
COMPLEX VARIABLES THROUGHOUT THE CURRICULUM

Abstract. We offer many specific detailed examples, several of which are
new, that instructors can use (in lecture or as student projects) to revitalize

the role of complex variables throughout the curriculum. We conclude with
three primary recommendations: revise the syllabus of Calculus II to allow

early introductions of complex numbers and linear algebra, include complex

variables and some infinite-dimensional linear maps in linear algebra courses,
and spice up complex variable courses by better connecting them with the

mathematics used in engineering in physics.
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1. Introduction

Courses in complex variables belong in the curriculum of students in mathe-
matics, physics, and much of engineering for several reasons. The subject reveals
mathematical elegance at its finest, has applications throughout the sciences, and is
surprisingly accessible. Furthermore, classes in complex variables help unify appar-
ently unrelated topics into a coherent whole. Why then is the subject of complex
analysis playing a diminishing role in the curriculum while simultaneously playing
an increasing role in modern applications? Rather than trying to answer why, we
suggest some remedies. Our primary purpose is to provide new topics and exam-
ples that unify complex variables with other parts of the curriculum. In order to fit
these topics into the curriculum, we suggest including some complex variable work
in Calculus II and making some small changes in linear algebra courses.

Mathematicians should show off the applications of our subject while maintaining
its intellectual rigor. Complex variable theory offers a striking opportunity to do
both simultaneously. This note provides many examples one can employ in a class,
assign as homework, or use as student projects. These suggestions are but a few
of the many possibilities for showing complex variables to be interesting, useful,
modern, and elegant. These examples should be of interest to instructors and
students in mathematics, physics, and engineering. Section 2 develops four such
examples in detail and Section 3 includes thirteen additional possibilities, most of
which the author has used for student projects.

The author wishes to acknowledge Matt Boelkins for improving the title by
suggesting the word throughout. That simple word change makes the author’s
main point; complex variable theory should appear throughout the curriculum in
mathematics, pure and applied. He also thanks Russ Howell for useful comments
and encouragement, and several unnamed referees for constructive criticism of an
earlier draft. This article developed from a meeting held at Westmont College in
Santa Barbara in June 2014, whose topic was revitalizing complex analysis. Finally
the author acknowledges support from NSF Grant DMS 13-61001.
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2. The elegance of complex analysis

We develop four examples illustrating the elegance of complex variables. These
topics take much longer using two real variables. Example 2.1 was presented at the
Santa Barbara meeting to help stimulate discussion. It provides many opportunities
for unifying ideas.

Example 2.1 (Roller coaster track). Consider a spiral used to model a roller
coaster track. We want the curvature of the track to be proportional to time, in
order that the curve spirals as in Figure 1. We show that formula (1) does the job.
Recall from Calculus III the formula for curvature

κ =
||v × a||
||v||3

in terms of velocity and acceleration. We use a complex parametric equation (where
t is time)

z(t) =

∫ t

0

eiu
2

du =

(∫ t

0

cos(u2)du,

∫ t

0

sin(u2)du

)
, (1)

because it provides simplicity and insight. One sees that the velocity v and accel-
eration a vectors are given by

v = z′(t) = eit
2

= (cos(t2), sin(t2))

a = z′′(t) = 2iteit
2

= 2t(− sin(t2), cos(t2)).

It is obvious from these formulas that ||v|| = 1 and that v is orthogonal to a. Hence
||v × a|| = ||a|| and the curvature at time t is given by ||a||, which is evidently 2t.
The reader should appreciate the simplicity of the complex variable approach here.

Notice again that v is orthogonal to a. At each time, a(t) = 2itv(t), and hence
the acceleration is a purely imaginary multiple of the velocity. This situation nicely
illustrates that multiplication by i corresponds to a ninety degree rotation, a cru-
cial fact in applied mathematics. For example, this simple idea helps clarify the
distinction between direct and alternating current and fits nicely into many applied
complex variable courses.

