q1,Q2,...){Qo}.
The same fact holds for Hy/, and we have the isomorphism
(3.9) H"*(Hy,,) = H"*(AHZ/p).

By the Whitehead theorem for Al-stable homotopy category, we get the theorem.
O

Direct application of this fact is that from the cofiber sequnce
TP" =Y A Ak(n) —=— Ak(n) —— AHZ/p = Hy,,
we have the Bockstein spectral sequence
Byt = H* (X3 Z/p) @ h(n)* = Ak(n)™*(X).
More strongly, Hopkins-Morel proves the following theorems.

Theorem 3.3. ([Ho-Mo]) AHZ = Hy, namely, AHZ**(X) 2 H**(X,Z) ; the
motivic cohomology.
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Theorem 3.4. ([Ho-Mo]) Let Ah = AMU(S,,) for some regular sequence Sy, =
(a1,..),a; € MU*. Then there is the Atiyah-Hirzebruch spectral sequence

E(Ah)ém,nQn,) _ Hm,n(X; h2n/) — Ahm+2n/,n+n/ (X)
with the differential  doyy1 : Eé:f{’%/) — E£T+ﬁ2T+1’n+T’2n/_2r).
Let K**(X) be the algebraic K-theory. Let K (1)* = Zp) [v1,v; '] (which is the
coefficient ring of the algebraic integral Morava K-theory K (1)*(-)).
Theorem 3.5. ([Ho-Mo])

K™ (X) @ K(1)" = K(1)* @uu; ) MGL*(X) ().

Corollary 3.6. If X is smooth, then Ah?*T3:*(X) =0 for j > 0,i.e., w(x) >0 for

all nonzero element in x € Ah**(X).

Proof. Since H**t3:*(X) = 0, we see E2*TJ*2F 22 () for all j > 0.
Hence Ah2*T2k+5+k (X)) = 0. O

Corollary 3.7. Ah?**(pt) = h**.

Proof. Since H?**(pt) = H*O(pt) = Z, each element in Eg*’*’%/ = ES’O’Q*/ & 2+
is permanent cycle in the spectral sequence. O

By dimensinal reason of the differential of AHss, we have ;

Corollary 3.8. If X is smooth, then AMU (S,,)?**(X) ®umuy, L/p = CH*(X)/p.

Moreover if MU, /(Sn) is Zy)-free, then AMU(Sn)2*’*(X)®MU(*p)Z(p) >~ CH*(X).

For example, we see
AR S b @ (@70 'K M (k)
where KM (k) is the Milnor K-group of degree i for the field k. In particular, if h*
is a Z/p-module and k = C, then we have the isomorphism
Ah**(Spec(C)) = h*[7].
Because the spectral sequence collapses, since h**(pt) = Z[r], deg(T) = (0,1).

4. ABP-THEORY AND THE DIFFERNTIALS FOR AHss.
Hu-Kriz [Hu-Kr2] has also shown that
(4.1) MGL**(MGL) =2 MGL**(BGL) 2 MGL"*(pt)[c1, ...]-

This means that for AHss F(X)y™" = H**(X, MU*) = MGL**(X), we have
the isomorphism of spectral sequences

(4.2) EMGL) ™™ = E(pt)»™* @ H*(MU).
Moreover the Steenrod algebra of MG L-theory is generated as an M GL**(pt)-

module by the Landweber-Novikov operation S, correspondiong ¢ = ¢ ¢52... for
a=(aq,as,...).

Hu-Kriz [Hu-Kr2] and Vezzosi [Ve2] constructerd ABP-theory by using the uni-
versal p-typical formal laws. However we will show here that the ABP-theory

is also constructed by using the Lanweber-Novikov operations. These operations
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satisfy the Cartan formula S (zy) = Ya=p+~,Ss(x)Sy(y) for z,y € MGL**(X).
Define an operation

(4.3) Ay, = Bg>1(i/Sa,(2:)7 Sya,-
Note that A,, (z;) = 1ifi # p’—1. Then we can easily prove that m; = 1—2;A,, isa
multiplicative projection such that m;(z;) = (1—d;;)x;. Essentially composing (for
details, see p587 in [No]) 7; for all i # p’ — 1, we get the multiplicative projection
P : MGL*’*(—)(p) — MGL*’*(—)(p) such that

(44) D) = x; (if @ :]?j —1 for some j)
0 (otherwise)
Let us write
DMGL™*(X) = Im(®(MGL™* (X)) C MGL™* (X))
Since H*(BP;Z) = H*(®MU,;Z), we know H**(ABP;Z) = H**(®MGL;Z) by
using w(z) = 0 for z € RP ® Z[m;]. Thus we have the isomorphism of spectra
(4.5) ABP =~ ®MGL
by the Whitehead theorem in A'-stable homotopy category.

Lemma 4.1. The theory ABP**(—) is a multiplicative theory such that

ABP**(X) 2 MGL**(X) ) ®mv;, BP,

Proof. Since 7, (a) = (1—2;A,,)a = a mod(x;), we see ®(a) = a mod(z;|i # p’—1)

for all @ € MGL**(X) ). 0

Since RP = {roJa = (a1,a9,...),; > 0,}, the Seenrod algebra of ABP-
theory is generated as an ABP**(pt)-module by the Quillen operation r, for
a = (ag,...),le.

Proposition 4.2. There is the isomorphism
ABP**(ABP) =~ ABP**(pt) ® RP.
Proof. This is proved by using AHss
E(ABP)y™" = H**(ABP; BP*) = ABP**(ABP).
Since w(RP) = 0, all elements in RP are permant cycles. Hence we get the

isomorphisms of spectral sequences E(ABP)*** = E(pt.)%** @ RP. O

Next consider the differentials for AP(n)**(—) theory. It is known that the first
nonzero differntial of AHss converging to P(n)*(—) is dopn—1(2) = v, ® Qn(z). By
the naturality, for AP(n)-theory, the first nonzero differential

’U;l ® d2pn_1 . H*’*(X; Z/p) N H*+2pn71,*+pn71(X; Z/p)

is cohomology operation. We still know tc(v,! ® dopn_1(z)) = Qn(x). (From
(2.18), the motivic Steenrod algebra A;>* is multiplicatively generated by H**(pt; Z/p),P?
and @,. Hence we have

(4.6)  dapni1(z) = v, @ (Qn + arsP'Qy)(2)
where P € RP,Qs € A(Qo, ..., Qn_1), |J| > 2, ar; € HP'"**(pt.Z/p).
Lemma 4.3. For all 1J, elements ajy =0 in (4.6) ifn=1 or k = C.
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Proof. When n = 1, the first degree of vl_ldgp,l is 2p — 1 and the weight is —1, we
get

v] ey 1 = Q1 +aQo a € H*(pt;Z/p).
But a € H??=2P=L(pt; Z/p) = 0. When k = C, thinking the realization map tc, we
have the second assersion. O
Corollary 4.4. In the spectral sequence for ABP, we have

dopn —1(2) = v @ (Qn + Z aryP'Q) mod (M)

*,k, MINUS

where My, is a subalgebra of Eg) "y which is the subquotient module
of (p, ..., vn,l)E;’*’O.
Proof. Consider the map of spectral sequences
B(ABP)3, — E(AP(n)3".
Here E(AP(n))y," = E(AP(n))y™" since the first nonzero differential for AP (n)-
theory is dopn 1. Hence
E(ABP)y" | /JM — E(AP(n))3n"

is injective and we have the corollary. (|

5. (p,v1, ..., U )-TORSION SPACES

In this section, we consider (p, vy, ..., v,)-torsion spaces and their applications
according to V.Voevodsky. Recall that BP(n)*(X) be the cohomology theory with
the coefficient BP(n)" = Z)[v1, ..., vn] so that BP( —1)"(X) = H*(X;Z/p) and
BP{x)"(X) = BP*(X).

