


Let X be an infinite dimensional Banach space. A basis is a 
sequence (x_n) such that 



for a unique choice of coefficients (a_n).
In particular, the (x_n)'s are linearly independent. 

Ex 1: For the l_p spaces, the unit vector basis given by



form what is called an unconditional basis, i.e. 
        














Definition: (x_n) is called a basic sequence, if (x_n) is a basis for 
the closure of the set {                        }.




We consider the space X equipped with the new norm 





Let z_n be a Cauchy sequence. For every N, we may consider 
the finite dimensional space  X_N generated by the x_1,....,x_N. 
Then P_N(z_n) is also Cauchy and converges to some  z(N). 
For every N< M, the projection P_{M,N} between finite linear 
maps is continuous, and hence P_{M,N}(z_n) converges to 
z(N)=P_{M,N}(z(M)). 
Therefore there exists a sequence (a_k) such that 
         z(N)=

We claim that z(N) is a Cauchy sequence in X. Indeed, let  
Then we can find k such that 



Therefore, both (X,|| ||) and (X, ||| |||) are complete normed 
vector spaces, and the inclusion (X,||| |||)     (X,|| ||) is 
continuous. The identity map from (X,|| ||) to (X,||| |||) has a 
closed graph. Recall that T:X to Y has closed graph if 
      lim_n (x_n, T(x_n)) =(x,y) 
implies T(x)=y. In our situation x_n has to converge in the usual 
and triple norm, and then, of cours,e y=lim_n y_n=x by the 
continuity of the inclusion. The closed graph theorem implies 
that the identity map is continuous, and this how we find our 
constant C.     

                     Let X and Y be Banach space and T: X to Y be a   
                     closed operator. Then T is continuous.

This result is a consequence of the open mapping theorem: 

                    Let T: X to Y be a continuous linear map between   
                     Banach spaces which is surjective, then the image 
of an open ball has non-empty interior. 

For the proof we note that 
one of these sets has non-
empty interior by the Baire category theorem. It is easy to 
conclude from here. 

In order to prove the closed graph from open mapping theorem,
consider the projection map P:G(T)={(x,Tx):x in X} to X. P is 
surjective by assumption, and the graph is a Banach space. 
Then B_X is contained in nB_{G(T)}, and hence ||x|| less than 1 
implies ||Tx|| less than n.



                 The Fourier series form a basis in L_p for 1<p<
                  But not for p=1 and p=                   


     We first define the Poisson semigroup 
              P_t(

     and the bmo-norm 