We next wish to determine the point to which the curve spirals. The complex
form of the parametric equation in (1) suggests a Gaussian integral. In order
to make it a Gaussian, we must replace iu2 with −r2; to do so we simply put

u =
√
ir = e

iπ
4 r and change variables. By Cauchy’s theorem, the line integral

around the contour shown in Figure 2 is 0. Using Jordan’s inequality (or Jordan’s
lemma), one can show that the limit of the integral along the circular arc tends to
0 as R→∞. See [BC] or [D4]. Hence the integral along the real axis is the same as
the integral along the forty-five degree line. But this form of the integral becomes a
Gaussian, which we evaluate by the usual trick from Calculus III. Since

√
i = 1+i√

2
,

we obtain the value
1 + i√

2

√
π

2
= (1 + i)

√
π

8
(2)

for the limit point of the spiral.

Our next example concerns the important topic of conformal mapping. Pure
and applied complex variable texts spend considerable time on this topic and color
pictures and its many applications provide excitement. It is possible to describe
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Figure 2. Contour for converting to a Gaussian

the basics in an elegant fashion that unifies issues from calculus, linear algebra, and
complex variables.

Example 2.2. What do analyticity and the Cauchy-Riemann equations have to
do with conformality? We first recall the geometric meaning of multiplication
by a complex number and remark that formula (3) should be in the tool kit of
every engineer and physicist. If we use polar coordinates to write z = |z|eiθ and
w = |w|eiφ, we obtain

zw = |z| |w| ei(θ+φ). (3)
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Multiplication of z by w (assumed non-zero) therefore adds the argument of w to
the argument of z, and hence preserves angles between vectors.

What does it mean for a function f to be (complex) differentiable at z0? The
meaning is that f is approximately (complex) linear there, namely

f(z0 + h) = f(z0) + f ′(z0)h+ error.

Here, as in Calculus I, the error tends to 0 faster than |h|. Hence the change in
f is infinitesimally given by multiplication: h 7→ f ′(z0)h. Since multiplication by
a non-zero complex number rotates, and hence leaves the angle between vectors
unchanged, the same holds infinitesimally for a complex analytic function as long
as its derivative does not vanish.

There is no need to write ux = vy and uy = −vx here. The chain rule is
superfluous. Matrices do not yet appear. The above explanation is based upon more
fundamental principles than any of these things. This way of thinking provides one
of many places where complex variables connect with linear algebra. A complex
differentiable function is a real differentiable function whose derivative is complex
linear. In one complex dimension, a complex linear function is simply multiplication
by a complex number. Put z = x+ iy and w = a+ ib; then wz = (ax− by) + i(bx+
ay) = u+ iv. In terms of the underlying real variables:(

u
v

)
=

(
a −b
b a

) (
x
y

)
.

Conformal mapping thus links complex variables and linear algebra.

Power series form a significant part of any complex variable course. How can
one make this topic interesting?

Example 2.3 (The Z-transform). Let us first consider two ways to describe a
number x in [0, 1). We could write x as a decimal expansion

x = .a1a2a3... =

∞∑
j=1

aj
1

10j
,

or we could consider the sequence {an} of its decimal digits. For a mathematician
there is no difference. Similarly, given an arbitrary sequence of real or complex
numbers, there should be no difference between considering the formal power series
(the ordinary generating function of the sequence)

∞∑
n=1

anz
n

and the sequence of its coefficients. When the series converges, complex analysis
provides several ways to go back and forth. One of these ways is the Cauchy integral
formula for derivatives. Another way is to regard the powers of z as providing a
complete orthogonal system for the square integrable (with respect to area measure)
complex analytic functions on a disk; the coefficients are then inner products. Again
we connect complex variables with linear algebra.

Engineers prefer the so-called Z-transform, namely the series
∞∑
n=1

anz
−n. (4)
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Doing so makes it a bit harder to go back and forth, but has one advantage. When
using the Z-transform to solve constant coefficient recurrence relations, the formulas
appear completely analogous to those obtained when using the Laplace transform to
solve constant coefficient linear ODEs. Passing between the time domain and the
frequency domain is not much different from passing between the decimal digits
of a number and the number itself. Complex variables courses provide a great
opportunity to show how power series, thought of as generating functions for their
coefficients, get used in applied mathematics.