Lemma 5.1. If 2 = Qn...Q1Qoz" in H**(X;Z/p), then z & E(ABP);;;’O and x
is (2,01, .., vy )-torsion in E(ABP)3"(X).

2p
Proof. There is the cofiber map of spectra

TP~ A ABP(n) —%— ABP(k) —2— ABP(k—1) —%—

Consider the (Sullivan-Bockstein) exact sequece, namely, the long exact sequence
induced from the above cofiber map

ABP (k) 2P =200 1 ) Y APyt (X) L5

ABP(k — 1) (X) 25 ABP (k)2 Lt 1 x),
The induced map
Im(ABP(n —1)""(X) — H**(X;Z/p)) — H**(X : Z/p)

defined by po...pn—1(x) = po...pndn(x) represents the operation Q,, + > a;;P'Q;
with ay; € HP'$*(X;Z/p) and J > 2 from the topological case [Sh-Ya].

By the Baas-Sullivan exact sequence, we can see that 2"/ = §,,...00(z") € ABP(n+
1)*(X) is (2,01, ..., v )-torsion since the map §; is a map of AMU-module spectra.
In particular, © = Q,...Qo(z') = po...pn(z”") is a permanent cycle in the spectral
sequence

E(ABP(n))s = H**(X; BP(n)") = ABP(n)""(X),
and dopn_1(y) = v, @z for y = Qp—1...Qo(z'). Compare with the spectral sequence

E(ABP)y** =~ H**(X; BP*) = ABP**(X).
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Since BP* = BP(n)" for * > —2p"t14+1, we see E(ABP);’*/’*” = E(ABP(n>);’*/’*N

for " > —2p"*t1 4 1. Hence the map i***" : E(ABP)***" — E(BP(n))** *"

is injective for r < 2p"t! — 1 and *” > —2p™*! + 1. In particular we see that z is

also (2, ...v,)-torsion in E(ABP),"7. O

Corollary 5.2. If H**(X;Z/p) D ®A(Qn, ..., Q1)Gy with w(Gy,) = n, then
grAP(1)***(X) D @P(n + 1)*Q1...QnG.

If H*(X;Z/p) is A(Qo, ..., Qn)-free and H**(X) is just p-torsion, we have more
strong results. Moreover the converse also holds.
Lemma 5.3. If ABP{k)""(X) is (p,v1, ...v)-torsion for all k < n, then H**(X;Z/p)
is a free A(Qo, ..., Qn)-module. If all nonzero elements in H**(X;Z) are just p-
torsion then the converse is also holds.

Proof. Consider the Baas-Sullivan exact sequence in the proof of the preceding
lemma. Here vy = 0 and we have the short exact sequence. Letting dxpr = Q},, we
can write

ABP{k — 1)""(X) =2 A(Q},) ® ABP(k)""(X).
Since ABP{—1)""(X) = H**(X;Z/p), we get the result by induction
H**(X;Z/p) = AQo, ..., Qn) ® ABP(n)""(X).
Conversely let ABP(k—1)""(X) = A(Q},) ® G. Recall again p;0xG = Q.G and
dx|G is injective. From the above exact sequence
ABP{k)""(X)/(vk) = Image(§x) = Q}G.
Hence ABP(k)""(X) is generated as a Z/p[v]-module by §,G. Thus ABP (k)" (X)
is vg-torsion and it is isomorphic to Q}.G. By induction, we can prove if H**(X;Z/p) =
AQo, ...Qr) ® G then
ABP(n)""(X) 2 Qn...Q0G ; it is (p,v1, ..., v,) — torsion.
O

Let the C'ech complex C'(X) be the simplicial scheme such that C(X),, = X"+
and the faces and degeneracy maps are given by partial projections and diagonals
respectively ([Vo1,2]). One of the important properties of C'(X) is the following.

Lemma 5.4. ([Vol]) Let X, Y be smooth schemes such that Hom(Y, X) # (. Then
the projection C'(X) XY —Y is a simply weak equivalence.

In the stable A! homotopy category, define C (X) by the following cofiber se-
quence 3 )
(5.1) C(X)— C(X) — Spec(k).

Lemma 5.5. (([Vol]) Letp : Y — Spec(k) be the projection and tc(p«([Y])) =y i
BP*. Let Ah = ABP(S,,) for some regular sequence Sy, in BP*. If Hom(Y, X)

(0, then Ah**(C(X)) is y-torsion.
Proof. For z € Ah**(X ANY) and [Y] € ABP,(Y), define the map py. by

n

pye: X AT 220 v oy A ABP A AR A ABP —“— A

Then the composion of maps
Py D" 1 AR(X) — AR (X x V) — AR HubeHL20l x)
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induces py.p*(z) = yz. But AR*(C(X) x Y) 2 0 since Ah**(C(X) x Y) =
AR**(Y). O

Corollary 5.6. Suppose that there are maps Vo — Vi3 — ... — V,, such that

te(p«[Vi]) = v for all i < m. Then H**(C(V,);Z/p) is a free A(Qo,...,Qn)-

module.

V.Voevodsky applied above corollary by the following situation. Suppose that
p = 2. For a = {ag,...,an},a; € k* and 0 # a € KM, (k), let Q, be the norm
quadric, namely the projective quadric of dimension 2™ — 1 defined by the form

(5.2) o =<< agy ey U1 >> — < ap >.
Here << ag,...,tp_1 >>=<1,—ag > ®...0 < 1, —a,_1 > is the n + 1-fold Pfister
form. Let us write C(Q,) = Yo and C(Q4) = Xa. Note that H** (xq;Z/2) =
H** (Xa;Z/2) when % > /. (Moreover H** (Ya;Z/2) = 0 for x < %' by the
solution of this Milnor conjecture.)
It is known ([Vol], Rost[Ro]) that

(5.3) te(e([Qal) =vas  H? V¥ (x43Z/2) = 0.

Since H"T27 %1 (x,:Z/2) N Im(Q;) = 0 by inductive assumption for dimensional
reason, we know that the map

n n ~ n+1__ n o,
Q1..Qn_1 : H™% Jr1(Xa;Z/2) — H? 1,2 (Xa;Z/2)

is injective by the A(Qo, ..., Qn )-freeness. Note also H** (Ya; Z/2) = H**(xa; Z/2)
for these degree (x,+’). Hence from (5.3), we see H" 2"+ (x; Z5)) = 0 because
we already knew that all elements in H**(x4)(2) are just 2-torsion. This is one of
the key lemma for the proof of Milnor conjecture by V.Voevodsky.

In the category of Chow motives, Rost [Ro] constructed a direct summand M,
of @), such that if g, has a K-rational point for an extension K of k, then

(5.4) (My)g =T% @ TS ™

where Tk = T ®j, Spec(K) is the Tate motive for K. If g, has no rational point,
then the Chow group is

Z ifm=20
(5.5)  CH™(M,)=<Z/2 ifm=2"-2Ffor1<k<n-—-1
0 otherwise.

V.Vevodsky proved that in the category DM /Y of geometric motives ([Vol] for
details ), there exists the distiguished triangle

M(xa)(2" = 1)[2"" = 2] = My — M(xa) = M(xa)(2" = 12" —1]
where M (x,) is the motive of x, and (x')[*] the operator of changing degree,
namely, there is the long exact sequence

(5.6) — H*72TERT2 M (v, ) 2/2) — H (Mo 2/2)

= H(M(xa); 2/2) & H " P02 (M (x); 02/2) — .
Denote by k(Q,) the function field of @, and by (Q.)o the set of closed points

of Q.. The main theorem of the paper [Or,Vi,Vo] by Orlov,Vishik and Voevodsky
is the following.
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Theorem 5.7. (/Or,Vi,Vo]) F any a = (ag,...,an) in k*, the following sequence
18 exact

Trr(z)/ a
Moe(@uy, KM (k(2)) /2~ =" KM(k)/2 % K00 (k)/2 = KM, 00 (R(Qa)) /2.
The outline of the proof by Orlov, Vishik and Voevodsky is as follows. We first

see the two exact sequences

(5.7) 0= H™ (xa1 2/2) — K244 (k)/2 = K5 (K(Qa)) /2.