In complex variable classes the author often derives Binet’s formula

Fn =
1√
5

(
1 +
√

5

2

)n+1

− 1√
5

(
1−
√

5

2

)n+1

for the Fibonacci numbers using generating functions and relates the poles of the
rational function 1

1−z−z2 to the golden ratio. One can develop this set of ideas in
many ways, ranging from how Fibonacci numbers arise in biology and art to solving
the discrete difference equations in signal processing. Students have presented these
topics as projects in several different courses.

The Cauchy theory is a crucial part of any complex variable course. Cauchy
himself appears to have thought of his integral formula in a fashion similar to how
physicists regard the Dirac delta function. Dirac’s classic book [Di], first published
in 1930, remains worth reading.

Example 2.4. Let f be a continuous function, defined on the real line. How do
we evaluate f(0)? A mathematician simply writes f(0). A physicist or engineer
samples f near 0 and takes an average. For example, one might convolve with a
square pulse. In other words,

f(0) = lim
ε→0

1

2ε

∫ ε

−ε
f(t)dt. (5.1)

Engineers and physicists write (5.1) as

f(0) =

∫ ∞
−∞

δ(t)f(t)dt. (5.2)

It is well-known that no such function δ exists, yet the formula (5.2) appears
throughout physics and engineering. This formula can be regarded as an abbrevi-
ation for the process of averaging, or convolution, from (5.1).

The Cauchy integral formula evaluates the value of a complex analytic function at
a point also by convolution, using 1

πz as the system response. (The system response
is the output obtained from using the delta function as an input, hence it is the
function with which one convolves to define the system.) See [KM] and [D4] for how
these topics arise in linear time-invariant systems. That Cauchy anticipated these
ideas via his integral formula nearly 200 years ago deserves mention in complex
variable classes!

These examples and many similar ones evince differences in the approaches of
mathematicians and engineers. Consider for example generating functions and
Laplace transforms. To a mathematician, each amounts to a vector space isomor-
phism: the map taking a sequence to a formal power series and the map taking a
function of time to its Laplace transform, a function of frequency. Mathematicians
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regard the objects as essentially the same, whereas engineers regard the time do-
main and frequency domain as very different. Unifying the viewpoints will aid the
revitalization of complex variables.

2.1. Linear algebra as an opportunity. Teaching complex variables and linear
algebra together can help here. The linear mappings used in applied mathematics
(Laplace transform, Fourier transform, Z-transform, convolution, etc.) typically
arise in infinite dimensional settings. But these mappings appear naturally in com-
plex variable courses. Unifying topics while teaching linear algebra seems possible
and especially valuable. To do so, students need to have seen complex variables,
and the ideas from the next paragraph become even more compelling.

A beautiful example comes from basic calculus. Let V be the vector space
of polynomials in one variable. Let I denote the identity operator on V , let D
denote the differentiation operator, and let J denote the definite integral operator:
J(p)(x) =

∫ x
0
p(t) dt. Then DJ = I but JD 6= I. This simple example reveals a

fundamental difference between finite and infinite dimensions. But the similarities
are striking as well. We take functions of matrices (operators) by diagonalizing
them; we do the same in infinite dimensions via spectral methods, perhaps requiring
complex eigenvalues. The author once asked a class how could one take half a
derivative. A bright engineering student said “multiply by

√
s.” (In other words,

diagonalize differentiation by using the Laplace transform to pass from the time
domain to the frequency domain, then take a square root.) Such connections need
to be made throughout the curriculum. See [D4] for many possibilities. Linear
algebra supports complex variables! One more example must be mentioned: the

two-by-two matrix

(
0 −1
1 0

)
is a square root of minus the identity. Hence inventing

a square root of −1 to get complex analysis going is not such a strange idea.
In order to fit these topics into the curriculum, we must find other topics to prune.

The author believes, and has heard similar sentiments in curriculum committee
meetings in Electrical and Computer Engineering, that Calculus II can be pruned.
The current standard syllabus spends too much time on techniques of integration.
One could use this time on linear algebra and complex numbers. Electrical engineers
at Illinois (and perhaps elsewhere) want a one-semester math course that does linear
algebra, one complex variable, and vector analysis! Doing so seems unrealistic,
but it would be possible to some extent if the syllabus of Calculus II included
appropriate introductions to these topics.

The author has attempted to unify complex analysis and linear algebra via the
notes [D4], which evolved from teaching “Advanced Engineering Mathematics” in
Spring 2014.