Tri(e n n
5.8) Iheio. KM (k(z))/2 9/ KM (/2 2 2" =1x42"=1(\ . 719) _, (),
(Qa)o
Next step is to prove that the map

(5.9) KM(k)/2 2 g2 12" =1y 7 9)

-1
(@@ e s 22) = K ()2

is the multiplication with a. To see the existence of (Q,_1...Qo) !, Corollary 5.6
is used. Here we note the case x = 0.

-1
/2% Ko(k)/2 — B> 702 (g 2/2) O (g, 22) — KM (k) /2.
The image of the maps in the righthand side term is generated by a from (5.7),
since @, is a splitting variety of a. Above maps are all K (k)-module maps and

we get the results.

Theorem 5.8. Let 0 # a = (ao, ..., an) € KM | (k). Then there is a A(Qo, ..., Qn)-
modules isomorphism

H*™*(Xa3 2/2) = K} (k)/ (Ker(a)) @ A(Qo, ..., Qn) ® Z/2[5z){ar ™"}
where deg(62) = (2712 — 2,27t —2) deg(ar™) = (n+1,n) .

Proof. Recall the difference d(z) = first.deg(x) — second.deg(x). Hence if 0 #
x € H**(Xa;Z/2), then d(z) > 0. Since dim(Q,) = 2" — 1, we also know if
0 # x € HY"(My;Z/2), then d(z) < 2" — 1. ;jFrom the exact sequence(5.6), if
0+#x € H*(xq;Z/2) and d(z) > 2", then the map ¢, is an epimorphism, namely,
there is an element 0, (z)~! € H**(xa;Z/2).

Let us write A = A(Qo, ..., @») simply. We prove the theorem by induction on
d(t) for a A-module generator ¢ in H**(Y,;Z/2). From (5.9) we already know that

-1
Kiw(k)/Q % H*+2 11,542 —I(X; Z/2) (Q"*L;QU) H*+n+l,*+n(xa; Z/Q)

is an epimorphism, indeeed, the map J, is epic from (5.6) and the map Q,,—1...Qq is
isomorphic since H**(X,;Z/2) is A-free. The composition of the above map with
Hxtrtbetn(y 2 7/2) — KM, 1 (k)/2 is multiplying a from (5.9). Since the last
map is monic from (5.7), we see that

Hrrntletn (g - 7./2) = KM (k) /(Ker(a)){a} C K%rn+1(/€).

Hence we get the case d(t) = 1.

Suppose that the isomorphism in the theorem holds for degree d(x) < d. Let
t € H**(Xa;7Z/2) be a smallest weight element such that it is a A-module generator
with d(t) = d. Then we see

d(Qp..Qn_1t) =224 .. 2" yd=2"—14+d>2"
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Hence there is an element y = 6,1 (Qn—1...Qot). Since d(J,) = 2", we have
diy) =2"—14d—2"=d—1>0.

This means y € H**(Xa;Z/2).

Then on H49W) (y,:7/2), 8, is epic but Q,, is not epic since @, (6,y) = Qo...Qnt #
0. Hence there is a nonzero element y' € H%*9W¥) (x,;Z/2) such that @,y = 0. By
the A-freeness, there exists z € H**(xq4;Z/2) such that Q,(z) =y’

Next consider the difference of ¢

d(t) = d(Qo...Qn-1t) — d(Qo..Qn-1) = d(6.Qn2) — d(Qo..Qn-1)
=d(z)+2" - (2"~ 1) =d(y)+2" +1>2" + 1
since 0 # y' € H**(Xa;Z/2) and d(z) > 0. Thus we can also define 6, *(t) €
H** (%01 Z,/2).
Moreover Q;(t) # 0 implies 0 # 5, 1(Q;(t)) for all 0 < i < n — 1. Since
Qn(t) # 0, we can also prove that there is the element 0 # u € H**(xq4;Z/2) such

that deg(Qn(u)) = deg(d, ' ().

By induction, each nonzeo element x € H**(xq;Z/2) with d(z) < d is repre-
sented as r = bQ;,...Q; 027 1a for b € K}, (k). Hence its difference degree is

d(z) =2 + .. 42 2"l 41

This implies that for each 0 < 7 < n — 1, if there is nonzero elements v/, t; €
H**(Xa;Z/2) such that d(t;) = d(Qnu’) + 2%, then u is a A-module generator.
Thus we know u is a A-module generator.

Suppose that u is not a KM (k)/2-module generator. Then there is a nonzero
element v’ € H**(Y,;7Z/2) with w(u’) < w(u). Then 62 is a A-module genera-
tor of w(0%u') < w(t). This contradicts to the assumption of t. Hence u is also a

KM(k)/2-module generator. By inductive assumption, we know H99(") (y,;7Z/2) =
7/2. Thus we know 62(u) = t. O

Corollary 5.9. There is a KM (k)-module isomorphism for first.deg > second.deg
and 0 < second.deg < 2™ — 1 = dim(Q.),

H**(My;Z/2) = KM (k)/(2, Ker(a)) @ A(Qo, ...Qn_1){aT'}.

Remark The formula (5.5) is the immedite consequence of the above theorem,
while (5.3) has been used to prove the theorem. Moreover Rost proved in [Ro]
(Theorem 6 in [Ro])

(1) Z/20or0 if s=2"—2F_-2041
H*7Y5(M,,7Z) = < (2) a subgroup of k* if s=2"—1
(3) a quotient of CH* 1(M,) ® k*  for other s.

Hence Theorem 5.5 extends the cases (1) and (3), however (2) is used to prove
(5.3).

6. REAL FIELD CASE

In this section, we consider the case p = 2 and k = R : the field of real numbers.
We first recall the Milnor K-theory

KMR)/2217/2[p] with p=—1¢€R*/(R*)? = KM(R)/2.
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Hence the mod 2 motivic cohomology is
H** = H**(pt; 2/2) = Z/2[p, 7] with deg(p) = (1,1), deg(r) = (0,1).
We want to study @,-action on H**. The problem is that @; is not a derivation.

Lemma 6.1. (Voevodsky [Vo3] Prop.13.4) Let 1 be the coproduct for the mod 2
motwic Steenrod algebra A5™. Then

w(Qn) = Qn ®1+1® Qn + an—l & Qn—l mOd(An)
where A, = {ZpaQi®bQJ—|a,b € A°,0<14,5 <n—1but(i,j) # (n—1,n—1)}.

Proof. Let A, . be the dual of Ay™. Then by Voevodsky (Theorem 12.6), there
is the additive isomorphism A . . = H** ® Z/2[¢;] @ A(7;) with the multiplication
77 =71 + pTig1 + pTobivr-

Here 7; is the dual of @;. The lemma follows this equation. O

Lemma 6.2. Let ty = 12 and let grH** = Z,/2[p] ® A(to, t1,...). Then Q. acts
on H** as a derivation on grH** with Qn(p) =0, Qu(ts) = p¥ 1, Qn(t;) =
0 for n # j, namely, Qn(ITt p*) = (Ipziti ) (enp® " ~1)pk.

Proof. By dimensional reason, @, (p¥) = 0 and Q,,(Il;<,t{*) = 0. By the definition
of 7 and p, we see Qo(7) = p. Since Qo is derivation, we have Qo(72™) = 0 for

m > 1. By induction we assume that
o 2m+1

Qitm)=0 forj#m<n, and Qu(tm)=p 1 form <n.
In H**, we get from the preceeding lemma
Qn(tn) = Qn(t?x—l) = pQn-1(tn-1)Q@n-1(tn—1) + Z pa;Qi(tn—-1)biQ;(tn—1).
By inductive assumption, we see Q;(tn—1) = 0 or Q;(t,—1) = 0. Hence we see

Qn(tn) = an—l(tn—l)Qn—l(tn—l) =p

by also inductive assumption. By the similar arguments we also see Qn(t;) = 0
for j > n. ;jFrom these we can get the last statement in this lemma by the similar
arguments. O

ontl_q

Lemma 6.3. The reduced powers Sq¢®" acts on H** as a deriwation on grH**
with S¢*" (p) = 0, S¢*" (tn) = ta-1p*", S¢*" (t;) = 0 for n # j.

Proof. Tt is known from ([Vo3],Lemma 9.8),
S¢*(z) =0 if i > d(z) and i > second.deg(x).

Hence Sq¢*" (t;) = 0 for n > j.
Veovodsky ([Vo3] Lemma 9.6) also proves the Cartan formula for motivic coho-
mology operations

S¢* (zy) =Y Sa*" (@) Sq* " (y) + 75q" S¢** (v)Sq" Sg* > (y).

When n < j, we have
+1

S¢*" (t41) = (54 (8;))* + 7(Sq' S ~*(t;))?

since Sq™ is a sum of products of Sq2i, we know S¢™(t;) = 0 by induction.
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When n = j, we also have the result by induction and
Sq*(1%) = 28¢* (1) + 78¢* (1) Sq* (1) = Tp*.
]
Theorem 6.4. We have the isomorphism with deg(to) = (0,1), deg(tn+1) =
(0,2"+1)
grAk(n)"(Spec(R)) = k(n)* ® Z/2[to, t+1, )/ (£, vnp”
Proof. ;From (4.6) the first nonzero differential is

d2n+1_1(:v) =v, ® (Qn + ZGIJPIQJ)(x)'

By the dimensional reason, the operation P!, Q are sums of products of S¢?', Qy
for 7,4’ < n respectively.

Let x = t't" with ¢ € A(to,...,tn—1) and ¢’ € A(t,,tnt1,...). By the above
lemmas and the Cartan formula, we have P1Q ;(#'t") = (P1Q st')t". The difference
is

ntl_q

)

d(PTQ ') = d(Q,) —d(ars) +d(t') > 2" —d(ars) — 2™ > 0
since d(ary) < 0 and d(t') > —2". But if 0 # y € H** then d(y) < 0. Hence
PIQ t' =0 and so P'Qjx = 0. Thus we get

don+1_1(x) = v, @ Qn(x).

The fact that Qnt, = p2" " ~! implies that E;" is isomorphic to the righthand

module in the theorem. Since Ef*»minus o () if > 271 _ 1 we see that d, = 0

for all » > 27*+1. Thus E;%., is isomorphic to the infinitive term of AHss. O

Remark. Let K,(k;Z/2) be the algebraic mod 2 K-group of the field k. Then

it is known
K.(k;Z/2) 2 K(1).(Spec(k))/(v1 = 1).
Hence we have

gri. (R; Z/Q) = Z/Q[p, to, tQ]/(tgv pS) = Z/2[t2]{17 Ps (PQ, tO)v top, t0p27 0,0, 0}
Here the degree n of the algebraic K-group K, (—;Z/2) is given by the weight of
the motivic K-theory, namely, w(t2) = 8, w(p) = 1,w(to) = 2. This is the famous
result of Suslin [Sul] for the mod 2 algebraic K-theory of R.

P.Hu and I.Kriz computed the coefficient of the Real cobordism theory and Real
Morava K-theories. By conjugation, Z/2 acts on BU(n) and on the Thom space
Th(BU(n)) of the universal complex n-bundle. Then we can define the suspension
map

SCTh(BU(n)) — Th(BU(n+1)).
Here Z/2-equivariantly, we identify C = (1,1) + (1,0) where (1,0) is the trivial
one-dimensional representation of Z/2, and (1,1) is the sign representation. Then
we can define (for details see Greenlees [Gre] or [Hu-Krl1]) a spectrum MR and the
generalized cohomology theory MR**(X) for Z/2-equivariant spaces X. When
k C R, we can define a Real realization map tr (see also [Vol]),

tr: MGL"*(X) — MR**(tr(X))
where tr(X) is the space X (C) with Galois action of Z/2 = Gal(C/R).

Similary, the Real BP-theory BPR**(—) and the Real Morava K-theory K (n)R**(—)
are constructed.



18 NOBUAKI YAGITA

By Greenlees and Hu-Kriz, the coefliccient of the Real ordinaly cohomology HR
is
HR**(pt.;Z/2) = Z/2[p, 7,7~ '] = H**[77"].
Moeover from Theorem 6.40 in [Hu-Krl] and Theorem 12.6 in [Vo3] we see that
the dual of the Real Steenrod algebra is

AR, = Ay h(R)[T 7 (0p + 7)1 2 Ag e w(R) [T /-
Hu and Kriz ([Hu-Kr2]) have shown
grE (R (pt) = K(n)" © Z/20to, tasr, 40,01/ (007
Hence we get
Corollary 6.5. AK(n)**(Spec(R))[t; 1] = K (n)R**(pt)
Moreover Hu and Kriz have shown ([Hu-Krl] Theorem 4.11)
BPR**(pt) = B(p).C(7) C B(p) © Z/2[t2, t5 ]
where  B(p) = BP*[p]/(2,vap®" “‘n>1), C(r) =Z/2{vat?" ‘|t € Z}.
Theorem 6.6. There are isomophisms
gr(ABP/2)"* (Spec(R) = (BPR™*(pt) (1 B(p) @ Z/2[ts]) & Alto)
= (B(p)-Z/2{1, vt | 2 1}) © Ato) © (B(p) ©Z/2[t2]) © Alto).
Proof. Consider AHss
E(ABP/2)y™" = H"*(pt; BP*/2) = (ABP/2)"*(pt).
At frst, we see ds(aty) = ap® for a = I;41t{ p*. Hence we have
E, = BP* ® A(to, ta,...) ® Z/2[p]/ (v1p?).
Here note that leZ’*,’*” =0 for * > 3. Let A; =0.
By induction, we assume

() Egitt = A © BP"/20 Mto, tuy,-) © Z/2p)/ (019, 0™ 1)

where A,, is an BP*/2-module with generators in E;;i;mi"us, 0<% <27l 1.
If 271 < p < 272 — 1 then d, = 0 because d,(z) = v{'..v%"c for (ay,...,a,) #
(0,...0) but by dimensional reason, this is zero. Hence the next nonzero differential
is )

don+2_1(x) = Up1Qni1(z) mod(2,...,v,) forx € E;;fl;o_l

since ar;P1Qs(z) = 0 for x € A(tg,tni1,..) from proceeding lemmas. In particular

donio_1(atyi1) = var1p® ta  for a € Z/2[p) @ A(to, tnyio,...).

Moreover don+2_q(a) = 0 for a € A, by the following reason. The map i :
ABP/2 — P(n + 2) of spectra induces the map of the spectral sequences

i*: E(ABP/2)355" | — E(P(n+2))3557 = B(P(n +2))" ",

n+2

which is injective for * > —2"*! 4+ 1. Since i*(a) = 0, we have dont2_1(a) = 0.
Thus we can prove the (n + 1)-version of ().
Moreover we know that

N ntl_
Apy1 = Ay ® BP [p]/(”1p3a e van 1)-Bn+1
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where  Bpi1 = Z/2{vitni1, oy Untnt1} @ Atnta, -..)
because dan+2_1(vitn41) =0 for all ¢ < n+ 1. Thus we know
ontl_q

Aco = {vpz|r € Atnit,...),n > 1}.BP*[p]/(vip?, ..., vnp yer)-

. n—1 .
Since v, t, 11 = vat3 , we have the expression of the theorem.