3. examples to help revitalize complex variables

At the Santa Barbara meeting, Paul Newton, an aerospace engineer and expert
in non-linear fluid flow, noted one problem with the teaching of complex variables.
The mathematics feels like 19th century material to the students. The basics are
that old. The Cauchy integral formula was proved by 1825. Cauchy, who was
trained as an engineer, regarded it as an analogue of what is now known as the
Dirac delta function, long before either Maxwell’s work unifying Electricity and
Magnetism or Dirac’s book [Di] on quantum mechanics. The proof of the formula
suggests sampling a function in order to evaluate it, as noted in Example 2.4.
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Most mathematicians either discuss no applications in a complex variables course,
or they emphasize 19th century examples. Yet there are many possibilities for invig-
orating the course via modern applications. Discussing the following topics should
mitigate the feeling of irrelevance and also reveal complex analysis to be of current
interest. The author has thrice taught a course for honors freshmen called “Com-
plex geometry”. The book [D3] developed from these courses. Each student must
write a paper and present it to the class; several of the following topics have been
used for these projects. Some of the other topics were developed in the Advanced
Engineering Mathematics course which led to [D4].

• Fractal dimensions are used in crop sciences; one can regard the root system
of a crop as a self-similar fractal. Knowing its fractal dimension enables crop
scientists to determine where to water or provide nutrients. A freshman in
Crop Sciences presented this topic in one of the Complex Geometry classes.
• When discussing linear fractional transformations, one could introduce the
ABCD-matrices of transmission lines or the ray-transfer matrices of optics.
One can analyze complicated optical devices by regarding each component
as a two-by-two matrix and regarding the device as the matrix product.
Here the matrix product corresponds to the composition of linear fractional
transformations.
• Quaternions are intriguing, used in computer graphics, and have a fascinat-

ing history, Students can introduce the quaternions and discuss how they
arise in physics and computer graphics. A freshman in Computer Science
presented this topic, again in Complex Geometry, and awed the class by
showing how quaternions illuminate three dimensional rotations.
• The connection between the exponential function and trig dominates much

of applied mathematics. It is greatly enhanced when one revisits techniques
of integration. Many students have wondered why

∫
dx
x2+1 is an inverse

tangent while
∫

dx
x2−1 involves logs. Faculty should let the students discover

this connection themselves, via reconnecting with complex exponentials and
Fourier series as much as possible. When discussing residues, one might
pause to define the Laplace and Fourier transforms and compute some
examples using residues. In particular, one can help revitalize the complex
variable curriculum simply by showing how these techniques are used in
physics and engineering.
• Consider the Lambert W -function; here W is a branch of the solution to
z = wew. This simple example of an non-elementary function has unimag-
inably diverse applications. It arises in combinatorics and computer science
in enumeration problems, in number theory, in physics such as in the study
of the Planck, Bose-Einstein, and Fermi-Dirac distributions, in delay differ-
ential equations, and in biochemistry such as enzyme kinetics. Its ubiquity
makes one wonder whether it should be regarded as an elementary func-
tion! In any event, it seems worth mentioning the possible applications. See
[CGHJK]. The author has not yet used this topic in class, but the plethora
of applications and this excellent reference make it tempting.
• The Dirichlet problem is certainly one of the most important classical par-

tial differential equations. The Riemann mapping theorem enables one to
solve this basic PDE for many domains by reducing to the unit disk. There
the solution naturally introduces Fourier series and the Poisson kernel. One



8 COMPLEX VARIABLES THROUGHOUT THE CURRICULUM

sees again how approximate identities make the Dirac delta function into a
precise mathematical object.
• Fourier series and the Fourier transform have been popular topics for stu-

dent projects. At the basic level, students can explain orthonormal expan-
sion and perhaps make connections with power series or linear algebra. At
a higher level, students learn summation by parts and use it to investi-

gate the series
∑∞
n=1

sin(nx)
n . This saw-tooth function appears throughout

engineering and physics courses.

• Another beautiful topic is formulas for
∑N
n=1 n

p using Bernoulli numbers.

Many students know that 1 + 2 + ...+N = N(N+1)
2 and perhaps that

12 + 22 + ...+N2 =
N3

3
+
N2

2
+
N

6
.