7. COMPLEX CASE

Throghout this section, we assume k = C. At first we recall that H**(Spec(C); Z/p) =
Z/p[r] and Ah**(pt) = h* ® Z/p[r] when h* is Z/p-module, namely, the mod p-
theory.

Proposition 7.1. (Thomason’s type therorem) Let h*(—) be a mod p-theory. There
is an isomorphism

[r~ AR (X) = 2 (X(C)) ® Z/p[r, 7]
where bidegree of x € h™ (X (C)) is given by (m,m).
Proof. Consider AHss localized by [r71]
[t HNEy " (X) 2 [rHH**(X;Z/p) @ h* = [r7 AR (X).
Recall the Suslin’s theorem [Su2] such that
H™n (X, 2/p) = HE(X, 1) for n> dim(X)

for an algebraic closed field k. Hence H™"(X;Z/p) =2 H™(X(C);Z/p) for n >
dim(X). (If B(n,p)-condition holds, the isomorphism for n > m.) In any case
we have [t~ H**(X;Z/p) = Z/p|r,7~ ] ® H*(X(C);Z/p). Therefore we have the
isomorphism of spectral sequences

[r 1By (X) 2 Z/p[r, 77 @ By (X(C)).
|

Lemma 7.2. Let h*(—) be mod p-theory and dim(X) =d. If n > d + m/2, then
hm(X) =2 ™ (X(C)).

Proof. Let x € H™™(X;Z/p). Suppose n > d + m/2. Then w(z) > 2d so
w(d,(z)) > 2d for the differential d, of AHss. If 2n’ — m/ > 2d, then n’ > d
and H™' "' (X;Z/p) = H™ (X (C); Z/p). Thus we know the lemma. O

We want show the Conner-Floyd type theorem for AP(n)**(—) and AK (n)**(—).
Lemma 7.3.
AP(n)**(AP(n)) 2 P(n)*(P(n)) ® Z/p|r] 2 AP(n)"* ® RP ® A(Qo, ..., Qn_1)-

Proof. (Compare [Yal],[Wu]) For the cofiber sequence (3.7), we get the long exact
sequence

Sk AP(n)* 2" P L (AP(n)) £ AP(n)"*(AP(n)) «— AP(n)**(AP(n+1)).

By induction, we assume the isomorphism in the lemma for n. Let t € AP(k)%°(AP(k))
represents the identity map of AP(n). Then vt = v,t. Let z = aPIQ €
AP(n)**(AP(k)) for a = 7°. Then we see

U:;PIQJ(L) = PIQJ(an) = ’Un(PIQJL) mod(p, .., Vp—1).
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The last equation is shown by the Cartan formula in P(n)*(—) and Q;(v,) =0
and P!(v,) € Ideal(p, ...,vn_1). Thus we get v}z = v,z.
Hence we have AP(n)**(AP(n+ 1)) =2 AP(n)**(AP(n))/(vy).
Next we consider the Sullivan exact sequence
AP(n)+20" 142" 1 (AP(n + 1)) —2s  AP(n)**(AP(n))

s AP(n+1)**(AP(n + 1)) —2=— .

Since v, = 0, we get the isomorphism
AP(n+1)"*(AP(n+1)) 2 AP(n)**(AP(n))/(v,) @ A(Q,).
By induction, we get the lemma. 0

Remark From the above lemma, note that AP(n)**(X) theory is a P(n)*-
module. In geneal, we do not prove that Ah**(—) is a h*-module, while it is a
MU*-module.

Similarly, we get

AP**(AP(n)"*) = P(n)*(P(n)"*) ® Z/p|r] for s > 1.

Notice that the realization map tg’m, is injective for each m,m’. (Injective for
homogeneous elements.)

Theorem 7.4. The theory AP(n)**(—) has the natural product p which is associa-
tiwe and commutaive for odd prime p. (Whenp =2, p—put = v,Qrn—1Qn-17 for the
twisted map t.) Moreover AP(n)**(—) is a BP*(BP)-module and Q;,0 <i<n-—1
generates the exterior algebra.
Proof. This is an analogue of arguments of Wiirgler [Wu]. We will prove the
commutaivity. We get the product map

p: AP(n) AN AP(n) — AP(n)
as an element representing 1 € AP(n)*°(AP(n) A AP(n)). For p : odd, we still
know P(n)*(—) is commutaive. Hence t¢(p — ut) = 0. This shows p — pt = 0 also
in AP(n)**(—) theory by the injectivity of t%o. Since te(p— pt) = VR Qp-1® Qn-1
for p = 2, we get the resuts for p = 2. The other properties also hold since so does
in P(n)*(—) theory and the injectivity of ¢Z""™ . O
Corollary 7.5. Let AK(n)**(—) = [v,]Ak(n)**(=) be the motivic Morava K -
theory. Then we get the isomorphism

AK(n)"*(X) = K(n)* ®pp- AP(n)""(X).
Proof. Since AP(n)**(AP(n)) is a BP*(BP)-module, so is the AHss EX** con-
verging AP(n)**(X). (From the exact functor theorem, we know
EX"" = EXS @p(ny- K(n)*.
is the exact functor. Hence
H(E" ", dy) @py K(n)" = H(E™ @pmy- K(n)*,d, ®1)

Of couse the lefthand side is E;}{" ®@p(n)» K(n)*. By induction, we can show
that the righthand side is isomorphic to the r + 1-th term of AHss converging to
AK(n)*(X) since

B3™ @pguye K(n)" = H**(X;2/p) © K(n)"
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which is the Fs-term of AHss converging to AK (n)**(X). O

Here we give a good example ; the case X = B(Z/p)™. We still know that the
fibering given in §2 (2.12) implies the isomorphisms

AP(1)*(X) = BP*(X) @ Z/plr] = BP*[ys, oo 4]/ (B (51 - [P)(9)) © Z/pl7).

On the otherhand, there is a decomposition [Ya4]

H"*(X;Z/p) = dA(Q1, ..., Qn)Gn.

with w(G,) = n. The differntial of spectral sequence for P(1) = BP/p-theory are
just dapi_1(x) = v; ® Qi(x) and we see that grP(1)*(X) = ®@P(n+1)*Qo...QnGy.
Hence we get E(AP(1))y™" = E(P(1))y™ ® Z/p[r] from the naturality of the
realization map tc. Thus we get also AP(1)**(X) = BP*(X) ® Z/p[7].

We aslo have the fiollowing lemma.

Lemma 7.6. If Y v,y, = 0 € ABP*(X), then there is x € H**(X;Z/p) such
that Qn(x) = p(yn) where p: ABP — AHZ/p is the natural (Thom) map.

Proof. Tt is just the motivic version of the arguments of Tamanoi [Ta]. (See [Ta]
for details.) O

8. ALGEBRAIC COBORDISM

By extending Quillen’s [Qu] arguments, Levine and Morel defined the algebraic
cobordism theory *(—) as the universal theory in theories having transfers and
Chern classes [Le-Mo 1,2] ( We say that h*(X) is a theory having transfers and
Chern classes if this theory satifies the actioms Al to A4 in [Le-Mol]). We note
that Q*(—) is not a cohomology theory. The ring Q*(X) is constructed as

O(X) ={[f: M — X]}/(relations).

Here f is a map from a smooth variety M to X of pure codimension, namely,
dim () (X) — dim,, (M) is constant for all y in the same connected component of
M. Relations are given so that we can define Chern classes or formal group laws (
for details, see [L-M 1]). Given theory h*(—) having transfers and Chern classes,
the map

B.1) pn: (=) = h* (=)

is defined by pp,([f : M — X]) = f«(1ar) where 15, € h%(M) represents the identity
element.
We have commutaive diagram

QF(X) LMEE, MGLPY(X) MY MU*(X(C))

| | g

QF(X) L2, CH*(X) 2 H>*(X) —— H*(X(C))
Levine and Morel [Le-Mo2] proves that

tMUPMGL pcH®o*Z
~

(8.2) Q*(pt) MU*(pt), @ (X)@a-2 =" CH*(X).

Moreover they conjecture that pyrqr are always isomorphisms.
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Let K°(X) be the Grothendieck group of algebraic vector bundles over X. Let
K(1)*(X) is the integral K-theory, that is, K(1)* = Z,) [v1,v7']. Then Levine
Morel also proves that

(8.3) KX)o K(1)" = Q*(X) ®q- K(1)*.

Giving a sequence a = (a1, as,..),a; > 0, recall the Landweber-Novikov opera-

tion is defined by
Sa(fe(ar)) = felea(Ng))  for [f : M — X] € Q*(X)

where ¢, (Ny) is the Chern class of the normal bundle of f(M) in X so that S, in
MU*(X) is the usual Landweber-Novikov operation. As the arguments in Section
4, we get the multiplicative projection ® : Q*(—)«,) — Q*(—)(,) such that &(z;) =
x; if i = p? —1 for some j otherwise ®(z;) = 0. Define the algebraic Brown-Peterson
theory
Bp(X) = Im(®(Q" (X)) € (X))

Hence if h*(—) is a theory having transfers and Chern classes, then there is the
natural map pppn : Qpp(X) — h* (X)) compatible with pp(,).

Lemma 8.1. Identifying Q* = MU*, we get Qp(X) = BP* ®qr O (X) (p)-

9. CLASSIFYING SPACES

Let G be an algebraic group over k. Consider a representation G — GL,, (k) and
S be a closed set such that G acts freely on A™ — S. Define the classifying space
BG by

(9.1) BG = COlim{Nﬂooﬁ Codim(s)ﬁoo}(An — S)/G

We study the motivic cobordisms of BG when k = C.

Hereafter, we always assume k = C.

In particular we consider the groups which satisfy

(9.2) Q5p(BG) = ABP***(BG) = BP*(BG).

Let G be a connected group and T its maximal torus. Suppose that H*(BG)
has no p-torsion. Then BP*(BG) = BP* ® H*(BG) ;). Moreover we see

H*(BG) () = H*(BNG(T)) () = H*(BT) ;7.

The righthand side ring is the image of the transfer Tr(—) = Corépv G(T)(—). Chow
rings also have the transfer, we have

CH*(BNg(T))(p) = TT(CH*(BT))(;D) = TT(H*(BT))(p) =~ H*(BNg(T))(p).
Totaro (see [Vel] for details) defined the Gottlieb type transfer
Gtr : CH*(BN¢(T)) — CH*(BG)

such that Gtr.i* = x(G/Ng(T))ide = idg mod(p) where x(—) is the Euler char-
acteristic and ¢* : CH*(G) — CH*(BN¢(T)) is the restriction map. Hence we
have

CH*(BG) ) = Gtr(CH*(BNg(T)y)) = Gtr(H*(BNg(T)) ) = H*(BG) ;).
Since Q3 p(X) @pp+ Zp) = CH*(X)(p), we have

Proposition 9.1. Let G be a connected group such that H*(BG) has no p-torsion.
Then (9.2) holds.
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Examples ; Q5p(BU(n)) = BP*[ci,...,cn), Q5p(BSpan) = BP*[ca, ..., Can]
where ¢; are the Chern classes for the natural representations.
By S.Wilson [Wi], we know

BP*(BO(H)) ~ BP* [Cl, ey Cn]/(codd = Eodd)-

where ¢; is the complex conjugation of ¢; ( ¢; is the i-th Chern class of the complexi-
cation of the universal real bundle.) Totaro showed [To2] BP*(BO(n))®pp+ Z2) =
CH*(BO(n))(2). Hence we also know

Proposition 9.2. Let G = O(n) and p = 2. Then (9.2) holds.

Next consider finite abelian p-groups. Let us study the case G = Z/p*. For a
smooth X, the cofibering given in §2 induces the maps

(+%) Qhp(X x BZ/p*) — Qip(X x BGp) £ 0% 0 (X x BG,,)

where Qs (X x BGyn) & U p(X) @0y, U p(BG) = Qpp(X)ly] for degly) =
(2,1). Note that the above sequence (#x) is not neccessary exact but the composi-
tion is zero map. But we already know that CH*(X x BZ/p®) =2 CH*(X)[y]/(p®)
and BP(X x BZ/p®) = BP(X)[y]/([p*](y)). Hence we get

Qpp(X x BZ/p®) = Qpp(X)[y]/([P°1(y))-
Similarly, we see that ABP***(X x BZ/p®) is isomorphic to the above ring.

Proposition 9.3. If G has a Sylow p-subgroup isomorphic to an abelian p-group,
then (9.2) holds.

Remark. For the elementary abelian p-group cases are still studied in the
preceding section. For P(1)-theory, we have AP(1)**(BG) = BP*(BG) ® Z/p|r].
When s > 1, of course, there are nonzero differential not of the form d,_; =
v; ® Qi(x). Let G = Z/p" and consider AHss for AP(1)**(BG). Then the only
nonzero differential is

r

r—1
dopr—1 () = o Py

since [p7](y) = v} 7Ty mod(p).
For nonabelian p-groups, we give here partial results only. It seems quite difficult
to know CH*(BG) exactly, in general.
Recall the Totaro’s cycle map
- £2%0%
c: CH*(X)(,) =2 ABP**(X) ®pp+ L) ~— BP*(X(C)) ®@pp+ L)
We will study the groups such that

(9.3) ABP***(BG)/(BP*Ker(cl)) = BP*(BG).

Typical examples are G = pﬂr” the extraspecial p-group of order p? of exponent

p for odd prime p (when p = 2, 2i_+2 = Dg ; the dihedral group of order 8), or
G = PGLj ; the projective linear group for p = 3 (see [Vel]). Both cases hold that
Q1H®*"(BG) = 0 and Q1|H°¥(BG) is injective. Hence the BP-theory is given
by

grBP*(BG) = BP* ® H**"(BG)/(v1Q,H*(BG)).

Proposition 9.4. If G = p}‘_+2 for all primes or PGLs for p =3, then (9.3) holds.
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Proof. We prove the theorem for G = pi+2 and p:odd. The other groups are also

proved similarly. For this case, there is the decomposition [Ya4]
H*(BG) = Z/p{Go} & Z/p*{Go} & M(Q1)Gr
with Go, G), Q1G1 are in the image tc(CH*(BG)). Hence
grBP*(BG) = BP* /p{Go} & BP* /p*{G}} & P(2)*{Q1G1}.

Here G is generated as a tc(CH*(BG))-module by 3-dimensional two elemenets
ai,as. Since it is of course torsion element, we can take aq,as € H>2(BG) that is
w(a;) = 1. Hence we get

H**(BG;Z) > Z/p{Go} ® Z/p*{G{} ® AMQ1)G4

with w(G1) = 1 w(Gy) = w(G’) = 0. From Corollary 5.2 and AHss, we have the
proposition. O

Here we recall some usefull fact about multiplying 7. Write H*(X, H% /2) the

Zarisky cohomology of X with the coefficient in presheaf H7,(V;Z/2) for open
subset V' of X. From the result of Voevodsky we have the long exact sequence (
Lemma 2.4 in [Or-Vi-Vo))

H™"N(X;2/2) 5 H™™(X;2/2) — H™™(X; H ) — H™ 1 (X 2/2).
In particular we get

Lemma 9.5. ( Lemma 2.4 in [Or-Vi-Vo]) Let X be smooth. Then
7 Hv" Y X;Z/2) — H™"(X;Z/2) is injective.

Remark If B(m,p) condition is satisfied, then the similar fact holds for odd
primes p. This is also explained by the Bloch-Ogus spectral sequence
Ey’ = H'(X; Hy,,) = Hy' (X;2/2)
where Ey? = 0 unless 0 < i < j.(Theorem 1.3 in [To3]).