One can find the general formula for
∑N
n=1 n

p (where p is a natural number)
in a complex variable class. See [D4] for a derivation.
• Students have presented projects investigating the prime number theorem.
• The following might work for a project. There is a YouTube video where

physicists “prove” that

1 + 2 + 3 + 4 + ... =
−1

12
.

Show this video in class, let stimulating discussion follow, and then ask
students to provide a clear explanation of what is going on. Hint: for
positive s,

∞∑
n=0

ne−ns =
es

(1− es)2
=

1

s2
+
−1

12
+ ...

where the dots denote an analytic function.
• We mathematicians can improve our teaching by becoming more aware

of how other scientists use our ideas. As suggested above, the Cauchy
integral formula can be regarded as evaluating a function by sampling it and
averaging the results. The Dirac delta function also affords an opportunity
to discuss the validity of the interchange of limiting operations. Many
students regard this issue as a technicality; (6) reveals that it arises in a
simple setting:

1 = lim
n→∞

lim
m→∞

( 1

n

) 1
m 6= lim

m→∞
lim
n→∞

( 1

n

) 1
m = 0. (6)

The author recalls an amusing conversation with professors in physics and
psychology. The psychologist mentioned discussing the meaning of 00 in a
psych class. The author noted formula (6) to try to explain the subtlety
behind interchanging limits. The physicist had just published a paper where
the physics depended upon which of two small parameters went to zero first!
Students often use rather sophisticated mathematical concepts in physics
and engineering classes. Mathematicians should teach them as well.
• Calculus books devote many pages to integrals involving the trig functions.

The indefinite integral of cos2N is not important. The definite integral (7),
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however, matters:∫ 2π

0

cos(θ)2Ndθ =
2π

22N

(
2N

N

)
. (7)

The formula cos(θ) = eiθ+e−iθ

2 enables students (if they recall the binomial
theorem) to compute (7) in their heads, and streamlines the course.
• Convolution plays a crucial role in physics and engineering, especially when

studying approximate identities or linear time-invariant systems (LTI sys-
tems). When teaching convolution one should remind students how to mul-
tiply polynomials (or power series). One can do grade school arithmetic in
this fashion! The reader might compute 493 ∗ 124 as follows:

493 ∗ 124 = (4x2 + 9x+ 3)(x2 + 2x+ 4)

= 4x4 + 17x3 + 37x2 + 42x+ 12
∣∣
x=10

= 61132.

4. conclusion

Complex analysis is a beautiful and applicable subject. Perhaps its teaching has
become a bit stagnant. It seems easily possible to revitalize it by providing more
modern applications and by encouraging student projects using complex analysis,
along the lines of the examples suggested here. A crucial piece of the revitalization
involves the teaching of other subjects! Despite countless recommendations on the
teaching of calculus and linear algebra, pedagogy in those areas remains less than
optimal. One should prune the calculus sequence, introduce both complex numbers
and linear algebra earlier in the curriculum, and revise the linear algebra syllabus
so as to create a more unified approach to undergraduate mathematics teaching; in
particular some infinite dimensional ideas can be mentioned. As mentioned in the
introduction, complex variable theory offers a striking opportunity to show off the
applications of mathematics while maintaining its intellectual rigor. We summarize
our primary conclusions:

• Revise the syllabus of Calculus II to allow early introductions of complex
numbers and linear algebra.
• Include complex variables and some infinite-dimensional linear maps (such

as differential and integral operators, the Laplace transform, etc.) in linear
algebra courses.
• Spice up complex variable courses by better connecting them with the math-

ematics used in engineering in physics.

5. references

The following references provide worthwhile discussion of many topics in complex
analysis and linear algebra. Perhaps [A] and [SS] are two of the best complex
analysis books ever written. Books such as [BC], [D3], [D4], [E], [F], [G], [GS], [KM],
[HM] link pure and applied math. Of the profusion of linear algebra books, [HK]
and [St] stand out, for different reasons. Books such as [D1], [D2] and [K] provide
accessible accounts of elementary complex analysis from unusual perspectives. The
article [CGHJK] offers a long diverse list of applications of the Lambert W-function.
Dirac’s classic [Di] is still selling, eighty-five years after its initial publication.
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