Let G be a simply connected Lie group. Then H3(G; Z) = Z and H*(G; Z) = 0.
Suppose that H*(G; Z) has p-torsion. Then it is known that there is an element
2’ € H3(G;Z) such that 0 # Q2' € H*12(G;Z/p) . Taking classifying space, we
get the element © € H*(BG;Z) such that Q1z # 0 in H?’*3(BG;Z/p). By Totaro
[To2] it is known that CH*(BG) @ Q & H*(BG) ® Q. Hence there is s > 1 such
that p*z € H*(BG) is in Im(cl).

Lemma 9.6. Suppose that B(3,p) holds. Let x be an element in H*(BG;7Z) such
that px € Im(cl). Then we can take ' € HY3(X;Z/p) with tc(z') = z.

Proof. Let {pz} = a € H*?(BG). We consider in the coefficient Z/p?. Let 7,2
be a Z/p*module generator of H*!(pt; Z/p*). Then 7%a = pr € H**(BG;Z/p?)
idefining x € H**(BG;Z/p) since so in the toplogical case. But 7 : H*3(X;Z/p) —
H**(X;Z/p) injective from Lemma 9.5. This means 7a = 0 € H*3(X;Z/p).
Hence there is #’ € H*3(X;Z/p?) so that T,2a = pr’. We get tc(2') = x since
T2 (pa’) = pa. O

When G = SO(4), Gs, Spin(7) for p = 2 or G = F, for p = 3, the assumption
of the above lemma hold, in fact, we can take pr = co the second Chern class of
some representation. Hence we can identify = € H*3(BG;Z/p).
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Remark The submodules in Proposition 5.7 in [Yad] are just Th**(BSO(4))
and h**(BSO(4).

We consider the case X = BSO(4),G2,Spin(7) and p = 2. The mod 2-
cohomology of BSO(4) is H*(BSO(4);Z/2) = Z/2[ws, w3, w,]. The cohomology
operations are given by

Qows = w3, Qrws = w3, Qrws = wywz, Q1Qaws = wiw}.
The integral cohomology is written as
H*(BSO(4))(2) = Zz) [w3, wa] @ (L) {1} ® Z/2[w3){w3}).
In AHss converging to BP*(BSO(4)), non-zero differentials are doi+1_1(z) = v; ®
Qi(x) for i = 1,2. We can compute (see [Yad])
E;c’)* = E;F’* = Z(g) [02] (024 (BP* [64]{17 2’LU4} D P(Q)*[Cg]{63} D P(3)*[Cg, C4]{CgC4}).

We know that the element corresponding 2wy is represented by a Chern class ¢}
of some representation and this means the Totaro’s cycle map cl is epic. Indeed,
Totaro and Padharipande [Pa] shows that this map is isomorphic, namely,

CH*(BSO(4))(2) = Z2)[ca, c3, ¢4, ¢5)/ (2¢3, c3ch, % — dey).
Proposition 9.7. ABP**(BSO(4)) = BP*(BSO(4)).

Proof. By Corollary 9.6, we can take wy € H*3(BSO(4);Z/2). {From the natu-
rality of AHss for the realization map, we get the proposition. 0

The cases X = BG2, BSpin(7) are quite similar to the case X = BSO(4). The
cohomology H*(BG2;Z/2) = Z /2wy, we, wr] and

grBP*(BGa) = Zy[ca, c6] @ (BP*{1,2ws} © P(3)*[cr]{cr}).

The Chow ring of BGs is genrated as a ring by Chern classes ca, ¢4, cg and cz,
and there is an epimorphism [To2], [Ya4]

CH*(BG2)2) — Z(2)[ca, ca, co, cr]/((c2 — 4ey), 2¢7, cacy) = BP*(BGy) ®pp- Zg).
In [Yad] we prove 2¢7 = cacr = 0 also in CH*(BGs).
Theorem 9.8.

CH"(BG2)2) = Z)ca, ca, cs, cr]/((c3 — 4cq), 2¢7, cac7)

Proof. We only need to prove c¢3 — 4cqy = 0. Merkurjev showed ([To2]) that the
Grothendieck group K°(BG) of algebraic vector bundles is isomorphic to the usual
K-theory K(BG). We also recall the Conner-Floyd relation

AK(1)**(X) = ABP**(X) @pp- K(1)*.

Hence a = (¢3 — 4c4) must be (higher) v;-torsion in ABP**(BGy).

Suppose a # 0. Suppose that ds(b) = via in the spectral sequence converging to
ABP**(BGs). Then b € H*?(BGy) = Hy*(BGy) by the B(n,2)- condition. Here
b is not infinite divisible since neither its d-image v?a. Hence there exists b’ in the
usual mod 2 cohomology H?(BG2;Z/2) corresponding b. This is a contradiction.

Suppose that ds3(b) = via. Then there is b € H>3(BG2;7Z/2) which is not
infinite divisible. If b is a torsion element, then there is b’ € H*3(BG2;7Z/2) whose
(higher) Bockstein is b. Then from Lemma 9.6, 70" # 0. By B(n, 2)-condition, this

means tc(b') # 0 in H*(BG2;Z/2). But there is not such element.
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Let b be torsion free element. Tt is known [Vol] that H*/(X;Q) = H}’(X;Q).
Hence Z C H;*(BG2;Z). This means H;*(BGy;7/2) = H*(BGy;7/2) contains
Z/2 and this is a contradiction. O

We also see that w(w,) = 2 by Corollary 9.6.
Corollary 9.9. ABP?**(BGy) = BP*(BG5).
The mod 2 cohomology is H*(BSpin(7);Z/2) =2 Z/2[w4, we, wr, ws] and
grBP*(BSpin(7)) is isomorphic to
Zyg)lca, ce)@(BP*[cs]{1, 2ws, 2ws, 2waws, viws }EP(3)*[cr]{cr }&P(4)"[er, cs|{cres}).
Hence we know that BP*(BSpin(7)) ® pp+ Z is isomorphic to
Zg)lca, c6, e8] ® (Z{1, 2wy, 2ws, 2wawsg} © Z/2{viws} @ Z/2]c7|{c7}).

It is know that elements 2wsg, 2wawsg are represqnted by Chern classes but viws is
not. However Totaro shows that the cycle map ¢l is epic. Here we give the another
proof.

Lemma 9.10. In BP*(BSpin(7)) ®gp+ Z(3), the element {viws} is in Im(cl).

Proof. Let a = viwg in E%*. By the Conner-Floyd type therorems for the motivic
and the usual thories
ABP?**(BG) ®pp- K(1)* = AK(1)***(BG)
=~ K(1)*(BG) = BP*(BG) @pp- K(1)*.
Moreover we know ABP**(X) @pp- L) = CH*(X),). Hence there exists ele-
ment ¢ € CH*(BSpin(7)) such that cl(c) = vja for some s > 0. By dimensional

reason, s = 0 or 1. If s = 1, then ¢ € CH?(BSpin(7)). But it is known from
Totaro (Cor. 3.5 in [To 2]) that

CH?(BG) () = (BP*(BG) @pp- Zy)*.
Hence we see that cl(c) = a. O

Proposition 9.11. For p =2 and G = Spin(7)), if w(ws) = 2, then the isomor-
phisms (9.3) holds.
Lemma 9.12. The weght w(ws) =2 or 4 in H**(BSpin(7);Z/2).
Proof. Let X = BSpin(7). Consider the AHss
E3** = {**(X; BP*/2) = AP(1)*(X).
First we think ws € H%¥(X;Z/p). Let £ € H%3(X,Z/2) be the element with
c(€) = {v1 @ ws} in BP*(X) @pp+ Z/2. For each 0 # a € EL* in AHss con-
verging to Ah**(X), we use the notation {a} which is some element in Ah**(X)
representing a. From Lemma 7.2, for sufficient large N we have
() TV = TV v @ ws} in AP(1)77(X)

here we identify £ € ES30 vy @ws € ES® 2 while {¢} € AP(1)53(X), {vi®@ws} €
AP(1)%7(X).

In H**(X;Z/2), from Lemma 9.2, we know 7°¢ = 0 for s = 1 or 2. This means
that there is a € EX*™"us with 7°{¢} = {a}. By (*) and dimensional reason

a=v; ®w'. Here tc(w) = wg and w(w’) = 2s.
O
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10. ALGEBRAIC GROUPS CORRESPONDING LIE GROUPS

Let G be a simply connected complex Lie group and G¢ the corresponding
reductive algebraic group over C. Let T be the maximal torus of G and BT its
classifying space. Consider the fibering

¢ —~- G/T —— BT.
Grothendieck [G] proved that
CH*(G¢) = H*(G/T)/(Ideal(i* H*(BT))).
By using arguments of Grothendieck, we have its cobordism version.
Theorem 10.1. MGL**(G¢) = O*(Ge) = MU*(G/T)/(Ideal(i* MU(BT))).

Proof. The second isomorphism is proved in [Ya4]. The first isomorphism is imme-
diate from the second isomorphism and the Morel-Hopkins result Corollary 3.8. [

Let p be a fixed prime. From the Grothendiek result, Kac [K] noted that
CH*(Ge)/p & «*(H*(G/T))/p. Recall Q* =2 MU* = Z[zq,...] with |x;| = —2¢
and identify v; = i 1.

Theorem 10.2. Let I = (p,v1,...) be the invariant ideal of MU*. Then
Q*(Ge)/I? = 7" (MU*(G/T))/(I?), where (I*) = I?’MU*(G)nz* (MU*(G/T)).

By the Borel theorem, we can write H*(G;Z/p) = P(Yeven)/P @ A(Xoaq) where
P(Yeven) is a truncated polynomial algebra of even degree generators yeyen and
A(xoqq) is the exterior algebra of odd degree generators z,qq. When p = 2 we take
Yeven a8 & power of some Z,qq. (Here let P(Yeyen) be the plonomial over Z for later
convenience.) Then the result of Grothendieck and Kac [K] is stated as

OH*(G(C)/p = P(yeven)/p-

Let Q; be the Milnor primitive operation inductively defined by @Q; = [Q;—1, pr
and Q9 = ; the Bockstein operation where PP"" s the pP~1-th reduced power
operation. It is known that Q;(%odd) € P(Yeven)/p for all i > 0.

1

]

Theorem 10.3. There is an ideal F C Q*(Gc) such that its graded algebra
grQ¥*(Ge) = F ® Q(Gc)/F induces the isomorphism

grQ¥ (Ge) /17 = Q* @ P(yeven)/ (17, Z 0iQi(Zoda))-
When p # 2, we can take F' = 0. For p = 2, we can take F' so that
F = Ideal(y} [L<i<s) when P(yeven) = @12l /(7 )-
Consider the spectral sequence induced from the above (topological) fibering
Ey" = H*(BT; H(G; Z/p)) = H"(G/T;Z/p).
The cohomology of the classifying space of the torus is H*(BT) = Z[t4, ..., t;] with
[ti| = 2 where [ is also the number of the odd degree generatos xy in H*(G;Z/p).

It is known that there is a regular sequence (by,...,b;) in H*(BT)/p such that
djz;)+1 (i) = b;. Thus we get

H*(G/T;Z/p) = P(y) © Z/plty, -, ta] /(by, ..., br).-
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Theorem 10.4. ([Ya5]) Let G be a simply connected Lie group. Giving bidegree
to H*(G;Z/p) by w(y;) =0 and w(x;) = 1, we have the injection

P(y)/p @ Mwy, ..., x1) © Z/plr] € H**(Ge; Z/p)
such that for p = odd, it is a ring monomorphism, and for p = 2, it is a ring
monomorphism to grH**(Gc; Z/2) and x3 — y;T € Ker(tz,).

Proof. Consider the commutative diagram

H?*(Ge/Te; Z)p) —— H>*(Ge/Te, Ge; Llp) —— H*~1(Ge: Z/p)

tz/p,%l tZ/pl tZ/Pl
H>(G/T:Zfp) ——— H>*(G/T.GiZ[p) «—— H>* Y(G:Z/p)
where rows are exact. First note that
H***(Ge [T Z/p) = CH*(Ge /Te) /p = H*(G/T; Z/p)

since G¢ /T has a cellular decomposition.

Recall that E5" is the spectral sequence converging to H*(G/T;Z/p). Since
the differential in E}* are given dj,,|(7;) = b;, we easily seen from the definition
of differential, d(z;) = b; mod(ELg”H’*) in H*(G/T,G;Z/p). Hence b; # 0 €
H*(G/T,G;Z/p). Here note that t1,...,t; are in H*(G/T, G;Z/p), while y; is not
in H*(G/T,G;Z/p) because t; = 0 € H*(G;Z/p).

Similarly t1, ...,t; are in H?**(G/T, Gc;Z/p), since the corresponding elements
in H***(G/T;Z/p) goes to zero in H***(Gc;Z/p) = CH*(G¢)/p. Moreover b; # 0
in H?**(G/T,Gc;Z/p) since it is nonzero in H*(G/T,G;Z/p). Hence there is the
element z; € H?*~4*(G¢;Z/p) such that §(z;) = b;.

Since t7,,(7) = 1, we also see tz,,(y;T) = tz,,(x7) for p = 2. O

Other types of motivic cohomology seem quite complicated and we consider only
group G in Case I, that is, (G, p) are the exceptional Lie groups (G2, 2), (Fy, 2),(Es, 2),
(F4,3), (Fs,3), (E7,3) and (Fs,5). For thse cases, the ordinary mod p-cohomology
is written (see [Ya2])

H*(G;Z/p) = Z/plyl/(y") @ AMz1, 22, ..., T1)

where |x1| = 3,]z2] = 2p+ 1,]y] = 2p + 2, Q121 = Qozr2 = y. In this case
P(1)*(G) = BP*(G;Z/p) is known. Consider AHss

Ey" = H"(G; P(1)") = P(1)"(G).

Th only nonzero differential is dap—1(z) = v1 ® Q1(z). Thus we can prove [Ya2]
P(1)*(G) = (P)"[y]/ (", v1y) & P(1) {ay?~'}) @ A(zz, ..., 21)
Theorem 10.5. ([Ya5]) For the group (G,p) in Case I, we have the isomorphism
ABP***(Gc) = Qpp(Ge) = BP[y)/(py, viy, y7).

Theorem 10.6. Let G be a simple Lie group in Case I. Giving the bidegree to
AP(1)**(G) by w(y) = 0, w(x) = 1 for ¥ = x4, 219*~ ", we have the AP(1)**-

algebra injection

(P2)"*[yl/(y") & P() {21y"~"}) @ A, ..., w1) ® Z/p[r] € AP(1)"*(Go).
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Proof. Consider AHss
Ey™" = H**(Gc; P(1)*) = AP(1)**(Gg).

Then ES™" D H*(G;Z/p) ® Z/p|r] ® P(1)* with weight w(y) = 0 and w(z;) = 1.
The first differntial is dop—1 = v1 ® Q1 and E;‘p** contains the AP(1)**-algebra in
the theorem.

Let © = z1y?~! or x; for i > 2. Suppose that d,.(z) # 0 for r > 2p. Since
w(d,(z)) = 0, we know d,.(x) € P(2)*[y]/(y"). But 3’ is P(2)*-free from Theorem
10.4 and this is a contradiction. Thus x are permanent cycles. Moreover P(1)*(G)
contains P(1)* @ A(x1yP~ 1, 22, ..., 2¢). Thus we get the theorem.
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